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Welcome to UKCI 2011 
 

Welcome to UKCI 2011, the 11th Annual Workshop on Computational Intelligence, this year was 

hosted by the University of Manchester, in 7th - 9th September. 

UKCI is the premier UK event for presenting leading researches on all aspects of computational 

intelligence. One of the primary, but not exclusively, goal of UCKI workshop is to provide a forum for 

the academic community to share ideas concerning theoretical and practical aspects of computational 

intelligence techniques. The informal setting of the workshop is designed to encourage a lively 

atmosphere for discussing future research problems, making new contacts and forging collaborations. 

The workshop includes the oral presentations of the accepted papers and two keynote speeches. 

One is “Building Brains” by Professor Steve Furber of the University of Manchester and the other is 

“Orthogonal Least Squares Regression: An Efficient Approach for Parsimonious Modelling from Large 

Data” by Professor Sheng Chen of the University of Southampton. 

 

First of all, we would like to take this opportunity to thank all the authors, the member of the 

programme Committee and the keynote speakers. It is their contributions and efforts that make this 

workshop possible. We are also very grateful for the tremendous support from the School of 

Computer Science at the University of Manchester, in particular its academic support office and 

financial office. These supports have made it possible for maintaining the UKCI 2011 workshop being 

a low-cost event and completing smoothly. 

 

Finally we hope that this workshop will benefit all of us in advancing research activities in 

computational intelligence.   

 

 

       UKCI Organising Committee  
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Keynote Speakers 

 
Keynote Speaker: Professor Steve Furber      

Prof. Steve Furber is the ICL Professor of Computer Engineering in the School of Computer Science at the 
University of Manchester. He received his B.A. degree in Mathematics in 1974 and his Ph.D. in Aerodynamics 
in 1980 from the University of Cambridge, England. From 1980 to 1990 he worked in the hardware 
development group within the R&D department at Acorn Computers Ltd, and was a principal designer of the 
BBC Microcomputer and the ARM 32-bit RISC microprocessor, both of which earned Acorn Computers a 
Queen's Award for Technology. Upon moving to the University of Manchester in 1990 he established the 
Amulet research group which has interests in asynchronous logic design and power-efficient computing, and 
which merged with the Parallel Architectures and Languages group in 2000 to form the Advanced Processor 
Technologies group. The APT group is supported by an EPSRC Portfolio Partnership Award. 
 
Steve served as Head of the Department of Computer Science in the Victoria University of Manchester from 
2001 up to the merger with UMIST in 2004. 
 
Steve is a Fellow of the Royal Society, the Royal Academy of Engineering, the British Computer Society, the 
Institution of Engineering and Technology and the IEEE, and a Chartered Engineer. In 2003 he was awarded 
a Royal Academy of Engineering Silver Medal for "an outstanding and demonstrated personal contribution to 
British engineering, which has led to market exploitation". In 2004 he became the holder of a Royal Society 
Wolfson Research Merit Award . In 2007 he was awarded the IET Faraday Medal, "...the most prestigious 
of the IET Achievement Medals." Steve was awarded a CBEin the 2008 New Year Honours list "for services to 
computer science". 
 
Steve is chair of UKCRC, and is Vice-President Learned Society and Knowledge Services and a Trustee of 
the BCS. 
 
In 2002 Steve served as Specialist Adviser to the House of Lords Science and Technology Select Committee 
inquiry into 'Innovations in Microprocessing', which resulted in the report "Chips for Everything: Britain's 
opportunities in a key global market" 
 
In December 2003 Silistix Limited was formed to commercialise self-timed Network-on-Chip technology 
developed within the APT group. Steve is an observer on the Silistix Board and chairs the Technical Advisory 
Committee. 
Cogniscience Limited is a University company established to exploit IP arising from the APT research into 
neural network systems. 
 

Keynote Speaker: Professor Sheng Chen       

Prof. Sheng CHEN received the BEng degree in control engineering from the East China Petroleum Institute in 
January 1982 and the PhD degree in control engineering from the City University at London in September 1986. 
In 2005, he was awarded the Doctor of Sciences (DSc) by the University of Southampton. 

He joined the Electronics and Computer Science, the University of Southampton in September 1999, where he 
currently holds the post of Professor in Intelligent System and Signal Processing. He previously held research 
and academic appointments at the Universities of Sheffield, Edinburgh and Portsmouth. He is a Distinguished 
Adjunct Professor at King Abdulaziz University, Jeddah, Saudi Arabia. Professor Chen is a Chartered Engineer 
(CEng), a Fellow of IET (FIET), and a Fellow of IEEE (FIEEE). 

His research interests are in adaptive signal processing for communications, wireless communications, 
modelling and identification of nonlinear systems, learning theory and neural networks, finite-precision digital 
controller design and networked control systems, evolutionary computation methods and optimisation. 
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He has published over 280 research papers. In the database of the world’s most highly cited researchers in 
various disciplines, compiled by the Institute for Scientific Information (ISI) of the USA, Prof. Chen is on the list 
of the highly cited researchers in the engineering category, See http://www.ISIHighlyCited.com.  
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Abstract—In recent years, there have been a growing interest 

in developing Multi-Criteria Decision Making (MCDM) and 

Group Decision Making (GDM) using type-2 fuzzy sets and 

Intuitionistic Fuzzy Sets (IFSs) which provide frameworks to 

handle the encountered uncertainties in decision making 

models. Previous research has shown the power of type-2 fuzzy 

logic systems to handle the linguistic uncertainties. IFSs have 

been shown to provide a suitable framework for dealing with 

conflicting evaluation involving membership, non-membership 

and hesitation. In this paper, we propose a method focused on 

interval type-2 fuzzy logic Multi-Criteria Group Decision 

Making (MCGDM) system with intuitionistic evaluation. The 

intuitionistic evaluation in interval type-2 membership function 

has been derived in the proposed method which includes twelve 

steps for the aggregation and ranking of the preferences 

alternatives. The proposed method is expected to handle the 

linguistic uncertainties in MCGDM and give comprehensive 

evaluation for the membership values. 

I. INTRODUCTION 

Decision making is regarded as a result of mental 

processes (termed Multi-Criteria Decision Making 

(MCDM)) leading to a selection involving a number of 

alternatives and criteria. Decision making also involves 

Group Decision Making (GDM) where we have group of 

Decision Makers (DMs) and we try to aggregate all the 

individual preferences into collective preference. Hence, in 

decision making models, there is a need to combine MCDM 

and GDM to form Multi Criteria Group Decision Making 

(MCGDM). MCGDM devices techniques try to settle 

conflicts among the different individual preferences with 

different alternatives, criteria, and sub-criteria followed by 

synthesizing the different individual preferences into a 

unanimous approval.  

According to [1] Fuzzy Logic (FL), a nonlinear mapping 

of an input (data) into an output (decision) is able to 

simultaneously handle numerical data and linguistic 

knowledge. Thus, it is very suitable to deal with decision 

making behavior where we have to evaluate the possibility 

of mapping the experts/DMs judgment (antecedents) into the 

possibility of the decisions ranking (consequences). In [2], it 

was stated that FL provides an appropriate framework to 

evaluate the possibility of the events. In certain 

circumstances, decision making involved data and experts 

judgment/evaluation which requires FL approach. The 

decision making systems employ various fuzzy logic based 

methods including type-1 fuzzy logic, type-2 fuzzy logic, 

intuitionistic fuzzy sets, interval fuzzy sets, L-fuzzy sets, 
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fuzzy preference relations and etc.  

FL based decision making has been proposed to shape the 

decision in software development [3], model-based fault 

diagnosis applications [4], etc. In [5], [6] it was shown that 

type-1 FL is not capable of handling the linguistic 

uncertainties in terms of the flexibility and consistency in 

experts’ decision making and it was shown that type-2 fuzzy 

sets could handle the uncertainties and model better in 

human decision making process. Nowadays, the application 

of type-2 fuzzy sets is fast gaining popularity especially in 

decision making models. For example, [7] proposed a 

method for type-2 fuzzy portfolio selection and [8] presented 

a new method for handling fuzzy multiple attributes group 

decision-making problems. In [9], a type-2 FLS was 

presented for decision making in respect of connection 

admission control in ATM networks.  

Intuitionistic evaluation in decision making was 

extensively applied after [10] proposed the Intuitionistic 

Fuzzy Sets (IFSs) which is an extension from the 

complimentary fuzzy set. The idea contributed massively to 

decision making methods where IFSs evaluate membership 

degree (positive), non-membership degree (negative) and 

intuitionistic index (hesitation). In the literature many 

decision making approaches have been proposed based on 

IFSs. In [11] a new approach for calculating the output of an 

intuitionistic fuzzy system and fuzzy inference was applied 

to real-world plants. In [12], a method was proposed to 

allow the degrees of satisfiability and non-satisfiability of 

each alternative with respect to a set of criteria. A new 

decision model under vague information was proposed in 

[13] by extending max–min–max composition of IFS. 

Intuitionistic fuzzy preference relations have been applied in 

[14] for selecting industries with higher meteorological 

sensitivity. 

There are many sources of uncertainties facing the 

decision making methods based on FL; we list some of them 

as follows ([15], [16]): 

 Uncertainties and subjectivity of the linguistic term 

evaluated by the DMs as the meaning of words that are used 

in the antecedents and consequents linguistic labels can be 

uncertain as words mean different things to different people. 

 Hesitation and conflict in DMs evaluation in choosing the 

preferable preferences in inference decision among the 

criteria and alternatives. 

 Ambiguity in the DMs judgments where the DMs might 

come from different backgrounds, experiences and level of 

education. 

This paper aims to modify the fuzzy based-decision 

making model in order to provide answers to the problems 

that are encountered in the real experts’ decision. The theory 

of intuitionistic fuzzy sets and type-2 fuzzy logic are well 
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suited when dealing with imprecision and vagueness. Thus, 

we propose a method based on interval type-2 fuzzy logic 

with intuitionistic evaluation.  

Using type-2 fuzzy logic and intuitionistic fuzzy sets 

separately in multi-criteria decision making model to 

represent the inputs from experts’ judgment do not seem 

sufficient to represent the uncertainties and conflicting 

human-being evaluation. Consequently, in this paper we 

present the hybrid concepts between both of the theories 

employed in MCGDM models. This combination clearly 

handles the linguistic uncertainties by the interval type-2 

membership function and simultaneously computes the non-

membership degree from the intuitionistic evaluation. In 

addition, we propose an approach to extend the interval 

type-2 fuzzy values into intuitionistic values which will help 

to evaluate the hesitation values that is lacking in type-2 and 

other fuzzy set theories.   

The rest of the paper is organized as follows. In Section II, 

we present a brief overview on type-2 fuzzy sets. Section III 

presents a brief oveview on intuitionistic fuzzy sets. In 

section IV, we will show an overview about the interval 

type-2 with intuitionistic evaluation. In Section V, we 

present the definition of the score function used to define the 

experts weight. Section VI describes the proposed method. 

Section VII, presents a numerical example. Lastly, Section 

VIII reports on the conclusion and future work.  

II. A BRIEF OVERVIEW ON TYPE-2 FUZZY SETS 

    A type-2 fuzzy set, denoted A
~

, is characterized by a type-

2 membership function   ,~ x
A

, where Xx and 

 1,0
x

J , i.e.,  

       1,0,|,,,
~

~ 
xA

JXxxxA                (1) 

in which   1,0 ~   x
A

. A
~

can also be expressed as                                 

     1,0,,
~

~   xAJXx
JxxA

X


                        

(2)        

where  denotes union over all admissible x  and  .
x

J is 

called primary membership of x , where  1,0
x

J for 

Xx  [17]. The uncertainty in the primary memberships 

of a type-2 fuzzy set consists of a bounded region that is 

called the footprint of uncertainty (FOU) [17]. It is the union 

of all primary memberships [17]. According to [9], a type-2 

fuzzy set can be thought of as a large collection of embedded 

type-1 sets each having a weight to associate with it [15]. At 

each value of x say xx   , the 2-D plane whose axes are u

and  ux
A

,~  is called a vertical slice of  ux
A

,~  [17]. A 

secondary membership function is a vertical slice of 

 ux
A

,~ . It is  ux
A

,~  for Xx  and  1,0 x
Ju  

[17], in which   10   uf
x

. Because Xx  , the prime 

notation on  x
A

~ is dropped and  x
A
~ is referred to as a 

secondary membership function [17]; it is a type-1 fuzzy set 

which is also referred to as a secondary set [17].  

In interval type-2 fuzzy set (shown in Fig. 1), the 

secondary membership functions are interval sets. Since all 

the memberships in an interval type-1 set are in unity, in the 

sequel, an interval type-1 set is represented just by its 

domain interval, which can be represented by its left and 

right end-points as  rl,  [9]. The two end-points are 

associated with two type-1 membership functions that are 

referred to as upper and lower membership functions which 

are bound for the footprint of uncertainty  AFOU
~

 [9], [15]. 

The upper membership function is associated with the upper 

bound of  AFOU
~

and is denoted by   Xxx
A

,~ , [18]. 

The lower membership function is associated with the lower 

bound of and is denoted by   Xxx
A

,~  [18]. 

 
(a)                                                  (b) 

Fig. 1.  (a) The primary membership,    , and it associated secondary 

membership functions   ̃     at the point   . (b) The secondary 

membership   ̃    is an interval set [18]. 

III. A BRIEF OVERVIEW ON INTUITIONISTIC FUZZY SETS 

Twenty years after Zadeh introduced fuzzy sets, 

Atanassov [10] expanded  Zadeh’s  idea by using the 

concept of dual membership degrees in each of the sets  by 

giving both a degree of membership and a degree of non-

membership which are more-or-less independent from one 

another whereby the sum of these two grades being not 

greater than one [19]. This idea, which is a natural 

generalization of a standard fuzzy set, seems useful in 

modeling many real life situations [20]. It was derived from 

the capacity of humans to develop membership functions 

through their own natural understanding. This also involves 

contextual and semantic knowledge and can entail linguistic 

truth values about this knowledge.  

An intuitionistic fuzzy set (IFS) A on a universe X (shown 

in Fig. 2a) is defined as an object of the following form [10] 

                    
     XxxxxA

AA
 |,,                    (3)                                                                                                                                       

where  1,0: X
A

   define the degree of membership and 

 1,0: X
A

  is the degree of non-membership of the 

element Xx in A, and for every Xx  , 

    10  xx
AA

 .  

 
                      (a)                                                   (b)         
 

Fig. 2.a) Intuitionistic Fuzzy Set with membership and non-membership 

function. b) Interval type-2 fuzzy set with intuitionistic evaluation at point 

n
x  
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Atanassov also expanded the intuitionistic fuzzy sets by 

adding the intuitionistic index (called hesitation) which 

existed because of the uncertainty of knowledge. The 

hesitation index is defined as follows:  

                        
   

AAA
xx  1                            (4)  

with the condition     1 xx
AAA

 .  

IV. INTERVAL TYPE-2 MEMBERSHIP FUNCTION WITH 

INTUITIONISTIC EVALUATION       

According to [19], [21], [22], [23], IFS and Interval-Valued 

Fuzzy Sets (IVFSs) are equivalent. In [23], it was argued 

that both types of sets are different. It is because when using 

interval-valued fuzzy sets,  
21

,   the items concerned by 

experts are the lower and upper approximations.  In addition, 

interval-valued fuzzy sets assigned to each element an 

interval that approximates the correct (but unknown) 

membership degree.        

    While in IFS the evaluation is focused on the membership 

degree and non-membership degree contained in the 

definition of IFS. The only constraint is that the sum of the 

two degrees (membership degree and non-membership 

degree) does not exceed one because of the hesitation 

margin, 1 .Both approaches, IFS and IVFS theory, 

have the virtue of complementing fuzzy sets that are able to 

model vagueness, with ability to model uncertainty as well. 

According to [21], [24], this equivalence is only formal 

although there are mathematical connections. Indeed, a 

couple     xx
AA

 ,  can be mapped bijectively onto an 

interval     xx
AA

 1, . Thus, the interpretation of IFSs 

in interval-valued fuzzy sets evidently, 11
21
  . 

According to [21] the IFSs and interval valued fuzzy sets are 

equipotent generalizations of the notion of a fuzzy set. 

Hence we have (as shown in Fig. 2b),  

   xx
AA

                                 (5) 

   xx
AA

 1                               (6) 

In [19], it was claimed that the class of interval-valued 

fuzzy sets can be embedded in the class of type 2 fuzzy sets 

because the membership degrees themselves are fuzzy sets 

in the unit interval. Moreover, few researchers proved that 

IFS is equivalent to interval-valued fuzzy set [22], [24], [25]. 

Hence, in this paper we present interval type-2 fuzzy sets 

with intuitionistic evaluation as mentioned in [19] where the 

class of intuitionistic fuzzy sets can be embedded in the class 

of type-2 fuzzy sets. From the research’s motivation and 

from the literatures given above, therefore we propose a 

multi-criteria decision making method based on interval 

type-2 fuzzy logic with intuitionistic evaluation as shown in 

Fig. 2b.In Fig. 2b, at  point 
n

x , we interpret the interval 

type-2 membership function for the left and right end-points, 

 rl,  in intuitionistic value,      xx
AA

 1, , respectively. 

nx
J can represents the hesitation value at 

n
x where 

     xxxJ
AAAxn

 1  as defined in Equation (4). 

V. EXPERTS’ WEIGHT DETERMINATION USING SCORE 

FUNCTION 

The weighting of DMs in decision making is very 

important. Each of the DMs will have their own weight 

based on their ability to make good selections. In order to 

define the weights, the score function defined in [26] is 

given to compute the score of each intuitionistic value in the 

decision matrices.     

Nowadays, score functions have been adopted into 

ranking and selection in intuitionistic fuzzy decision making. 

According to [27], score function is one of the selection 

procedures for aggregation in decision making. In this 

research we will use score function proposed by [26] for the 

ranking and selection process by applying intuitionistic 

fuzzy values. There were few reasons that cause [26] to 

modify the traditional score function. In certain cases, the 

traditional score function could not give sufficient 

information about alternatives because they only consider 

true (membership degree) and false membership functions 

(non-membership degree) without taking into account the 

unknown part/hesitation [26]. The traditional score function 

to evaluate the intuitionistic value is given as follow [26]:  

                                     ijijij
b                                 (7) 

The modified score function introduced in [26] to evaluate 

intuitionistic value is defined as follows: 

Let  
ijiji

z  ,  be an intuitionistic fuzzy value where  

1
ijij

 . The score function of 
i

z  can be evaluated by 

the score function  S  defined as follows [26], 

           

 
2

13

2

1 





ijijijij

ijiji
zS




          (8)           

where,    1,1
i

zS . The larger the score, the more the 

degree of suitability that alternatively satisfies some criteria 

in decision making. The full explanation and derivation 

about this score function (Equation (8)) can be found in [26]. 

The proposed function emphasize three parts which are 

 ,   and  1 simultaneously [26]. This makes this 

score function more suitable to be used in ranking the 

decision because it took care of the unknown part, 

 1 . Therefore, the modified score function 

provides a more useful way than the traditional score .It 

helps the decision maker to make his decision [26]. For 

example, if  4.0,4.0
1
z  and,  5.0,5.0

2
z  then the [26] 

score function give the score value,   1.0
1

zS  and 

  0
2
zS  (according to Equation (8)) while the traditional 

score function (through Equation (7)) gives the score for 

both  
1

zS and   0
2
zS . According to the traditional score 

function, there is no distinction between 
1

z and
2

z as  
1

zS

and   0
2
zS  but using the modified intuitionistic score 

function in [26] it is obvious that 
2

 S  is better than  
1

S  since 

12
  SS  .  
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VI. THE PROPOSED METHOD 

In decision making systems, a decision matrix is used to 

represent the alternatives/criteria. The aggregations in 

decision matrices utilize many kinds of theories and formula 

such as preference relations, logics (rule-base), entropy, 

distance measure, score function, arithmetic average, 

geometric average, ordered weighted average, linguistic 

quantifier, etc.In this proposed method, we use type-2 fuzzy 

logic rule-base to define the membership values and then 

interpret the interval type-2 fuzzy value into intuitionistic 

fuzzy numbers. The aggregation parts utilise fuzzy 

arithmetic averaging operator and fuzzy weighted averaging 

operator to compute the membership values in the decision 

matrix. In expert’s weight determination, we use 

intuitionistic score function and then normalize the value. 

We then transform the intuitionistic fuzzy numbers with IFS 

linear combination to determine the ranking which leads to 

the final decision. In our proposed fuzzy MCGDM method, 

the application of interval type-2 and IFS are utilized in the 

aggregations phase. This decision making method focuses 

on a numbers of decision makers with multi criteria and 

alternatives. The proposed type-2 fuzzy MCGDM is 

explained as follows: 

Let A be a set of alternatives, let C  be a set of criteria 

and let X be as set of sub-criteria where  
e

aaaA ,...,,
21

 , 

 
p

cccC ,...,,
21

 ,  
n

xxxX ,...,,
21

  respectively. A 

MCDM problem can be concisely expressed in matrix 

format as follows: 

peeee

p

p

p

cacacaa

cacacaa

cacacaa

ccc











21

222122

121111

21

 ,  

nnnnn

n

n

n

tr

xxxx

xxxx

xxxx

xxx

ca











21

222212

112111

21


 

In what follows, we will state the basic approach to fuzzy 

MCDM without considering risk attitude and confidence. A 

general decision problem with e  alternatives  era
r

,...,1  

and p  criteria  ptc
t

,...,1  can be concisely expressed as: 

tr
caB  . Here B  is referred to as the decision matrix 

(where the entry 
ij

x  represents the rating of the rule formed 

by sub-criteria 
i

x  and sub-criteria 
j

x ) where ni ,...,1  and 

nj ,...,1 . Generally each  
ij

x  calculated in the decision 

matrix above should satisfy the following rule: 

         IF 
it

xc  is 
i

F
~

and 
jt

xc  is  j
F
~

 THEN 
r

a~              (9) 

     This section illustrates the twelve steps to determine 

the ranking of the outputs. The proposed steps involved the 

whole process simultaneously in order to determine the 

fuzzy output. The phase includes the type-2 fuzzy logic 

process and decision making procedure. A better step has 

been proposed to guide DM experts system. Step by step 

starting from interpreted input determines the experts’ 

weight, aggregation phases and then defined the fuzzy 

output. The flow below provides an overview on the steps on 

how to construct the decision making method based on type-

2 fuzzy logic with intuitionistic evaluation: 

 

Step 1: Consider a multi-criteria group decision making 

problem, let  
e

aaaA ,...,,
21

  be a discrete set of 

alternatives,  
p

cccC ,...,,
21

  be a set of criteria, 

 
n

xxxX ,...,,
21

  be a set of sub-criteria and 

 
m

dddD ,...,,
21

  be a set of DMs. Let  
m

 ,...,,
21

  

be the weight vector of DMs, where 0
k

 , mk ,,1 , 

11   k

m

k  . The DM Dd
k
  provides his/her judgment 

based on the rules given, and constructs the decision matrix. 

 

Step 2: Assume we have the input values for each sub-

criteria. Then, we utilize the type-2 fuzzy membership 

function to define the membership interval for each rule 

defined in the decision matrices. 

 

Step 3: Next, the membership interval for each fired rule 

will be transformed to the intuitionistic values (as in 

Equation (5) and Equation (6)). 

 

Step 4: We then use the following operation from [21] to 

compute the firing strength for each rule for each criteria as 

follows:  

         
          xxxxBA

BABA
 ,max,,min        (10)   

 

A andB are the sub-criteria involved. This will lead to 

construct the intuitionistic decision matrices [28]. The DM 

Dd
k
  constructs intuitionistic decision matrices 

        
nn

,,,,


 trk

ij

trk xB :where       trk

ij

trk

ij

trk

ij
x ,,,,,, ,  ,

    ,10 ,,,,  trk

ij

trk

ij
 for all mk ,,1 , er ,,1 , 

pt ,,1 , and nji ,...,2,1,  . Hence, we will have for 

each DM 
 kd and for each alternative 

 ra  a matrix for each 

criteria 
 tc where the entries will be       trk

ij

trk

ij

trk

ij
x ,,,,,, ,  . 

In all the operations below please note that all operations on 

x will be carried on    and   independently.  

 

Step 5: Use the fuzzy arithmetic averaging operator to 

aggregate all 
 trk

ij
x ,,

 over the p  criteria as follows: 

 rk

ij
x , =  

 



p

t

trk

ij
x

p 1

,,1

                               

(11) 

Step 6: Use the fuzzy arithmetic averaging operator to 

aggregate all for each alternative 
 rk

ij
x ,

 over the given the 

sub-criteria i as follows: 

                              
 rk

i
x , =    

 



n

j

rk

ij
x

n 1

,1
                              (12) 

Step 7: Now, we transform  rk

i
x ,  to a decision matrix 

which have 
 k

rj
x  and using the fuzzy arithmetic averaging 
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operator to aggregate all 
 k

rj
x  corresponding to the 

alternative r. 

                                  
 k

r
x =

 



n

j

k

rj
x

n 1

1

                              
(13) 

Step 8: Determine the score function,  according 

to Equation (8) for each . Then, transform the   k

r
xS  

above to decision matrices which have   r

k
xS . 

Step 9: Normalize the matrix so that each element in the 

matrix   r

k
xS  can be written as follows:  

                    
 r

k
x = 

  
   

m

k

r

k

r

k

xS

xS

1

                            (14) 

Step 10: Find the priority weights, 
k

 of each DM as 

follows: 

                                      k
 =  




m

k

r

k
x

m 1

1

                             
(15) 

Step 11: Then we use the fuzzy weighted arithmetic 

averaging operator to aggregate all 
 rk

ij
x ,

 from Step 5 with 

weighted value defined from Step 10 for getting the 

weighted averaged values, 
 r

ij
x : 

     
 r

ij
x =     

 



m

k

rk

ijk
x

1

,                            (16) 

We then find the average of 
 r

ij
x over each alternative for 

getting,  r

i
x . 

Step 12: Use the IFS linear combination from [11] to 

aggregate the intuitionistic evaluation of the sub-criteria for 

each alternative,  r

i
x . The following equation is used to 

calculate the total intuitionistic value: 

                           1IFS                            (17) 

According to [11], when 0 , Equation (17) will reduce 

to the output of a traditional fuzzy system, but for other 

values of   the result of IFS will be different as we are now 

taking into account the hesitation margin. Find the average 

value of over each alternative to find the ranking [24]. The 

r
a with the highest intuitionistic value will be the chosen 

final alternative.      

VII. A NUMERICAL EXAMPLE 

In this section, we provide a numerical example to clarify 

the steps involved with our proposed system. The example is 

based on a decision making problem in Umbilical Acid-Base 

(UAB) assessment as reported on [5], [6].Umbilical acid-

base assessment of a newborn infant can provide vital 

information on the infant’s health and guide requirements 

for neonatal care [5]. Blood samples from arterial and 

venous are used to measure the acidity (pH) and partial 

pressure of oxygen (pO2). UAB assessment frequently 

contain errors in one or more of the important parameters, 

preventing accurate interpretation and many clinical staff 

lack the expert knowledge required to interpret error-free 

results [5], [6].     

The antecedents and consequents of the rules in this 

example have been simplified to suit with the proposed 

method.  We first define interval type-2 fuzzy sets to 

evaluate the sub-criteria. Each sub-criterion will be 

evaluated by two linguistic labels which are Low (L) and 

High (H) as shown in Fig. 3. The type-2 membership values 

are then utilised in the intuitionistic evaluation to construct 

the intuitionistic decision matrix. The following steps follow 

the steps mentioned above for the proposed fuzzy MCGDM. 

 

Step1: The example has two Alternatives which are 

Normal and Critical and hence,  2,1ra
r

. The used 

criteria are Arterial and Venous respectively, and hence, 

 2,1tc
t

, respectively, and the sub-criteria are Acidity 

(pH) and Partial pressure of oxygen (pO2) and hence 

 2,1, jix
ij

, respectively. This example has two DMs 

 2,1kd
k

. The following are the rules used by each DM to 

evaluate if the output is Critical or Normal depending on the 

given sub criteria. 

 

Decision Maker 1:  

Rule Base for output Normal: 

IF Arterial pH is  low (L) and Arterial pO2 is high (H) THEN 

Condition Normal.  

IF Venous pH is high (H) and Venous pO2 is high (H) THEN 

Condition Normal.  

Rule Base for output Critical: 

IF Arterial pH is  low (L) and Arterial pO2 is low (L) THEN 

Condition Critical.  

IF Venous pH is high (H) and Venous pO2 is low (L) THEN 

Condition Critical.  

Decision Maker 2:  
Rule Base for output Normal: 

IF Arterial pH is high (H) and Arterial pO2 is high (H) 

THEN Condition Normal.  

IF Venous pH is high (H) and Venous pO2 is high (H) THEN 

Condition Normal.  

Rule Base for output Critical: 

IF Arterial pH is  low (L) and Arterial pO2 is low (L) THEN 

Condition Critical.  

IF Venous pH is low (L) and Venous pO2 is low (L) THEN 

Condition Critical.  

 
                                (a)                                                          (b) 

Fig. 3. The type-2 fuzzy linguistic label for each sub-criterion, (a) 
Acidity/pH and (b) Partial pressure of oxygen/ pO2. 

In the rules above, for decision makers, 
 1d and 

 2d , 

there are two criteria, 
 1c (Arterial) and 

 2c  (Venous). There 

are two sub-criteria which are pH (x
1
) and pO2 (x

2
), ij

x , 

  k

r
xS

 k

r
x

Proceedings of UKCI 2011

5



 

 

 

where nji ,...,1,  . There are two alternatives which are 
 1a

(Normal) and 
 2a  (Critical). This example shows that 

experts have to give their judgment or opinion given the 

antecedents (sub-criteria) what will be the consequents 

(alternatives). Thus, from the experts’ evaluation, we will 

construct the decision matrix according to the rules. Below 

are the following matrices:  
   11 ad  :  

 

 









































H is pH and H is pO IF

H is pO and H is pH IF

,

L is pH and H is pO IF

H is pO and L is pH IF

2

2

2

1

21

2

2

2

2

1

21

1

x

x

xx

c

x

x

xx

c

 
   21 ad  : 

 

 









































H is pH and L is pO IF

L is pO and H is pH IF

,

L is pH and L is pO IF

L is pO and L is pH IF

2

2

2

1

21

2

2

2

2

1

21

1

x

x

xx

c

x

x

xx

c

 
   12 ad  :  

 

 









































H is pH and H is pO IF

H is pO and H is pH IF

,

H is pH and H is pO IF

H is pO and H is pH IF

2

2

2

1

21

2

2

2

2

1

21

1

x

x

xx

c

x

x

xx

c

 
   22 ad  : 

 

 









































L is pH and L is pO IF

L is pO and L is pH IF

,

L is pH and L is pO IF

L is pO and L is pH IF

2

2

2

1

21

2

2

2

2

1

21

1

x

x

xx

c

x

x

xx

c

 

Step 2: If the inputs of each antecedent are as follows:  

Arterial: pH= 5, pO2= 2; Venous: pH= 7, pO2= 4.5. From the 

inputs we can find the interval type-2 membership values for 

each input. Thus the membership interval for each fired rule 

is: 
Fired Rule  Arterial; pH=5 Arterial; pO2=2 

L/H [0.75, 0.8333] [0, 0] 

H/L [0, 0.1667] [0, 0.5] 

H/H [0, 0.1667] [0, 0.5] 

L/L [0.75, 0.8333] [0, 0.5] 

 

Fired Rule Venous; pH=7 Venous; pO2=4.5 

L/H [0.25, 0.5] [0, 0.0833] 

H/L [0.25, 0.5] [0.875, 0.9167] 

H/H [0.25, 0.5] [0, 0.0833] 

L/L [0.25, 0.5] [0.875, 0.9167] 

Step 3: Transform the membership interval to the 

intuitionistic value,   ,, . For example for the 

membership interval, (arterial) rule L/H: From Equation (5), 

(6) the intuitionistic value is: 0833.0,1667.0,75.0    

Hence, the intuitionistic membership values could be found 

as follows: 

 
Fired Rule Arterial; pH=5 Arterial; pO2=2 

L/H [0.75, 0.1667, 0.0833] [0, 0, 1] 

H/L [0, 0.8333, 0.1667] [0, 0.5, 0.5] 

H/H [0, 0.8333, 0.1667] [0, 0.5, 0.5] 

L/L [0.75, 0.1667, 0.8333] [0, 0.5, 0.5] 

 

Fired Rule Venous; pH=7 Venous; pO2=4.5 

L/H [0.25, 0.5, 0.25] [0, 0.9167, 0.0833] 

H/L [0.25, 0.5, 0.25] [0.875,0.0833, 0.0417] 

H/H [0.25, 0.5, 0.25] [0, 0.9167, 0.0833] 

L/L [0.25, 0.5, 0.25] [0.875,0.0833, 0.0417] 

 

Step 4: Use Equation (10) to find the firing interval for each 

intuitionistic value  , . For example for firing interval 

(arterial) rule L/H: 

      1667.0,00,1667.0max,0,75.0min
2

 pOpH BA  

Hence, the firing intervals could be found as follows: 

 
Fired Rule Firing Interval: 

Arterial 

Firing Interval: 

Venous 

L/H [0, 0.1667] [0, 0.9167] 

H/L [0, 0.8333] [0.25, 0.5] 

H/H [0, 0.8333] [0, 0.9167] 

L/L [0, 0.5] [0.25, 0.5] 

 

The DMs provide their judgment values for each pair of sub-

criteria over the criteria and alternatives and we construct the 

intuitionistic  , decision matrices according to the 

decision matrices in Step 1. 

 

 1d : 
       

   

     
   


















5000.0,5000.00000.0,9167.0

9167.0,0000.05000.0,5000.0

5000.0,5000.00000.0,1667.0

1667.0,0000.05000.0,5000.0

2

11

c

ca
 

        

       
   

     
   


















5000.0,5000.02500.0,5000.0

5000.0,2500.05000.0,5000.0

5000.0,5000.00000.0,5000.0

5000.0,0000.05000.0,5000.0

2

12

c

ca
 

 

 2d : 

       
   

     
   


















5000.0,5000.00000.0,8333.0

8333.0,0000.05000.0,5000.0

5000.0,5000.00000.0,8333.0

8333.0,0000.05000.0,5000.0

2

11

c

ca
 

         

       
   

     
   


















5000.0,5000.05200.0,500.0

5000.0,2500.05000.0,5000.0

5000.0,5000.00000.0,5000.0

5000.0,0000.05000.0,5000.0

2

12

c

ca
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Step 5: Apply Equation (11) to find the average values of 

the sub-criteria over all p  criteria. For example,  1,1

11
x , the 

membership value   1,1

11
 : 

   

5000.0
2

2,1,1

11

1,1,1

11 
  . 

Hence, the results could be found as follows: 

       
   

     
   


















5000.0,5000.01250.0,5000.0

5000.0,1250.05000.0,5000.0

5000.0,5000.00000.0,5417.0

5417.0,0000.05000.0,5000.0

2

11

a

ad
 

       
   

     
   


















5000.0,5000.01250.0,5000.0

5000.0,1250.05000.0,5000.0

5000.0,5000.00000.0,8333.0

8333.0,0000.05000.0,5000.0

2

12

a

ad
 

 

Step 6: Use Equation (12) to find the fuzzy arithmetic 

averaging operator to aggregate all 
 rk

ij
x ,

 corresponding to 

the sub-criteria i . Example for  1,1

1
x , averaging over the first 

sub criteria for each alternative will result in 
   

2500.0
2

1,1

12

1,1

11 
 

. Hence, the results could be found 

as follows: 

     
 

   
  

















3125.0,5000.0

5000.0,3125.0
,

2500.0,5209.0

5209.0,2500.0
211 aad

     
 

   
  

















3125.0,5000.0

5000.0,3125.0
,

2500.0,6667.0

6667.0,2500.0
212 aad  

 

Step 7: Transform the  rk

i
x ,  above to 

 k

rj
x : 

     
   

     
   


















3125.0,5000.05000.0,3125.0

2500.0,6667.06667.0,2500.0

3125.0,5000.05000.0,3125.0

2500.0,5209.05209.0,2500.0

2

1

d

d
 

Using Equation (13), we find the average value over each 

given alternative. For example, the average over the first 

alternative will be 
   

3855.0
2

5209.025.0

2

1

12

1

11 



  . Hence, 

the results could be as follows: 

For 
 1d :    4063.0,4063.0,3855.0,3855.0

21
 aa  

For 
 2d :    4063.0,4063.0,4584.0,4584.0

21
 aa  

 

Step 8: Determine the score function as described in 

Equation (8). For example for  
 1d :    3855.0,3855.01

11
 xa , then we have  

   2290.0,3855.0,3855.01

1
 x

. 
So by utilizing 

Equation (8), we get the score value for    1145.01

1
xS .  

Hence, the results will be as follows: 

For 
 1d :       0937.0,1145.0 1

2

1

1
 xSxS  

For 
 2d :       0937.0,0416.0 2

2

2

1
 xSxS  

Then, transform the   k

r
xS  above to   r

k
xS : 

 















0416.0

1145.0
1a ,  















0937.0

0937.0
2a  

 

Step 9: Normalize the matrix according to Equation (14). 

For example for  1

1
x : 

  
     

7335.0
1

2

1

1

1

1 
 xSxS

xS . Hence, the 

results could be written as follows: 

 











2665.0

7335.0
1a ,  











5000.0

5000.0
2a  

 

Step 10: Find the priority weights, 
k

 of each DM 

according to Equation (15). For example, for 
1

 : 
   

6168.0
2

5.07335.0

2

2

1

1

1 



 xx . Hence, the results 

could be found as follows:    3833.0,6168.0
21
   

 

Step 11: Then we use the fuzzy weighted arithmetic 

averaging operator to aggregate all 
 rk

ij
x ,

 from Step 5 with 

weighted value defined from Step 10 to obtain the weighted 

averaged values as specified in Equation (16). For example 

for  1

11
x , for the membership value   1,1

11
 : 

          5000.03833.0*5.06168.0*5.0
2

1,2

111

1,1

11
 

Hence, the results could be found as follows: 

     
   

     
   


















5000.0,5000.01250.0,5000.0

5000.0,1250.05000.0,5000.0

5000.0,5000.00000.0,6535.0

6535.0,0000.05000.0,5000.0

2

1

a

a

 

We then find the average of  r

ij
x  over each alternative. 

Example for   1,1

11
x , for the membership value 

  1,1

11
 : 

   

25.0
2

05.0

2

1

12

1

11 



 

. Hence, the results could be 

found as follows: 

For 
 1a :        2500.0,5768.0,5768.0,2500.0 1

2

1

1
 xx  

For 
 2a :        3125.0,5000.0,5000.0,3125.0 2

1

2

1
 xx  

 

Step 12: Use the IFS linear combination from [11], and 

Equation (17) to aggregate the intuitionistic evaluation for 

each alternative. From Equation (4) the, Intuitionistic values 

for  1a  are:  
   1732.0,5768.0,2500.01

1
 x  

   1732.0,2500.0,5768.01

2
 x  

Intuitionistic values for 
 2a  are:  

   1875.05000.0,3125.02

1
 x  

   1875.0,3125.0,5000.02

2
 x  

Thus, by utilizing Equation (17) we get; For 
 1a : 

    5202.0,3066.0 1

2

1

1
 xx

.
 

For 
 2a :     4648.0,3477.0 2

2

2

1
 xx  

Average the value for each alternative above to find the 

ranking of the alternatives. For example for 
 1a : 

   

4134.0
2

1

2

1

1 
 xx

. Hence, the results could be found as 

follows:     4063.0,4134.0 21  aa .  
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Hence,  
21

aa  , Normal   Critical. Therefore the condition 

is Normal.  

The result comes from combing the experts’ judgment and 

it resolves the conflict between their judgments.  

VIII. CONCLUSION  

In this paper, we have presented a method that focus on 

interval type-2 fuzzy logic MCGDM system with 

intuititonistic evaluation. The intuitionistic evaluation in 

interval type-2 membership function has been derived in the 

proposed method which include twelve steps for the 

aggregration and ranking of the preferences alternatives. The 

proposed method is expected to handle the linguistic 

uncertainties in MCGDM and give comprehensive 

evaluation for the membership values.  

Most of the previous researches in MCDM usually 

involve only criteria and alternatives and GDM involve 

experts and criteria/alternatives [12], [13], [23], [26]. The 

proposed method should be able to handle the uncertainties, 

subjectivity and hesitation from experts’ evaluation. This 

approach provides a new perspective in the decision making 

area especially in fuzzy logic based on multi-criteria 

decision making with a numbers of experts/DMs. An 

important limitation in previous approaches in MCDM 

occurs because they lose some original decision of 

information in the process of information aggregation and 

hence this can cause difficulty to prioritize the given 

alternatives [28]. To solve this issue, we offer an efficient 

method without losing the original values in the membership 

degree to produce a comprehensive judgment. This decision 

system is convenient to solve the complicated decision 

processes appearing in the majority of real world 

applications.   

For our future work, we intend to evaluate the proposed 

method in real world applications and provide 

comprehensive comparisons to exiting techniques.  
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Examining the Classification Accuracy of TSVMs with Feature Selection 

in Comparison with the GLAD Algorithm

Hala Helmi, Jonathan M. Garibaldi and Uwe Aickelin 
  

Abstract- Gene expression data sets are used to classify 

and predict patient diagnostic categories. As we know, it 

is extremely difficult and expensive to obtain gene 

expression labelled examples. Moreover, conventional 

supervised approaches cannot function properly when 

labelled data (training examples) are insufficient using 

Support Vector Machines (SVM) algorithms. Therefore, 

in this paper, we suggest Transductive Support Vector 

Machines (TSVMs) as semi-supervised learning 

algorithms, learning with both labelled samples data and 

unlabelled samples to perform the classification of 

microarray data. To prune the superfluous genes and 

samples we used a feature selection method called 

Recursive Feature Elimination (RFE), which is supposed 

to enhance the output of classification and avoid the local 

optimization problem. We examined the classification 

prediction accuracy of the TSVM-RFE algorithm in 

comparison with the Genetic Learning Across Datasets 

(GLAD) algorithm, as both are semi-supervised learning 

methods. Comparing these two methods, we found that 

the TSVM-RFE surpassed both a SVM using RFE and 

GLAD.  

I. INTRODUCTION  

Data mining techniques have traditionally been used to 

extract hidden predictive information in many diverse 

contexts. Usually datasets contain thousands of examples. 

Recently the growth in biology, medical science, and DNA 

analysis has led to the accumulation of vast amounts of 

biomedical data that require in-depth analysis. 
 
After years of research and development, many data 

mining, machine learning, statistical analysis systems and 

tools are available to be used in biodata analysis. 

Consequently, this paper will examine a relatively new 

technique in data mining. This technique is called 

Transductive Supervised Support Vector Machines [2], also 

named Semi-Supervised Support Vector Machines S
3
VMs, 

located between supervised learning with fully-labelled 

training data and unsupervised learning without any labelled 

training data [1].  In this method, we used both labelled and 

unlabelled samples for training: a small amount of labelled 

data and a large amount of unlabelled data. 
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The purpose of this paper is to observe the performance of 

Transductive SVMs combined with a feature selection 

method called Recursive Feature Elimination (RFE), which 

is used to select molecular descriptors for Transductive 

Support Vector Machines (TSVMs).  
 

The paper is organized as follows: section 2 provides a 

literature review on Support Vector Machines, Transductive 

Support Vector Machines and finally Recursive Feature 

Elimination. In section 3, the TSVM algorithm combined 

with RFE is detailed, as well as a brief summary of the 

GLAD algorithm based on a recently published paper [3] 

which aims to compare the prediction accuracy of these two 

algorithms. Section 4 is dedicated to comparing and 

analysing the experimental results of both algorithms 

(TSVM and GLAD). Finally, a summary of the results and 

discussion will be presented in section 5. 

II. BACKGROUND  

A. Support Vector Machines  

Support Vector Machine (SVMs), as a supervised 

machine learning technique, perform well in several areas of 

biological research, including evaluating microarray 

expression data [4], detecting remote protein homologies [5] 

and recognizing translation initiation sites [6]. SVMs have 

demonstrated the ability not only to separate the entities 

correctly into appropriate classes, but also to identify 

instances where established classification is not supported by 

the data [7]. SVMs are a technique that makes use of training 

that utilizes samples to determine beforehand which data 

should be clustered together [4]. 

B. Tranductive Support Vector Machines 

Transductive learning is a method strongly connected to 

semi-supervised learning, where semi-supervised learning is 

intermediate between supervised and unsupervised learning. 

Vapnik introduced Semi-Supervised Learning for Support 

Vector Machines in the 1990s. His view was that 

transduction (TSVM) is preferable to induction (SVM), 

since induction needs to solve a more general problem 

(inferring a function) before solving a more detailed one 

(computing outputs for new cases) [8] [9]. 
 
Transductive Support Vector Machines attempt to 

maximize the hyperplane classifier between two classes 

using labelled training data; at the same time this forces the 

hyperplane to be far away from the unlabelled samples.  

TSVMs seem to be a perfect semi-supervised learning 

algorithm because they combine the regularization of 

Support Vector Machines with a straight forward 

implementation of the clustering assumption [10]. 
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C. Recursive Feature Elimination 

Most prediction model algorithms are less effective when 

the size of the data set is large. There are several methods for 

decreasing the amount of the feature set. From among these 

methods we selected a technique called Recursive Feature 

Elimination (RFE). The basis for RFE is to begin with all the 

features, select the least useful, remove this feature, and then 

repeat until some stopping condition is reached.  
 
Finding the best subset features is too expensive, so RFE 

decreases the difficulty of feature selection by being 

„greedy‟ [11]. 

III. METHODS 

This section of the paper is focused on describing TSVM-

RFE, the problem motivated by the task of classifying 

biomedical data.  The goal is to examine classifier accuracy 

and classification errors using the Transductive Support 

Vector Machines method, in order to determine whether this 

method is an effective model when combined with Recursive 

Feature Elimination (RFE) compared with the Genetic 

Learning Across Datasets (GLAD) algorithm. 

A. Support Vector Machines  

The purpose of SVMs is to locate a classifier with the 

greatest margin between the samples relating to two different 

classes, where the training error is minimized. Therefore, to 

achieve this we used a set of  -dimensional training samples 
         

   labelled         
  and their mapping           

  via 

kernel function:  

               
        

  

 SVM has the following primal form:   

 

                      
 
    

 
  

    
 
       

 

 

   

 

                     
                

      
           

          
 
  

 
                  

 

The SVM predictor for samples  , as shown below, was 

settled on by the vector inner product between the   and the 

mapped vector     , plus the constant  . 

                    
The predictor actually corresponds to a separating 

hyperplane in the mapped feature space. The prediction for 

each training samples    is connected with a violation term 

 
 
. The   is a user-specified constant to manage the penalty 

for these violation terms.  
 
The parameter   in the above (1) points to which kind of 

norm of   is assessed. It is usually set to 1 or 2, resulting in 

the 1-norm (  -SVM) and 2-norm SVM (  -SVM) 

respectively. The 1-norm and 2-norm TSVMs have been 

discussed in [12] and [13].  

B. Transductive Support Vector Machines  

In this paper, we are using the extended SVM technique 

of transductive SVMs and we methodically adept the 2- 

norm for the TSVM.  

The standard setting can be illustrated as:  

 

                  
       

       
 
    

  
 
 
   

 

 
     

        
 

 

   

     
 
 

 

   

 

             
      

      
           

          
 
  

 
     

           
      

           
  

 
         

 
   

 
                       

 

Where each   
  is the unknown label for   

  which is one 

of the   unlabelled samples; compared with SVM (1), the 

formulation (2) of the TSVMs takes the unlabelled data into 

consideration by representing the violation terms  
 
 
 caused 

by forecasting each unlabelled pattern      
   into   

 . The 

penalty for these violation terms is controlled by a new 

constant    labelled with unlabelled samples, while   

consists of labelled samples only. 
 

Precisely solving the transductive problem needs a 

search of all potential assignments of   
       

  and 

identifying the various terms of  
 
 which are regularly 

intractable for large data sets.  It is worth mentioning the   -

TSVM implemented in the SVMLight [18] [8].  

C. Recursive Feature Elimination 

Recursive Feature Elimination (RFE) has the advantage 

of decreasing the number of redundant and recursive 

features. RFE decreases the difficulty of feature selection by 

being greedy. 
  
To extend SVM feature selection techniques to 

transductive feature selection is specifically straightforward, 

as we can produce TSVM-RFE by iteratively eliminating 

features with weights calculated from TSVM models. We 

can explain the TSVM-RFE approach as the following 

standard process. 

1. Pre-process data and calculate filtering scores   . 

Moreover, optionally further normalize data. This 

approach first filters some features based on scores like 

Pearson correlation coefficients. 

2. Adjust   as an all-one input vector. 

3. Set         . Set part of the small entries of    zero 

according to a proportion/threshold, and probably 

discrete non-zero    to 1. 

4. Obtain a (sub-) optimal TSVM as calculated by cross- 

validation accuracy (2). 

5. For RFE approaches, estimate feature weights    from the 

model in step 4 according to: 
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Where           indicates the input samples    with feature 

  removed. The weight of the  -th feature can be clarified as

                   
   

The following estimation suggested in [11] is easier to 

measure. 

  
                   

 

     

    
       

  

Specifically, the feature weights are identical to the   if the 

SVM is built upon a linear kernel. 

Return to step 3 unless there is an acceptable number of 

features/iterations. Output the closing predictor and features 

highlighted by large values of  . 
 
Step 3 comprises selecting a proportion/number of 

features according to a threshold cutting the vector  . For 

filtering scores and the RFE method, the vector   is changed 

to a binary vector. Then the      has the effect of pruning 

or deactivating some features. 
 
The threshold is usually found to prune a (fixed) 

number/proportion of features at each iteration. The value of 

the remaining features is then measured by the optimality of 

the TSVM model obtained in step 4. We then apply cross-

validation accuracy as the performance measure for the 

TSVM algorithm. For a subset of features selected by 

choosing a threshold value, we extend the model search 

upon the free parameters, such as [                      
and choose the preferable parameter set which results in the 

highest cross-validation accuracy. 

D. Genetic Learning Across Datasets (GLAD) 

The GLAD algorithm is different from prior algorithms 

of semi-supervised learning. The GLAD algorithm has been 

applied as a wrapper method for feature selection. A Genetic 

Algorithm (GA) was implemented for generating a 

population of related feature subsets. The labelled data and 

the unlabelled data samples were computed separately. 

Linear Discriminant Analysis (LDA) and K-means (K = 2) 

for these two data forms of cluster algorithms were used 

[14].  A distinctive two-term scoring function resulted to 

independently score the labelled and unlabelled data 

samples. Generally, the score was calculated as a weighted 

average of the two terms as shown below. 

 

                                
                                    

       

As the typical leave-one-out-cross-validation accuracy 

for the labelled training samples, they identified the labelled 

data samples score. The unlabelled data samples score 

consists of two terms: a cluster separation term and a steady 

ratio term.             

                  
           

          
 
   

               

  

                    
 

  

 
                

          
  

 

             

                                 

   = centroid of cluster;    = ratio of data in cluster            = 

expected ratio in cluster    ;    
 = number of data samples in 

cluster  ;    = number of clusters. 

IV. EXPERIMENTS AND RESULTS 

This section discusses the results of the experiments 

which were carried out in order to assess the effectiveness of 

the classification model accuracy proposed in the previous 

section. 

A. Datasets  

 Leukaemia (AML-ALL): including 7129 probes, 

two variants of leukaemia are available: acute 

myeloblastic leukaemia (AML), 25 samples; and 

acute lymphoblastic leukaemia (ALL), 47 samples 

[15]. 

 Lymphoma (DLBCL): consisting of 7129 genes 

and 58 DLBCL samples. Diffuse large B-cell 

lymphoma (DLBCL) and 19 samples of follicular 

lymphoma (FL) [16]. 

 

 Chronic Myeloid Leukaemia (CML): contained 

30 samples (18 severe emphysema, 12 mild or no 

emphysema) with 22,283 human gene probe sets 

[17]. 

B. TSVM Recursive Feature Elimination (TSVM-RFE) 

Result 

 Leukaemia (AML-ALL): the results for the 

Leukaemia ALL/AML dataset are summarized in 

Figure 1 in the diagram on the left. TSVM-RFE 

gave the smallest minimal error of 3.68%, and 

compassionately smaller errors compared with 

SVM-RFE: 3.97% for 30, 40, ..., 70 genes. 

Interestingly, in our experiments both methods gave 

the lowest error when 60 genes were used. This 

provided a reasonable suggestion for the number of 

relevant genes that should be used for the 

leukaemia data. 

 Lymphoma (DLBCL): the results for the 

Lymphoma (DLBCL) dataset are summarized in 

Figure 1 in the middle diagram. TSVM-RFE gave 

the smallest minimal error of 3.89%, and quite 

firmly smaller errors compared to the SVM-RFE: 

4.72% for 30, 40, ..., 70 genes. For TSVM, the 

methods gave the lowest error for 60 genes, while 

SVM methods gave the lowest error at 50 genes 

with 4.72% compared to 4.97% for 60 genes. This 

could give a sensible suggestion for the number of 

relevant genes that should be used for the 

lymphoma (DLBCL) data. 
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Figure 1: Testing error for three data sets. The 5-fold cross-validated pair t-test shows the SVM-RFE and the TSVM-RFE 

have relative differences when comparing the two methods at the confidence rate of 95% (Linear kernel, C = 1).  

 Leukaemia (CML): lastly, the TSVM-RFE and 

SVM-RFE results for the Leukaemia (CML) dataset 

are provided in Figure 1 in the diagram on the right. 

TSVM-RFE gave the smallest minimal error of 

6.52%, and critically smaller errors in contrast to the 

7.85% SVM-RFE for 30, 40, ..., 70 genes. Both 

algorithms showed the lowest error when 50 genes 

were used. This presented a sensible proposal for the 

number of related genes that should be used for the 

Leukaemia (CML) data. 

C. Comparing the TSVM Algorithm result with the GLAD 

Algorithm  

Implementing Genetic Learning Across Datasets involved 

conducting three experiments using previous datasets, each 

addressing a different cancer diagnostic problem: ALL/AML 

for disparity in diagnosis; in CML a dataset predicting the 

response of imatinib; and in DLBCL for forecasting outcome.  
 
In the AML-ALL dataset, the accuracy range using only 

labelled samples was 73.46%. Combining unlabelled samples 

with labelled samples increased the range to 75.14%. Adding 

unlabelled samples increased the accuracy from 59.34% to 

65.57% in the CML experiments. The addition of the 

unlabelled samples to the unlabelled samples for DLBCL 

raised the accuracy from 49.67% to 55.79%. This shows that 

the GLAD algorithm outperformed the SVM-RFE and TSVM-

RFE in some cases when we made use of the labelled data only 

without gene selection. In Table 1, for example the AML-ALL 

dataset, the GLAD algorithm gives 73.46% while SVM-RFE 

and TSVM-RFE accuracy are 52.8% and 55.6% respectively. 
 

However, in the second dataset DLBCL showed that 

GLAD algorithm accuracy was 49.67% and SVM-RFE 55.8%. 

Furthermore, the third dataset of CML, SVM-RFE gave 

59.02% without gene selection, while GLAD gave 59.34%.  

On the other hand, TSVM exceeded GLAD when making use 

of unlabelled data along with labelled data and selecting genes. 

The results are shown in Table 1. 

For instance, for the CML dataset using all the samples 

without gene selection TSVM gave 72.6% when selecting 

genes based on REF, TSVM exceeded 93.48%, while GLAD 

gave 65.57% with gene selection. In the same vein, the 

accuracy for the DLBCL dataset achieved 96.11% by TSVM 

with gene selection.   

On the other hand, the GLAD algorithm gave 55.79% with 

gene selection. As well as this, the TSVM with the AML-ALL 

dataset with gene selection gave 96.32% while the GLAD 

algorithm gave 75.14%. This means that the TSVM performed 

better than the GLAD algorithm, and the performance with 

gene selection showed a superior result. 

 

Table 1: Accuracy obtained with SVM-RFE, 

TSVM-RFE and GLAD 

 

V. CONCLUSION 

This paper has investigated topics focused on semi-

supervised learning. This was achieved by comparing two 

different methods for semi-supervised learning using 

previously classified cancer datasets. 
 
The results on average for semi-supervised learning 

surpassed those for supervised learning. However, this shows 

that the GLAD algorithm outperformed SVM-RFE when we 

made use of the labelled data only. On the other hand, TSVM-

RFE exceeded GLAD when unlabelled data along with 

labelled data were used; it performed much better with gene 

selection and performed well even if the labelled dataset was 

small.  

Dataset 

  SVM-RFE 

Accuracy 

(labelled) 

TSVM-

RFE 

Accuracy 

GLAD 

Accuracy 

ALL-AML     

Without 

Selection 

7219 Genes,  

72 Samples 

52.8% 55.6% 73.46% 

(labelled) 

With 

Selection 

60 Genes, 

72 Samples 
96.03% 96.32% 75.14% 

DLBCL     

Without 

Selection 

7219 Genes, 

77 Samples 

55.8% 57.1% 49.67% 

(labelled) 

With 

Selection 

60 Genes, 

77 Samples 

95.03% 96.11% 55.79% 

CML     

Without 

Selection 

22,283 

Genes, 

30 Samples 

59.02% 72.6% 59.34% 

(labelled) 

With 

Selection 

50 Genes, 

30 Samples 

92.15% 93.48% 65.57% 
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On the other hand, TSVM still had some drawbacks when 

increasing the size of the labelled dataset, as the performance 

did not significantly improve accordingly. Moreover, when the 

size of the unlabelled samples was extremely small, the time 

complexity was correspondingly high. 
 
As with almost all semi-supervised learning algorithms, 

TSVM showed some instability, as some results of different 

runs were not the same. This occurred because unlabelled 

samples may have been wrongly labelled during the learning 

process. If we find a way in future to select and eliminate the 

unlabelled sample first, we can then limit the number of newly- 

labelled samples for re-training the classifiers. 
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An Ant System with Direct Communication for the Capacitated
Vehicle Routing Problem

Michalis Mavrovouniotis and Shengxiang Yang

Abstract— Ant colony optimization (ACO) algorithms are
population-based algorithms where ants communicate via their
pheromone trails. Usually, this indirect communication leads
the algorithm to a stagnation behaviour, where the ants follow
the same path from early stages. This is because high levels
of pheromone are generated into a single trail, where all the
ants are influenced and follow it. As a result, the population
gets trapped into a local optimum solution, which is difficult
for the ACO algorithm to escape from it. In this paper, a direct
communication scheme is proposed and applied to ACO for the
capacitated vehicle routing problem (CVRP), which is a diffi-
cult NP-hard optimization problem. The direct communication
scheme allows the ants to exchange customers from different
routes, with other ants that belong to their communication
range. Experiments show that the direct communication scheme
significantly improves the solution quality of a conventional
ACO algorithm regarding CVRP with and without service time
constraints.

I. I NTRODUCTION

Ant colony optimization (ACO) algorithms are inspired
from the behaviour of real ant colonies, when ants search
for food from their nest to food sources. Ants cooperate
and communicate indirectly via their pheromone, where they
leave a trail to the path they explore. The more pheromone
on a specific trail, the higher the possibility of that trail to
be followed by the ants.

This behaviour inspired researchers to develop the first
ACO algorithm, called the ant system (AS) [6], [8], which
has been applied to the well-known travelling salesman
problem (TSP). Moreover, AS has been applied to other
combinatorial optimization problems, such as the quadratic
assignment problem [10], the job scheduling problem [7],
the vehicle routing problem (VRP) [2], [9], and many other
optimization problems.

In this paper, we focus on the VRP because it shares
many similarities with real-world applications [21], where
a population of ants will begin from the depot and visit
customers (or delivery points). When the demand of all the
customers are satisfied, the ants will return to the depot.
Each ant represents several vehicle routes, because of the
vehicle capacity, which represent a complete capacitated
VRP (CVRP) solution. The AS has been applied to the
CVRP [2], and later on improved [3] using different heuristic
information. However, it suffers from the stagnation be-
haviour, where all ants generate the same solution from early
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iterations. This is because a high intensity of pheromones
may be generated into a single trail, and the ants may stuck
on a local optimum solution.

In nature, ants do not only communicate indirectly by
pheromone trails, but also directly with other ants and gather
important information [15]. A direct communication (DC)
scheme has been found beneficial to the TSP, where ants
communicate and exchange cities [16]. In this paper, a sim-
ilar DC scheme is proposed for ACO algorithms to address
the CVRP. The ants will be able to communicate with other
ants within their neighbourhood (or communication range),
which is based on a similarity metric. Ants within their
communication range are allowed to exchange customers
with each other, only if there is an improvement and the
CVRP constraints are not violated. Additionally, a small
amount of pheromone is added to the exchanged customers
in order to influence ants towards new promising paths
generated from DC.

In order to investigate the performance of the proposed
DC scheme for ACO algorithms, we consider the AS for the
CVRP [3], and experiments are carried out to compare the
conventional AS algorithm and the AS with the proposed
DC scheme, denoted as AS+DC, on a set of benchmark
CVRP instances. Experimental results show that the proposed
scheme improves the solution quality of the conventional AS
since it enables ants to avoid local optima and leads the
population towards the global optimum.

The rest of the paper is organized as follows. Section
II, defines the framework of two CVRP variations, i.e., the
basic CVRP and CVRP with service time constraints. In
Section III, we describe the AS algorithm for the CVRP,
which will be used in the experiments. In Section IV, we
describe the proposed DC scheme, giving details on how it
can be applied to AS, and to any ACO algorithm. In addition,
we discuss possible advantages and disadvantages of using
this scheme. Section V presents the experimental results with
the corresponding statistical tests of the proposed AS+DC
in comparison with the conventional AS on different CVRP
problem instances. Finally, Section VI provides concluding
remarks and several directions for future work.

II. T HE VEHICLE ROUTING PROBLEM

The VRP is one of the most popular combinatorial op-
timization problems, which is classified asNP-hard [13].
The basic VRP is the CVRP, where a number of vehicles
with a fixed capacity need to satisfy the demand of all the
customers, starting from and finishing to the depot. A VRP
without the capacity constraint or with one vehicle can be
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seen as a TSP. There are many variations and extensions
of the VRP, such as the multiple depot VRP, the VRP
with pickup and delivery, the VRP with time windows and
combinations of different variations (for more details see
[23]). In this paper we will consider the CVRP with and
without service time constraints.

Usually, the CVRP is represented by a complete weighted
graph G = (V,E), with n + 1 nodes, whereV =
{u0, . . . , un} is a set of vertices corresponding to the cus-
tomers (or delivery points)ui (i = 1, · · · , n) and the depot
u0 and E = {(ui, uj) : i 6= j} is a set of edges. Each
edge (ui, uj) is associated with a non-negativedij which
represents the distance (or travel time) betweenui and uj.
For each customerui, a non-negative demandqi is given for
both the CVRPs with or without service time constraints,
and, for the case of CVRP with service time constraints,
an additional non-negative service timeδi is given. For the
depotu0, a zero demand and service time is associated, i.e.,
q0 = δ0 = 0.

The aim of the CVRP is to find the minimum number of
vehicle routes without violating the following constraints:

• Every customer is visited exactly once by only one
vehicle.

• Every vehicle starts and finishes at the depot.
• The total demand of every vehicle route must not exceed

the vehicle capacityQ.
• The total route travel time must not exceed the vehicle

service time constraintL (in case of the CVRP with
service time constraints).

A lot of algorithms have been proposed to solve small
instances of different variations of the VRP, either exact or
approximation algorithms [19], [22]. Although exact algo-
rithms guarantee to provide the global optimum solution,
an exponential time is required in the worst case scenario,
because the CVRP isNP-hard [13]. On the other hand,
approximation algorithms can provide a good solution ef-
ficiently but cannot guarantee the global one [11].

In this paper, we focus on ACO algorithms due to their
good results in real-world applications related to the VRP
[21]. ACO algorithms are able to provide the optimum or
near-optimum solution in a sufficient amount of time, since
they sacrifice their solution quality for the sake of efficiency
(time) [18]. ACO algorithms have been successfully applied
on the VRP with time windows [9], and to the VRP variation
described above [3] (for more details see Section III).

III. C ONVENTIONAL ANT SYSTEM FOR THECVRP

A. Construction of Vehicle Routes

The AS has been applied to the CVRP [2], and later on
improved using the savings algorithms [3], [5]. Each artificial
ant will construct a complete CVRP solution, which consists
of the routes of each vehicle. Initially, all the ants are placed
on the depot. Each antk uses a probabilistic rule to choose
the next customer to visit. However, when the choice of
the next customer would lead to infeasible solution, i.e.,
exceeding the maximum capacity or the total service time

constraint of the vehicle, the depot is chosen and a new
route is started. Therefore, the neighbourhood of available
customers for antk, when its current customer isui, is
defined asNk

i = {uj ∈ V : uj is feasible} ∪ {u0}, and
the probabilistic rule is defined as follows:

pkij =







[τij ]
α[ηij ]

β

∑
ul∈Nk

i
[τil]

α[ηil]
β , if uj ∈ Nk

i ,

0, otherwise,
(1)

whereτij is the existing pheromone trail between customers
i and j, ηij is the heuristic information available a priori,
Nk

i denotes the neighbourhood of unvisited customers for
antk when in customeri, α andβ are two parameters which
determine the relative influence ofτ and η, respectively,
and they have a significant impact on ACO algorithms to
achieve a robust behaviour. The heuristic information, i.e.,
ηij , determines the visibility of customers and it is based
on the parametrical saving function [3], which is defined as
follows:

ηij = di0 + d0j − g × dij + f × |di0 − dj0| (2)

wheredij is the distance (or travel time) between customers
i andj, g andf are constant parameters.

B. Pheromone Trail Update

After all ants have visited all customers and gener-
ated a complete feasible CVRP solution, they update their
pheromone trails using a rank-based method [1]. Initially, all
trails contain an equal amount of pheromone on each edge.
In each iteration, all the ants are ranked according to their
solution quality. Only the(σ − 1) best ranked ants, called
elitist ants, and the best-so-far ant are allowed to deposit
pheromone which is weighted according to their rankr. The
best-so-far ant is weighted with the highest value, i.e.,σ.
Note that the best-so-far ant may not necessarily belong to
the population of the current iteration. Then, the elitist ants
and best-so-far ant retrace their solutions to deposit weighted
pheromones to the edges that belong to their solutions. This
process is defined as follows:

τij ← τij +
σ−1
∑

r=1

(σ − r)∆τrij + σ∆τbestij , (3)

wherer is the rank of an elitist ant,σ is the number of the
elitist ants (including the best-so-far ant, denoted asbest),
and∆τrij is the amount of pheromone that ther-th best ant
deposits, which is defined as follows:

∆τrij =

{

1/Cr, if (ui, uj) ∈ T r,

0, otherwise,
(4)

where T r is the CVRP solution (or the vehicle routes)
constructed by ther-th best ant andCr is the total length
of T r. The corresponding∆τbestij = ∆τrij is for the vehicle
routes of the solution constructed by the best-so-far ant, i.e.,
T best.

Furthermore, a constant amount of pheromone is deducted
from all trails due to the evaporation of pheromone. This
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Algorithm 1 AS for the CVRP
1: initialize data
2: while termination-condition not satisfieddo
3: construct vehicle routes
4: update best ants
5: global pheromone update (evaporation + deposit)
6: end while

process enables the population to eliminate bad decisions
from previous tours and is defined as follows:

τij ← (1− ρ) τij , ∀ (ui, uj), (5)

where0 < ρ ≤ 1 is the pheromone evaporation rate.
A general framework of a conventional ACO algorithm for

the CVRP is represented in Algorithm 1.

IV. D IRECT COMMUNICATION OF ANTS FOR THECVRP

The traditional AS algorithm suffers from the stagnation
behaviour, where all ants follow the same path from the
initial stages of the algorithm. This is because a high intensity
of pheromone is generated to a single trail and attracts the
ants to those areas. Therefore, AS is more likely to get
trapped in a local optimum solution, which may degrade the
solution quality.

In nature, ant colonies communicate not only indirectly
via their pheromone trails, but also directly by exchanging
important information [15]. To avoid the stagnation be-
haviour, we can integrate a DC scheme into AS algorithms
by allowing ants to exchange customers after they construct
their vehicle routes, as shown in Algorithm 2. A DC scheme
based on adaptive swaps has recently been applied to the
TSP with promising results [16]. For the CVRP, a similar
DC scheme is proposed, where each antantk communicates
with another ant within its communication range as follows:

1) A customerui is randomly selected from antantk.
2) The successor and predecessor ofui, i.e., customers

ui−1 andui+1, respectively, are selected fromantk.
3) Another ant is selected, denotedantj , from the com-

munication range ofantk and customerui is located
in antj .

4) The successor and predecessor ofui, i.e., customers
u′

i−1 and u′

i+1, respectively, are selected fromantj
and located inantk.

5) Swaps are performed inantk between customersui−1

andu′

i−1 and between customersui+1 andu′

i+1.
6) A small extra amount of pheromone is deposited to

the resulting edges betweenui and its successor and
betweenui and its predecessor inantk.

The above communication scheme has a high risk to
degrade the solution quality of the tours constructed by the
ants and disturb the optimization process. Therefore, only the
swaps which are beneficial are allowed in order to limit the
risk. For example, ifdij between the current successor city of
city ui in antantk has less than the successor city obtained
from the neighbour antantj, thenantk remains unchanged.

Algorithm 2 AS+DC for the CVRP
1: initialize data
2: while termination-condition not satisfieddo
3: construct vehicle routes
4: perform direct communication
5: update best ants
6: global pheromone update (evaporation + deposit)
7: local pheromone update
8: end while

The same happens with the predecessor city of cityui in
ant antk. Moreover, the swaps may violate the capacity and
service time constrains of the vehicle routes and generate
an infeasible solution. Therefore, only the swaps that do not
violate any of the constraints are allowed. The swap method
for the CVRP has been introduced in [19], where customers
from different vehicle routes are exchanged. In the proposed
DC scheme, the moves of the swaps are made adaptively
since they are inherited from other ants.

Apart from the swaps, a small amount of pheromone
is deposited to the edges affected by the swaps in order
to determine the influence of DC and explore possible
improvements. This process is defined as follows:

τij ← τij +
(τmax − τmin)(1− w)

n
, (6)

wherew is a parameter which indicates the degree of influ-
ence of the DC scheme andn is the number of customers.

The communication range of an antantk with other ants
is based on the similarities of ants and is defined as follows:

Rk = {antj ∈ P |1−
CEkj

n+ avg(NVk, NVj)
≤ Tr}, (7)

whereP is the population of ants,Tr is a predefined thresh-
old which determines the size of the communication range of
an ant,n is the number of customers,CEkj are the common
edges between two ants, i.e.,antk andantj, andNVk and
NVj are the number of vehiclesantk andantj have in their
solutions, respectively. If an edge(ul, um) or (um, ul) that
appears in the solution ofantk also appears in the solution of
antj , then it is counted as a common edge betweenantk and
antj . A larger value ofTr indicates a larger communication
neighbourhood of dissimilar ants, whereas a value closer to 0
indicates a smaller communication neighbourhood of similar
or identical ants.

The DC scheme can be applied to any ACO algorithm right
after all ants construct their solutions and before they update
their pheromone trails globally. Note that the exchange of
customers is performed locally and customers are exchanged
when there is an improvement on the distance of the edge.
In addition, the edge receives an extra amount of pheromone
locally, as in Eq. (6), to attract ants to perform more
exploration on possible promising areas in the search space.
Therefore, the newly discovered areas on the search space
will be considered by the ants in the next iterations.
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Moreover, the swaps may reduce the number of vehicles
used, which usually leads to better solution quality for the
CVRP. For example,antk has the following solution:

{(0,1,4,2,0), (0,3,5,6,0), (0,7,9,0), (0,10,0)},

which consists of 4 vehicles, and communicates withantj
with the following solution:

{(0,5,3,1,0), (0,6,2,10,0), (0,9,7,4,8,0)},

which consists of 3 vehicles. The customer which is ran-
domly selected fromantk is customer 2 with customer 4
and depot 0 as the predecessor and successor, respectively.
Then, customer 2 is located inantj (selected fromantk ’s
communication range), and obtains customers 6 and 10,
which are the predecessor and successor of customer 2 in
antj, respectively. Assume that the swaps of customers(4, 6)
and(0, 10) satisfy the capacity and service time constraints.
The resulting solution ofant′k is:

{(0,1,6,2,10,0), (0,3,5,4,0), (0,7,9,0), (0,0,0)}

where the last route is removed since it does not contain any
customers, and, thus, the solution consists of 3 vehicles.

Moreover, it has been shown that the solution quality of
the routes constructed from the ants can be significantly
improved with the use of a local search operator [14].
However, such methods may increase the computation time
significantly especially on large problem instances. In our
experiments, we will not consider any local search operator
in order to investigate the effect of the proposed DC scheme,
but it is worth to be considered for future work.

The aim of our proposed DC scheme is to exchange
customers from different vehicles routes or from the same
vehicle route, and take advantage of different solutions
constructed by ants on each iteration. It is possible that
the solution of an ant may be worse than the best ant, but
a sub-tour may belong to the global optimum. It is also
possible that a sub-tour in the best tour may belong to a
local optimum. It is difficult for an ACO algorithm to escape
from local optimum because the pheromone trails always
lead the ants into the same path. DC may help eliminate
such behaviour and possibly enhance the solution quality of
the conventional AS algorithm.

V. EXPERIMENTAL STUDY

A. Experimental Setup

The proposed AS+DC is compared with the conventional
AS [3], which is the only existing ACO algorithm for the
CVRP. For the experiments, 14 CVRP instances with and
without service time constraints are considered as described
in [4]. The problem instances contain between 50 and 199
customers in addition to the single depot. The problem
instancesC1 − C10 are randomly distributed, whereas the
problem instancesC11 − C14 are clustered. The problem
instancesC1 − C5 and C11 − C12 are identical with the
problem instancesC6 − C10 and C13 − 14, respectively,
expect that the latter have service time constraints. For such
problem instances, all the customers have the same service
time δ = δ1 = . . . = δn.

TABLE I

THE PROBLEM CHARACTERISTICS AND MEAN RESULTS OF THE BEST

SOLUTION AVERAGED OVER30 RUNS FOR THECVRPWITHOUT

SERVICE TIME CONSTRAINTS

Inst. n Q L δ AS AS+DC Sign.

Random Problems

C1 50 160 ∞ 0 639.43 626.90 −

C2 75 140 ∞ 0 1062.33 1045.40 −

C3 100 200 ∞ 0 1214.06 1145.70 −

C4 150 200 ∞ 0 1751.73 1668.26 −

C5 199 200 ∞ 0 2321.20 2203.73 −

Clustered Problems

C11 120 200 ∞ 0 1589.96 1524.83 −

C12 100 200 ∞ 0 1223.03 1170.90 −

TABLE II

THE PROBLEM CHARACTERISTICS AND MEAN RESULTS OF THE BEST

SOLUTION AVERAGED OVER30 RUNS FOR THECVRPWITH SERVICE

TIME CONSTRAINTS

Inst. n Q L δ AS AS+DC Sign.

Random Problems

C6 50 160 200 10 647.33 624.50 −

C7 75 140 160 10 1055.76 1047.76 ∼

C8 100 200 230 10 1188.53 1145.56 −

C9 150 200 200 10 1743.86 1655.83 −

C10 199 200 200 10 2320.36 2182.73 −

Clustered Problems

C13 120 200 720 50 1749.23 1722.13 −

C14 100 200 1040 90 1200.60 1179.26 −

For each experiment on each problem instance, 30 inde-
pendent runs of each algorithm were performed for statistical
purposes. For each run, 1000 iterations were performed in
order to have the same number of evaluations, expect on
problem instancesC5 andC10 where 2500 iterations were
performed, and an observation of the best-so-far ant was
taken every iteration.

B. Parameter Setting

Most of the parameters used in the algorithms are inspired
from the literature since they have been found effective [3],
[16]. For both AS and AS+DC, the parametersα andβ used
in Eq. (1) were set to 1 and 5, respectively. The evaporation
constantρ used in Eq. (5) was set to 0.75. The constant
parametersf = g = 2 in Eq. (2) andσ = 6 in Eq. (3). The
population size was set tom = 50 for both algorithms. A
good value for thew parameter used in Eq. (6) was found
to be 0.5 andT r = 0.7 in Eq. (7) from our preliminary
experiments.

C. Analysis of the Results

In Tables I and II, the characteristics of the problem
instances and mean results of AS and AS+DC are presented
for the CVRPs without and with service time constraints,
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Fig. 1. Dynamic performance (averaged over 30 runs) of the AS algorithm
with and without DC for the random CVRP problem instances.

respectively. In Tables I and II, the corresponding statistical
results of comparing the AS+DC and AS algorithms by a
non-parametric Wilcoxon rank-sum test at the 0.05 level of
significance is also shown in the last column, where “−”
indicates that the AS+DC algorithm is significantly better
than the AS algorithm, and “∼” indicates no statistical
significance. Furthermore, in Figs. 1 and 2, the best-so-far
solution, averaged over 30 runs, of the algorithms over each
iteration are plotted, for the random and clustered problem
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Fig. 2. Dynamic performance (averaged over 30 runs) of the AS algorithm
with and without DC for the clustered CVRP problem instances.

instances, respectively.
In both CVRP variations, the AS+DC algorithm out-

performs the conventional AS algorithm on almost all the
problem instances, which can be observed from Tables I and
II, expect onC7 where they are not significantly different.
This is because the conventional AS algorithm has more
chances to get trapped on local optimum due to the stagnation
behaviour.

On the other hand, the proposed AS+DC algorithm in-
creases the exploration ability and avoids possible local
optima. This can be observed from Figs. 1 and 2, where
the two algorithms have similar convergence in most of
the problem instances, but the AS algorithm gets trapped
to a local optimum solution, while the AS+DC algorithm
keeps exploring the search space and improves the solution
quality. This is due to the extra local pheromone update of
the DC scheme to the possible improvements found from the
swaps. Moreover, in some cases, i.e.,C8, C12, andC14, the
convergence of AS+DC is slightly delayed.

However, when the population of ants is identical, the DC
scheme will not be effective since the ants will communicate
with identical ants. This may be a possible reason why the
AS+DC algorithm is not significantly better in some cases,
e.g., onC7.

VI. CONCLUSIONS

The communication between ants in conventional ACO
algorithms is achieved indirectly via pheromone trails. In
this paper, a direct communication (DC) scheme is proposed
for ACO to solve the CVRP with and without service
time constraints, which enables the ants to communicate
both directly and indirectly. The DC scheme allows ants to
communicate and exchange customers from different vehicle
routes, using adaptive swaps. Although one solution may
not be better than another, it may contain a sub-tour which
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corresponds to the global optimum. The DC scheme helps
ACO algorithms to escape from local optimum solutions
and hence improves the solution quality. However, when the
stagnation behaviour is reached, the DC scheme becomes
ineffective because all the ants in the population will be
identical.

For the experiments, we use the AS algorithm, which is
the only ACO algorithm applied to the CVRP, both with
or without the proposed DC scheme, on a set of CVRP
instances. Generally speaking, the experimental results show
clearly that the use of the DC scheme with an appropriate
communication range between ants improves the overall
performance of the AS algorithm for the CVRP. The im-
provement regarding the solution quality is significant on
almost all problem instances.

For further work, it will be interesting to apply the DC
scheme with other ACO algorithms for other variations of
VRPs [21]. Another future work is to investigate the effect
of DC when an ACO algorithm is applied with a local
search operator, e.g., the 2-opt operator [14]. Usually, on
larger problem instances, the solution quality of algorithms
is more likely to be degraded, whereas a local search may
improve it at the price of more computation time. Therefore,
DC may be able to guide the local search operator for
better solution quality and computation time. Finally, the
proposed approach may be effective for VRPs under dynamic
environments since it delays the convergence and provides
valuable diversity to the population of ACO algorithms [17].
Such characteristics are suitable to help the population to
adapt well to environmental changes [12].
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Abstract—In this paper we present a novel method of 

simulating cellular intelligence, the Artificial Reaction Network 

(ARN). The ARN can be described as a modular S-System, with 

some properties in common with other Systems Biology and AI 

techniques, including Random Boolean Networks, Petri Nets, 

Artificial Biochemical Networks and Artificial Neural 

Networks. We validate the ARN against standard biological 

data, and successfully apply it to simulate cellular intelligence 

associated with the well-characterized cell signaling network of 

Escherichia coli chemotaxis. Finally, we explore the 

adaptability of the ARN, as a means to develop novel AI 

techniques, by successfully applying the simulated E. coli 

chemotaxis to a general optimization problem. 

I. INTRODUCTION 

Natural evolution has transformed the world into a 

resource rich in examples of elegant solutions to complex 

problems. However, these solutions are often hidden in 

layers of biochemical detail, and are consequently little 

understood. Cell Signaling Networks (CSNs) are an example 

of one such natural “solution”. They refer to the network of 

biochemical reactions which allow communication, response 

and feedback within and between cells. Many scientists have 

reasoned that the characteristics of cellular intelligence such 

as recognition, classification, response, communication, 

learning and self-organization [1] are the result of these 

complex networks [2], [3].  

Significant advances in biotechnology have resulted in a 

surge of biochemical data, allowing hidden aspects of cell 

signaling to be uncovered. As understanding of cell 

signaling becomes further developed, its significant role in 

cellular intelligence is emerging. Many parallels have been 

drawn between CSNs, computational processing and 

artificial intelligence techniques. For instance, their ability to 

perform processing analogous to Boolean logic, 

negative/positive feedback loops, integration, amplification, 

and temporal regulation [4]. However, the fact remains that 

no man-made system can yet compare to the degree of 

sophistication inherent in these networks.  
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Artificial intelligence has progressed enormously since 

the birth of bio-inspired approaches (for example: genetic 

algorithms (GAs), Particle Swarm Optimization (PSO), and  

Ant Colony Optimization (ACO) [5]), some such approaches 

are inspired by biochemical networks: Artificial biochemical 

networks [6] and Artificial Immune Systems (AIS) [5].  

In this paper we focus on exploring the mechanisms of 

cellular intelligence to facilitate the development of novel 

CSN inspired AI techniques. For this purpose a new simple 

representation was developed: the “Artificial Reaction 

Network” ARN. Rather than focus on micro-molecular 

detail, the ARN aims to elucidate emergent behavior within 

a network of chemical reactions. Its biological basis is 

validated using real biochemical data, including simulation 

of the well characterized signaling network of E.coli 

chemotaxis. Furthermore, this network is examined as a 

source of inspiration for development of novel AI 

techniques. 

II. BACKGROUND 

Nakagaki and Yamada demonstrated that the slime mould 

Physarum polycephalum was able to solve a simple maze 

[7]. A maze was built from plastic films set on agar gel with 

four possible routes of different length between two food 

sources. The organism eventually formed a thick plasmodial 

tube via the shortest pathway between the two food sources. 

This behavior increased its foraging capability, conserved its 

energy and thus increased its chances of survival. A further 

study by Saigusa et al showed that, when subjected to a 

distinct pattern of periodic environmental changes, this 

organism was able to learn and change its behavior in 

anticipation of the next stimulus [8]. The researchers argue 

that the behaviors illustrated in these experiments: problem 

solving, recalling, and anticipating events are the result of a 

“primitive intelligence” that emerges from the simple low-

level cellular dynamics found in CSNs.  

An account of how this primitive cellular intelligence 

arises is provided by Bray; he describes how interconnected 

protein units of CSNs result in a range of sophisticated 

processing capabilities analogous to computational 

components within a circuit [4]. CSNs continuously process 

changing environmental stimuli via this network to generate 

behavior suited to current conditions. Bray refers to an 

instantaneous set of protein concentrations as a random 

access memory containing an imprint of the current 

environmental state. The activity is determined by kinetic 

factors such as binding affinities or in reaction kinetic 

terminology: the reaction rate, reaction order and 

concentration of the reacting molecules. Where conditions 

are highly reactive, a processing unit acts like a molecular 

Artificial Reaction Networks 
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switch giving a binary response. Such processing can be 

compared to that of Boolean logic. Or, in cases of lower 

reactivity, a unit may provide a more gradual response 

comparable to fuzzy logic. These processing units are linked 

together in cascades of protein coupled interactions with 

various network topological features such as feedback loops 

and interconnectivity and are thus capable of forming 

immensely complex networks. Bray claims that such a 

network of logical units can perform any kind of 

computational processing, equivalent to a finite state-

machine with the same capability as a Turing machine. 

Evidence concerning the logical operation of protein units 

can be found in a number of independent studies. Stadtman 

et al demonstrated that the interconversion between 

phosphorylated and non-phosphorylated proteins can act as a 

flexible computational unit [9]. Similar results were 

documented by Arkin and Ross who examined the 

computational properties of enzymatic reactions [10].  

Bray highlights the similarities between CSNs and ANNs. 

Both are examples of networked processors, simultaneously 

integrating and processing signals. Where weights in a 

neural network are set by a learning algorithm, the strength 

of connections within a CSN is set by natural evolution.  

CSNs are the principle machinery of cellular intelligence. 

They may inspire new AI techniques, not only because they 

allow adaptive “intelligent” behavior, but also because of 

their intrinsic computational and processing abilities. 

III. THE E. COLI CHEMOTAXIS PATHWAY 

The chemotaxis CSN of Escherichia coli is well 

characterized [11], and as such presents an ideal pathway to 

explore emergent properties of cell intelligence. E. coli have 

four types of transmembrane chemoreceptor proteins called 

methyl accepting proteins or MCPs responsible for sensing 

environmental chemoeffectors and a common set of 

cytoplasmic signaling proteins e.g. CheA, which transmit 

signals by reversible phosphorylation. Where no 

chemoeffectors are present, E.coli alternates between runs 

and tumbles, with runs lasting approximately 1 second and 

tumbles for 0.1 second [11]. In the presence of 

chemoeffectors, tumbling frequency is reduced up 

concentration gradients of attractants and down gradients of 

chemorepellents, resulting in a biased random walk. Thus, 

longer duration of swims in response to higher attractant 

gradients result in the emergence of a high level behavior 

characterized by net locomotion toward more favorable 

conditions.  

To prevent the cell from being locked in either the swim 

or tumbling state, the cell also has a complex adaptation 

response. This response increases or decreases the sensitivity 

of the cell, depending on current ligand occupancy, by 

regulating the methylization of the MCP complex, so giving 

the cell a primitive memory. 

In the two-state model [12] the MCP receptor complex is 

in equilibrium between two states: swim and tumble, where 

chemorepellents bind to the tumble form of receptor. As 

methylization of the MCP complex increases the receptors 

shift toward the tumble form of the receptor. In this form, 

the receptors phosphorylate CheA molecules which then 

transfer phosphoryl groups to aspartate residues on CheY 

and CheB. Phosphorylated CheY (CheYp) interacts with the 

flagellar motor proteins triggering clockwise motor rotation 

(CW) resulting in a tumbling response. As CheYp 

concentration increases so does the tumbling frequency. 

CheZ is responsible for dephosphorylation of CheYp. CheB 

and CheR are responsible for updating the methylation 

record and hence the adaptation response. The adaptation 

response drives the CSN toward its pre-stimulus equilibrium 

by demethylization of the MCP complex. A comprehensive 

description of this network is provided by Vladimirov and 

Sourjik [11]. 

IV. RELATED TECHNIQUES 

The exploration of cellular intelligence requires a 

representation which focuses on high-level behaviors that 

emerge from CSN system dynamics, yet still capture the 

processing behaviors of individual reaction units. There are 

numerous methods of representing chemical reactions, 

ranging from the meticulously detailed quantum mechanical 

to the highly abstracted discrete Boolean models. Gilbert et 

al provides an excellent overview of current popular 

methods [13]. In this paper we shall consider only the most 

relevant, that is, those which capture their networked 

topology. 

Random Boolean Networks, introduced by Kauffman, 

consist of a set of logical nodes, where each node 

corresponds to a real world object such as a gene or protein 

[14]. The nodes are connected to form a circuit, where the 

current state of each node is calculated by performing a 

Boolean function on its inputs. These, although focused on 

network dynamics, discard most unit behavior, preferring a 

binary switch response rather than continuous signals, and 

therefore cannot capture subtle system dynamics. 

The Artificial Biochemical Network (AB-net) is a highly 

abstracted model of a CSN, intended for robotic control. It 

consists of a set of nodes representing protein activity, linked 

by weighted connections. The output of each node is a 

binary square-wave signal based on the input protein 

activities [6].  

A more recent approach is the artificial biochemical 

neuron (AB-neuron); currently applied to phosphorylation 

cycles [15]. Similarly to the AB-net, it consists of a number 

of nodes with weighted connections. In this model the 

Michalis-Menton equation provides the unit output, 

representing the steady-state concentration of the product. 

Both the AB-neuron and the AB-net are simplified 

representations and neither capture realistic biological 

behavior. 

Petri Nets are used extensively in several types of 

information processing, including modeling CSNs [16].  

They work by passing tokens representing molecules 

between network units. In their simplest form they have 

similar functionality and limitations to RBNs. However, a 

Proceedings of UKCI 2011

21



 

 

 

 
Fig. 1. The Artificial Reaction Network (ARN).  

 

number of researchers have used them as a basis to produce 

more complex models. 

Space precludes a complete discussion of all related 

models; however, it should be noted that there are several 

other network representations, less relevant to the problem at 

hand. For example, artificial immune network algorithms, 

and protein-protein interaction networks.  

V. THE ARTIFICIAL REACTION NETWORK 

As explained in the previous sections, our focus is to 

capture the emergent cellular behavior that results from 

intracellular CSN processes. To achieve this, a model 

capable of representing sizeable networks and complex 

topologies, yet still maintaining biological plausibility was 

required. For this purpose, current methodologies were 

unsuitable, being either too simple or too complex, thus the 

authors created the ARN based on the following methods.  

Developed by Savageau, S-systems are a popular 

representation used to model biological systems since the 

late 1960s [17]. They are composed of sets of ordinary 

differential equations (ODEs) that exploit a canonical power 

law representation to approximate chemical flux. Each ODE 

is composed of species concentration variables, raised to a 

power and multiplied by pseudo rate constants, as shown in 

Equation (1). Similarly to a traditional rate law, each ODE is 

equal to the difference between two conceptually distinct 

functions, the first term contributing to system influx, the 

second to decay.  

To meet the previously discussed requirements, the 

authors combined the S-system approach with features found 

in RBNs and Petri Nets. By exploiting the simplified 

modular properties of RBNs with molecular transitions 

characteristic of Petri Nets, the ARN, as shown in Figure 1, 

represents a new, innovative, modular and expandable S-

System. The ARN comprises a set of connected reaction 

nodes (circles), pools (squares), and inputs (triangles). Each 

pool represents a current species concentration (avail) 

measured in mols/L. Each circle represents a reaction, and 

calculates current flux at each time step (∆t), using Euler’s 

approximation to the rate equation shown in Equation (1).   

 

               (1) 

Where: 

[S]
n 
= S is a species concentration, n its reaction order.  

      = Current reaction rate 

kF    = Forward rate constant 

kR    = Reverse rate constant 

 

Connections symbolize the flow of species into and out of 

reaction units and their weight (w) corresponds to reaction 

order. Flux (∆A/∆B/∆C) as in Equation (1) and similar to S-

systems, is equal to an aggregate of connected contributing 

(incoming) pools and connected decay (outgoing) pools 

raised to n powers of weighted connections and multiplied 

by pseudo rate constants. The pools are further subject to an 

optional degradation term (L), representing the natural 

cytoplasmic decay of species over time.  This method 

provides each reaction with a temporal flux value, which is 

then used to update the current concentration values of each 

reaction’s corresponding incoming and outgoing pools. Thus 

the complete set of pool concentrations at t, corresponds to 

the current state of the system.  

The pool concept originates in Petri Nets and allows the 

system to account for accumulated molecular concentrations 

within the cytoplasm. By chaining several pools together 

chemical gradients and translocation through membranes can 

be represented; this facility is not available in standard S-

systems. 

Where S-systems are highly coupled sets of ODEs, the 

ARN is a modular approach offering finer degree of control, 

flexibility and adaptation. This not only supports simulation 

development by promoting object-orientation but is 

perceptually intuitive, mirroring the topology and 

modularization of its real-world counterpart. Thus the ARN 

representation is ideally suited to characterize emergent 
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behavior resulting from both subtle and high-level complex 

temporal system dynamics. 

 

VI.  RESULTS 

Before the ARN could be applied to simulate cellular 

intelligence, its accuracy needed to be verified against 

known biological data and standard models. This was 

achieved by application of varied sets of real biochemical 

data to a single ARN unit. The resultant output was 

compared with those recorded in literature, manual 

calculation and by running the experiment on the Berkeley 

Madonna [18] programme. The outputs of these experiments 

confirmed its accuracy, with a minor error as expected from 

Euler’s approximation. Figures 2 and 3 provide typical 

results from one such experiment. Here reaction kinetic data 

(rate constants, reaction order) were used to create a model 

of the reversible isomerisation reaction between cis and trans 

1-ethyl-2-methyl cyclopropane on Berkeley Madonna and on 

a single ARN unit. Figure 2 shows the product output from 

Berkeley Madonna, and Figure 3 is that of the single ARN 

unit. After 2000 seconds, it can be seen that the product 

concentration produced by Berkeley Madonna and the single 

ARN are both 9.1x10
-3

 mol dm
-3

. This result is the same as 

that recorded by the standard literature, thus confirming the 

biological plausibility of a single ARN unit.  

 

 
Fig. 2.  The product concentration produced by Berkeley Madonna. 

 

 
Fig. 3. The product concentration produced by the single ARN unit. 

Having verified the biological plausibility of a single 

ARN unit, the ARN was tested as a means of capturing 

properties of cellular intelligence. A two state model, (refer 

to section3), was used as a basis to create a simulation of the 

chemotaxis CSN of E. coli. The structure of this simulation 

is shown in Figure 4 and is represented in the ARN format 

described in Figure 1 of the previous section. It is composed 

of a network of 10 reaction units numbered 0-9, 11 pools of 

intracellular signaling proteins, a single input representing 

the chemorepellent, and arrowed lines to show not only the 

connections but direction of signal flow through the 

network. The behavior of the simulated chemotaxis pathway 

in varying levels of environmental chemorepellent was setup 

using real biological data gathered from sources at the 

University of Cambridge [19], [20]. The output from this 

network is shown in Figures 5 and 6. Figure 5 shows the 

steady state concentration levels of CheYp in mols/L 

generated by the ARN simulation at four different 

continuous concentration levels of environmental 

chemorepellent.  It can be seen from the graph that as the 

level of environmental chemorepellent increases so does the 

concentration of CheYp and therefore the tumbling 

frequency of the cell increases. The results are in clear 

agreement with published data from respected systems 

biology simulations [12].  

To prevent the cell from being locked in either the swim 

or tumbling state the cell also has a complex adaptation 

response (refer to section 3). To ascertain the ability of the 

ARN to capture this behavior, the steady state concentration 

in mols/L of methylized MCP receptor complex obtained by 

the ARN simulation were examined at varying levels of 

continuous environmental chemorepellent. 

 The output is displayed in Figure 6, where it can be seen 

that when chemorepellent concentration increases CheYp 

increases, and methylized MCP decreases thus driving the 

network back to the pre-stimulus equilibrium. Although a 

minor change to rate constant values were required, it can be 

seen that the adaptation response was attained and is in good 

agreement with previous work [21]  

Finally to demonstrate the emergent behavior of the 

simulated CSN, it was decided to show the chemorepellent 

avoiding behavior in the context of an optimization problem. 

Here we observed the behavior of the simulated E. coli 

chemotaxis pathway to ascertain its ability to find a 

minimum chemorepellent level in an inverted bowl search 

space where x and y are on the horizontal plane: 

 

 

                                            (2) 

 

 

 

Figure 7 displays the search space and an example run. 

The centre of the search space (solid black square) 

corresponds to an area of 0 chemorepellent concentration. 

With each progression outwards repellant concentration 

increases, and the outermost perimeter signifies a maximum 

concentration of 1x10
-7

 mols/L. The path of the simulated E. 

coli is displayed as a white line. Over 100 seconds the cell 
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remains in high concentration areas (above 1x10
-9

 mols/L) 

for 11 seconds and low (below 1x10
-9 

mols/L) for 89 

seconds. These results were verified statistically over 100 

run, and are in good correspondance with the reported 

behaviour of E. coli chemotaxis described in literature and 

using other simulation methods [21]. 

 

 

 
  

 
 

 
Fig. 4. A two-state model of the chemotaxis CSN of E. coli is shown diagrammatically using the format specified in Figure 1. 

 

 

 
Fig. 5. The steady state concentration levels of CheYp in mols/L recorded 

by the ARN when subjected to varied levels of chemorepellent. 
 

  
Fig. 6. The steady state concentration levels of CheYp and methylized 

MCP in mols/L recorded by the ARN when subjected to varied levels of 
chemorepellent.
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Fig. 7. Minimum seeking behavior in an inverted bowl search space. 
 

VII.  CONCLUSIONS 

In this paper, the ARN representation was presented as a 

novel method of simulating cellular intelligence. Initially, its 

ability to successfully represent single node reaction 

dynamics was shown. Its efficacy and applicability was 

demonstrated by creating a working model of the CSN of 

E.coli chemotaxis. This confirmed its ability to effectively 

simulate both the tumbling frequency regulation and 

adaptation response behavior of the bacteria. Furthermore, 

the emergent random biased walk behavior generated by the 

ARN was demonstrated in a general optimization problem.  

The ARN approach has several advantages over other 

similar techniques. Its network-like structure exploits the 

benefits of modularization found in RBNs. It uses the 

molecular accounting approach of Petri Nets; however, it 

also incorporates the complex temporal dynamics of 

individual reactions found in S-Systems. The addition of 

pools and loss mechanisms allows more flexibility to 

represent intracellular compartmentalization than other 

techniques. The authors therefore feel that its representation 

is ideally suited to the characterization of emergent 

behaviors resulting from both subtle and high-level temporal 

system dynamics. Furthermore, it offers a perceptually 

intuitive method, as it mirrors the topology and 

modularization of its real-world counterpart. Aside from 

biological systems, this approach may also have some 

advantages in the simulation of other chemical systems; in 

particular, in the complex networks of reactions present in 

soil and environmental chemistry.  

The modularized form of the ARN makes it particularly 

suitable for the application of evolutionary algorithms. The 

success of simulating real biological systems is generally 

predicated on obtaining good experimental data, which is 

often missing or is unreliable. Thus, the ARNs evolvability 

may prove useful since it promotes the identification of 

network parameters.   

The parallels between E. coli chemotaxis and robotic 

control should be obvious. The next stage of our work 

involves adapting the ARN into a cellular intelligence 

inspired AI technique. It is intended to explore its potential 

as a source for development of robotic control systems and 

optimization techniques.  
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Pareto Repeated Weighted Boosting Search for Multiple-Objective
Optimisation

Scott F. Page, Sheng Chen, Fellow, IEEE, Chris J. Harris, and Neil M. White, Senior Member, IEEE

Abstract— A guided stochastic search algorithm, known as
the repeated weighted boosting search (RWBS), offers an effec-
tive means for solving the difficult single-objective optimisation
problems with non-smooth and/or multi-modal cost functions.
Compared with other global optimisation solvers, such as the
genetic algorithms (GAs) and adaptive simulated annealing,
RWBS is easier to implement, has fewer algorithmic parameters
to tune and has been shown to provide similar levels of
performance on many benchmark problems. This contribution
develops a novel Pareto RWBS (PRWBS) algorithm for multiple
objective optimisation applications. The performance of the
proposed PRWBS algorithm is compared with the well-known
non-dominated sorting GA (NSGA-II) for multiple objective
optimisation on a range of benchmark problems, and the results
obtained demonstrate that the proposed PRWBS algorithm
offers a competitive performance whilst retaining the benefits
of the original RWBS algorithm.

I. INTRODUCTION

In the work [1], a guided stochastic search or meta-
heuristic algorithm, referred to as the repeated weighted
boosting search (RWBS), was proposed to solve the complex
optimisation problems with non-smooth and/or multi-modal
cost functions. The advantages of RWBS [1] include ease
of implementation, very few number of tuning parameters,
and capable of achieving the levels of performance com-
parable with many standard benchmark techniques, such
as the genetic algorithms (GAs) [2], [3] and the adaptive
simulated annealing [4], [5]. RWBS is essentially a multi-
start search technique [6], where the local optimisation mech-
anism is based on an iterative, adaptive, weighted convex
combination. In conjunction with a reflection operator, the
convex combination generates new solutions in a manner
similar to the simplex method. The adaptive weight update
process is a modified boosting technique [7]. A number of
applications have been reported using the RWBS, which
cover the diverse fields of machine learning, chaotic system
stabilisation, image and signal processing as well as wireless
communication designs [1], [8]–[18].

Although the RWBS algorithm has proved to be a very
useful optimisation tool for diverse applications, its orig-
inal form proposed in [1] is restricted to single-objective
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optimisation problems. This contribution proposes a novel
extension to the original RWBS for the use in multiple-
objective optimisation problems where no objective prefer-
ence structure is available. The resulting algorithm maintains
a set of Pareto-optimal solutions for subsequent inspection
by the designer, similar to the well-known non-dominated
sorting genetic algorithm (NSGA-II) [19]. The performance
of the resulting algorithm, referred to as the Pareto-RWBS
(PRWBS) algorithm, is assessed using some well-known
benchmark problems. In comparison with the state-of-the-
arts NSGA-II algorithm, the proposed PRWBS is shown
to offer a promising level of performance in solving these
multiple-objective optimisation problems whilst retaining the
attractive properties of the original RWBS version.

The generic multiple-objective problem considered in this
contribution is described as follows:

min
u∈U

f(J1(u), J2(u), · · · , JN (u)) (1)

where u = [u1 u2 · · ·un]T ∈ Rn is the n-dimensional
vector of bounded decision variables to be optimised, U
denotes the feasible set of u, Ji(u) is the i-th objective
function, N is the number of objective functions, and f is
the objective preference function which may or may not be
present. Evaluation of the objective functions may be analytic
or procedural, and the cost functions are not necessarily
continuous or differentiable.

If a priori information regarding the relative importance
of the different optimisation objectives is available, the
multiple-objective optimisation problem (1) can be reformu-
lated as a single-objective one, using a simple weighting
method. Techniques which operate in this manner can be
termed ‘non-Pareto methods’ as they search for solutions to
surrogate problems. However, if preference information is
not available or the nature of the Pareto-frontier is of direct
interest, then the optimisation algorithm must generate a set
of Pareto-optimal solutions. Ideally, the solutions should be
well distributed across the Pareto-frontier1. These methods
can be termed ‘Pareto methods’. The solution set can then
be used to consider which solution is most appropriate for
the particular problem and to implicitly infer some relative
importance of the objectives. Several methods have been pro-
posed to adapt common population based stochastic search
techniques to generate Pareto-optimal sets [20].

1What is meant by ‘well distributed’ is often problem specific, but a
reasonably uniform distribution over the Pareto-frontier may be deemed
desirable.
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There are two main aspects to designing an efficient al-
gorithm for Pareto-optimisation. Firstly, the algorithm needs
to embody a mechanism which drives solutions towards the
Pareto-frontier and, secondly, there needs to be a mechanism
which ensures a good distribution of solutions across the
frontier. Typically, a form of Pareto-ranking or Pareto-sorting
is used to guide the optimisation towards the frontier [20].
These techniques effectively modify the cost value or fitness
value for a solution depending on its performance relative to
other solutions in the set, in contrast to the absolute notion
of optimality used in conventional optimisation. Solutions
which are ‘non-dominated’ or mildly dominated (i.e. only
dominated by a limited number of other solutions) are
attributed a higher fitness or lower cost than those which are
strongly dominated. This promotes the generation of more
non-dominated solutions. Distribution of solutions across
the Pareto-frontier is commonly achieved using ‘sharing’ or
‘niche’ methods [20], [21]. Sharing methods distribute an
individual’s fitness depending on how many solutions are
nearby it2, thus encouraging spread. A difficulty with these
sharing techniques is that the user must define the so-called
‘sharing parameter’ [20]. In general, manual fixing of the
sharing parameter requires knowledge of the objective func-
tion and adds to the tuning complexity of the optimisation
algorithm. In contrast, a distance based measure is used in
[19] which is completely parameterless.

II. PARETO RWBS FOR MULTIPLE OBJECTIVE PROBLEMS

The detailed RWBS algorithm can be found in [1], which
contains three algorithmic parameters: the population size Ps,
the number of generations in the repeated search Ng, and the
number of iterations in the weighted boosting search (WBS)
NB. As the RWBS is a population-based stochastic search
method, it can be readily adapted to the Pareto-optimisation
case by a number of modifications. These include the ad-
dition of a Pareto-ranking process and a mechanism which
encourages distribution as well as the modified elitism pro-
cess that retains a larger set of solutions between generations,
instead of the single point in the original algorithm.

Specifically, all the population members are ranked rela-
tively, in terms of Pareto-dominance, according to the ‘fast-
non-dominated-sort’ procedure proposed in [19]. To encour-
age a good spread across the Pareto-frontier, the resulting
Pareto-ranking of the i-th population member, Ri, and the
mean distance from all the other points, Di, as well as
a scaling parameter, Pr, are used to compute a distance
and ranking adjusted cost for the ith population member
according to

Ĵi =
PrRi

Di
, 1 ≤ i ≤ Ps. (2)

In the original RWBS algorithm for single-objective opti-
misation, the elitism process only retains the single best
solution to the next generation. This elitism process must be
modified so that a larger set of solutions is retained. In other

2Sharing can take place either in the decision space or the fitness space,
although in some cases decision space sharing is preferable [22].

words, in order to identify a suitable set of Pareto-optimal
solutions, a record of potential solutions must be retained
during each generation. To achieve this, the elitism process is
extended so that a larger proportion of the current population
is kept between each generation. This introduces another new
parameter, Pe, known as the ‘elitism count’, which specifies
how many population members are kept between generations.

The proposed PRWBS algorithm is constructed as follows.
Specify the following algorithmic parameters: the population
size Ps, the number of generations in the repeated search Ng,
the number of iterations in the WBS NB, the Pareto-ranking
scaling Pr, and the elitism count Pe.

⃝ Outer Loop : generations for g = 1 : Ng

– Pareto generation initialisation: Initialise the population
by setting u(g)

i = u(g−1)
best,i for 1 ≤ i ≤ Pe, and randomly

generating the rest of the population members u(g)
i for

Pe +1 ≤ i ≤ Ps, where
{
u(g−1)

best,i

}Pe

i=1
denotes the set of

the ‘best’ Pe solutions found in the previous generation.
If g = 1, u(g)

i , 1 ≤ i ≤ Pe, are also randomly chosen.
– Weighted boosting search initialisation: Assign the ini-

tial weights δi(0) = 1
Ps

, 1 ≤ i ≤ Ps, for the population.
Calculate the cost function values for each point of the
population set and for each objective function

Ji,o = Jo

(
u(g)

i

)
, 1 ≤ o ≤ N, 1 ≤ i ≤ Ps. (3)

– Inner Loop : weighted boosting search for t = 1 : NB

• Step 1: Pareto Boosting
1) Perform Pareto Ranking, Distance Measure

and Cost Mapping for the current population{
u(g)

i , Ji,o, 1 ≤ o ≤ N
}Ps

i=1
. Specifically,

a) Calculate the Pareto-ranking for each mem-
ber of the population:

{Ri}Ps
i=1 =FastNonDominatedSort

{
Ji,o,

1 ≤ i ≤ Ps, 1 ≤ o ≤ N
}
, (4)

using the method proposed in [19].
b) For each member of the population, com-

pute the mean Euclidean distance to all the
other points in the decision variable space:

Di =
1
Ps

∑
j ̸=i

∥u(g)
i −u(g)

j ∥, 1 ≤ i ≤ Ps. (5)

c) Compute the distance and ranking adjusted
costs Ĵi, 1 ≤ i ≤ Ps, according to (2).

2) Find ibest = arg min
1≤i≤Ps

Ĵi, and denote u(g)
best =

u(g)
ibest

.
3) Normalise the distance and ranking adjusted

cost values:

J̄i =
Ĵi

Ps∑
j=1

Ĵj

, 1 ≤ i ≤ Ps.

Proceedings of UKCI 2011

27



4) Compute a weighting factor β(t) according to

η(t) =
Ps∑
i=1

δi(t − 1)J̄i, β(t) =
η(t)

1 − η(t)
.

5) Update the weights for 1 ≤ i ≤ Ps

δi(t) =
{

δi(t − 1)β(t)J̄i for β(t) ≤ 1,

δi(t − 1)β(t)1−J̄i for β(t) ≤ 1,

and normalise them:

δi(t) =
δi(t)

Ps∑
j=1

δj(t)
, 1 ≤ i ≤ Ps.

• Step 2: Pareto Parameter Update
1) Construct the (Ps+1)-th point using the formula

uPs+1 =
Ps∑
i=1

δi(t)u
(g)
i .

2) Construct the (Ps+2)-th point using the formula

uPs+2 = u(g)
best +

(
u(g)

best − uP s+1

)
.

3) For these two new points, compute their ob-
jective function values: Ji,o, 1 ≤ o ≤ N and
i = Ps + 1, Ps + 2.

4) For i = 1 : 2
i) Perform Pareto Ranking, Distance Measure

and Cost Mapping for
{
u(g)

j , Jj,o, 1 ≤ o ≤
N

}Ps+2−(i−1)

j=1
, the enlarged population, to

yields
{
Ĵj

}Ps+2−(i−1)

j=1

ii) Find jworst = arg max
1≤j≤Ps+2−(i−1)

Ĵj , and

remove u(g)
jworst

from the population
This removes the two ‘worst’ points, and keeps
the population size to Ps.

– End of Inner loop Choose the Pe best solutions,{
u(g)

best,i

}Pe

i=1
:

For i = 1 : Pe

i) Perform Pareto Ranking, Distance Measure
and Cost Mapping for the population{
u(g)

j , Jj,o, 1 ≤ o ≤ N
}Ps−(i−1)

j=1
to yields{

Ĵj

}Ps−(i−1)

j=1

ii) Find jbest = arg min
1≤j≤Ps−(i−1)

Ĵj , set u(g)
best,i =

u(g)
jbest

, and remove u(g)
jbest

from the population

⃝ End of outer loop This yields the solution set
{
u(Ng)

i

}Ps

i=1

III. NUMERICAL EXPERIMENTS

The performance of the proposed PRWBS algorithm was
compared with the NSGA-II algorithm on several test prob-
lems. The NSGA-II is a well-known state-of-the-art multiple-
objective optimisation algorithm which has been shown to
produce very good results on a wide range of problems [19].
The NGSA-II algorithm used utilised real-coding, binary

tournament selection, binary crossover with probability 0.9,
polynomial mutation with probability 1

n , and non-dominated
sorting in conjunction with a crowding operator.

SCH function: The one-dimensional ‘SCH’ function was
taken from [19], which exhibits a convex Pareto-frontier:{

J1(u) = u2,
J2(u) = (u − 2)2. (6)

The decision variable u ∈ [−1, 1]. The following algorithmic
parameters were used for the PRWBS: Ps = 25, NB = 10,
Ng = 100, Pe/Ps = 0.8, and Pr = 10, which were found
to produce the best results based on trial and error. The
population size and the number of generations for the NSGA-
II were 30 and 50, respectively, and they were also tuned
using trial and error to provide the best performance.

The results obtained for this test function are illustrated in
Fig. 1, which shows the resulting objective space solutions.
In this figure and all the other objective-space based figures
in this section, red dot markers indicate the feasible solu-
tions generated by multiple Monte-Carlo (MC) simulations
based on random sampling in the decision space which help
to visually locate the Pareto-frontier, blue smaller asterisk
markers indicate the candidate solutions generated by the
NSGA-II, and black larger asterisk markers the candidate
solutions generated by the PRWBS. It is noted from Fig. 1
that the PRWBS algorithm is capable of finding solutions
across the Pareto-frontier. However, the distribution of the
solutions found by the PRWBS is inferior to that of the
NSGA-II, as it is less uniform across the Pareto-frontier.
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Fig. 1. Objective space performance comparison of the NSGA-II and
PRWBS on the convex test problem of SCH function (6), where red dot
markers indicate the feasible solutions generated by MC simulation, blue
smaller asterisk markers indicate the candidate solutions generated by the
NSGA-II, and black larger asterisk markers the PRWBS candidate solutions.

KUR function: The two-dimensional ‘KUR’ function was
again taken from [19], which has a non-convex Pareto-
frontier: 

J1(u) =
n−1∑
i=1

−10e−0.2
√

u2
i +u2

i+1 ,

J2(u) =
n∑

i=1

(
|ui|0.8 + 5 sin(u3

i )
)
,

(7)
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where n = 2, u = [u1 u2]T, u1 ∈ [−5, 5] and u2 ∈ [−5, 5].
The algorithmic parameters used for the PRWBS were: Ps =
25, NB = 10, Ng = 100, Pe/Ps = 0.8 and Pr = 10, while
the population size and the number of generations for the
NSGA-II were 30 and 50, respectively. These parameters
were again chosen through trial and error. The results for
this test function are illustrated in Figs. 2 and 3.

Again, both the NSGA-II and PRWBS algorithms focus
on the the same convex region of the Pareto-frontier, as can
be seen from Fig. 2. A close-up of the objective space in
the region where the majority of the solutions are located
is illustrated in Fig. 2 (b), which reveals that the PRWBS
algorithm approaches the Pareto-frontier successfully and
the solutions are distributed across a similar region as the
NSGA-II candidate solutions. The distribution of the PRWBS
solutions across this region, however, is less uniform in
comparison with that of the NSGA-II results, as was also ob-
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Fig. 2. Comparison of full objective space performance (a) and close-up
objective space performance (b) for the NSGA-II and PRWBS on the non-
convex test problem of KUR function (7), where red dot markers indicate
the feasible solutions generated by MC simulation, blue smaller asterisk
markers indicate the candidate solutions generated by the NSGA-II, and
black larger asterisk markers the PRWBS candidate solutions.
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Fig. 3. Decision variable space comparison of the NSGA-II and PRWBS
on the non-convex test problem of KUR function (7), where the overlaid
contours represent the objective functions, blue smaller asterisk markers
indicate the candidate solutions generated by the NSGA-II, and red larger
asterisk markers the PRWBS candidate solutions.

served with the first test problem. The decision variable space
results, plotted in Fig. 3, and all the subsequent decision
variable space based figures should be interpreted as follows:
the overlaid contours represent the objective functions, and
blue smaller asterisk markers indicate the NSGA-II candidate
solutions, while red larger asterisk markers indicate the
PRWBS candidate solutions. From Fig. 3, it can be observed
that the Pareto-optimal solutions lie in a very small region
of the decision variable space and the PRWBS algorithm
has identified a very similar region to that of the NSGA-
II. However, the PRWBS solutions are slightly more spread
out in the decision space in comparison with the NSGA-
II solutions, indicating that there may be scopes for further
improvements in the Pareto-ranking and cost adjustment
process of the PRWBS.
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Fig. 4. Objective space performance comparison of the NSGA-II and
PRWBS on the multi-modal test problem (8), where red dot markers indicate
the feasible solutions generated by MC simulation, blue smaller asterisk
markers indicate the candidate solutions generated by the NSGA-II, and
black larger asterisk markers the PRWBS candidate solutions.
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Fig. 5. Decision variable space comparison of the NSGA-II and PRWBS
on the multi-modal test problem (8), where the overlaid contours represent
the objective functions, blue smaller asterisk markers indicate the candidate
solutions generated by the NSGA-II, and red larger asterisk markers the
PRWBS candidate solutions.

Multi-modal function: The performance of the two al-
gorithms in the case where the Pareto-frontier is multi-
modal was examined using the following two-dimensional
test function adopted from [22]:

J1(u) = u1,

g(u2) = 2.0 − e
−
(

u2−0.2
0.004

)2

− 0.8e
−
(

u2−0.6
0.4

)2

,

J2(u) = g(u2)
u1

,

(8)

where u = [u1 u2]T, u1 ∈ [0.1, 1] and u2 ∈ [0, 1].
Again, the following algorithmic parameters were used for
the PRWBS: Ps = 25, NB = 10, Ng = 100, Pe/Ps = 0.8
and Pr = 10, while the population size and the number
of generations of the NSGA-II were set to 30 and 50,
respectively. The results obtained for this test function are
illustrated in Figs. 4 and 5.

This optimisation problem has multiple modes, an attribute
which is known to cause difficulties for many multiple-
objective optimisation methods. The PRWBS algorithm
demonstrates the ability to identify a range of modes and, in
some regions of the Pareto frontier, outperforms the NSGA-II
algorithm, as can be seen in Fig. 4. Once again, a reasonable
area of the Pareto-frontier is identified by the PRWBS, but
the distribution of the solutions is less uniform than that of
the NSGA-II results. The relative positions of the candidate
solutions in the decision variable space, as depicted in Fig. 5,
are not as informative in this case, and it is difficult to infer
insight into the operation of the PRWBS or NSGA-II from
them. However, armed with a priori knowledge regarding
the true Pareto-optimal region of the decision space, it may
be possible to gain a deeper understanding, and this is an
interesting area for future research.

Discontinuous function: The following two-dimensional
test function is an example where the Pareto-frontier is
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Pareto Optimal Front in Objective Space

Fig. 6. Objective space performance comparison of the NSGA-II and
PRWBS on the discontinuous test problem (9), where red dot markers
indicate the feasible solutions generated by MC simulation, blue smaller
asterisk markers indicate the candidate solutions generated by the NSGA-
II, and black larger asterisk markers the PRWBS candidate solutions.

discontinuous [22]:
J1(u) = u1,

g(u2) = 1 + 10u2,

J2(u) = g(u2)
(
1 −

(
J1(u)
g(u2)

)α

−J1(u)
g(u2)

sin
(
2πqJ1(u)

))
,

(9)

where α = 2, q = 4, u = [u1 u2]T, u1 ∈ [0, 1] and u2 ∈
[0, 1]. The algorithmic parameters, Ps = 50, NB = 20, Ng =
100, Pe/Ps = 0.8 and Pr = 10, were found empirically for
the PRWBS. The PRWBS required larger Ps and NB for
this problem, most likely due to the challenging nature of
the problem. This two-objective optimisation problem has a
discontinuous Pareto-frontier, an attribute which is known
to challenge multiple-objective optimisation techniques. The
NSGA-II used the same settings as in the previous problems.
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Fig. 7. Decision variable space comparison of the NSGA-II and PRWBS
on the discontinuous test problem (9), where the overlaid contours represent
the objective functions, blue smaller asterisk markers indicate the candidate
solutions generated by the NSGA-II, and red larger asterisk markers the
PRWBS candidate solutions.
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The results obtained for this test function are illustrated in
Figs. 6 and 7.

It is observed from Fig. 6 that the PRWBS converges
towards four of the primary Pareto-optimal regions, while
the NSGA-II algorithm only identifies three of the regions
in this particular simulation. The performance of the NSGA-
II algorithm within the three regions located by the algorithm
is, however, superior to that of the PRWBS for these three
regions, in terms of solution distribution. Fig. 7 also offers
some intuition regarding the performance of the two algo-
rithms. In this case, the PRWBS is observed to identify a
larger area of the Pareto-frontier, in the form of four modes
compared with the three modes identified by the NSGA-II,
but the solutions of the PRWBS are located further from the
frontier than the NSGA-II solutions.

IV. CONCLUSIONS AND FUTURE WORK

A Pareto RWBS algorithm has been proposed for multiple-
objective optimisation problems by providing the origi-
nal single-objective RWBS algorithm with a Pareto-ranking
scheme combined with a sharing process. The resulting
PRWBS algorithm performs on par with the NSGA-II al-
gorithm which is a well-known state-of-the-art multiple-
objective GA, in terms of identifying the Pareto-frontier,
while retaining the attractive properties of the original RWBS
algorithm, namely, simplicity, ease of implementation and
small number of tuning parameters.

More specifically, the PRWBS algorithm has been shown
to converge reliably towards the Pareto-frontier in a range of
test problems with various challenging attributes. The algo-
rithm is observed to be capable of identifying a large area of
the Pareto-frontier in each case, comparable with the NSGA-
II algorithm. In particular, for the test case of discontinuous
Pareto-frontier, the PRWBS provides a superior performance,
in terms of locating more discontinuous regions of the Pareto-
frontier. The results presented has therefore demonstrated
that the PRWBS algorithm offers clear potential as a flexible,
high-performance multiple-objective optimisation technique.
There are scopes, however, to further improve the algorithm,
both in terms of the distribution of its solutions along the
Pareto-frontier, and the accuracy of the solutions in terms of
their distances to the Pareto-frontier.

A future work for improving the performance of the
PRWBS in this regard would be selective combining. The
PRWBS algorithm generates a single new member by
weighting all the candidates. An alternative approach would
be to use a selection operator to select which members are
used in a set of convex combinations at each stage, similar
to the way a GA proceeds. This would create a number
of new individuals in each generation. It is hypothesised
that this approach would help to improve the algorithm’s
performance in terms of the accuracy to which the Pareto-
frontier is located.
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Abstract— Reliability redundancy allocation problems are 

NP problems and only a small portion of the area bounded by 

lower and upper limits of decision variables are within the 

feasible region. Reliability optimization problems are also 

complex and have many objective functions, such as system 

reliability, system cost and weight, which increase with the 

increase of redundancy numbers.  MOEA/D is a new multi-

objective evolutionary algorithm and has been demonstrated to 

be effective and to have a good approximation to a Pareto 

Front. The aim of this paper is to apply MOEA/D to find the 

Pareto Set of a reliability redundancy optimization problem and 

to analyze the effect of the parameter settings of MOEA/D on 

its performance. 

  

Keywords: Reliability, Redundancy, Multi-objective, 

MOEA/D, Evolutionary Computation. 

I. INTRODUCTION 

Today’s engineering systems, such as nuclear power 

stations and aircrafts, are becoming more and more complex, 

and failures of such systems have huge influences on profits 

and environments for many years. Recent nuclear power 

station failures led to requirements on safety and reliability 

improvements. Improving complex system reliability, as well 

as safety, has become an important issue.  

There are two ways to improve system reliability: by 

increasing component reliability and by adding redundancy 

to weak components. Both will lead to an increase of system 

resources, such as cost and weight. Reliability theory shows 

that the reliability of a series system is the product of the 

reliability of each component. Therefore, the system 

reliability will sharply drop with an increase in the number of 

components. Unfortunately, there are many complex systems 

in the current world and they have millions of components. It 

is a challenge to provide high reliability for such systems. 

Component reliability will depend upon current theories and 

technologies that are used in designs and manufacturing. 

Sometimes it is very hard and extremely expensive to 

increase component reliability when it is already reliable. 

Redundancy will be an effective, and only, way to improve 

system reliability.  

Reliability redundancy optimization has been an attractive 

and active research area for decades working to improve 

system reliability with limited resources. Since 1960 a lot of 
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research on reliability redundancy optimization problems 

had been done [1]. These techniques can be categorized into 

three classes: (1) Exact methods obtain exact solutions, such 

as branch-and-bound [2], but their computation is very 

costly. (2) Heuristics are fast, effective and easy to 

implement, with modest computational requirements ([3], 

[4]). They can find a good approximate solution with 

relatively low computation. (3) Evolutionary computation 

[5] has been recently applied in this area. Kuo and Wan [1] 

provide more details on the development of algorithms.  

Reliability allocation problems are a special non-linear 

integer programming in which the objective functions and 

constraint functions are monotonically increasing with 

increase of decision variables. When the redundancy number 

or the reliability of components is increased, the system 

reliability increases too as the system becomes more 

expensive and heavy. For a single objective, boundary theory 

[6] shows that the global solution will be within the upper 

boundary of the feasible region. This may be the reason, why 

heuristics cannot find the global solution and can only find 

an approximate solution (a boundary point).  

In real reliability allocation problems, system reliability, 

system cost, weight or volume can be objectives or 

constraints. Therefore, a real reliability redundancy problem 

is multi-objective problems.  

A significant progress has been witnessed in the 

development of evolutionary algorithms for multi-objective 

optimization problems. Multi-objective evolutionary 

algorithms (MOEAs) aim at finding a set of representative 

Pareto optimal solutions in a single run. The most popular 

methods are NSGA II [7], SPEA2 [8] and MOEA/D [9]. 

MOEA/D is a recently developed multi-objective 

evolutionary algorithm.  It decomposes a multi-objective 

optimization problem into a number of scalar sub-problems 

and optimizes them simultaneously. In this paper, MOEA/D 

is applied to solve a reliability redundancy allocation 

problem. 

The reminder of this paper is organized as follows. 

Section II introduces a reliability redundancy allocation 

problem. Section III describes MOEA/D. Section IV 

presents numerical results, and finally some comments are 

included in Section V. 

II. STATEMENT OF PROBLEM 

A. Notation 

x  
T

nxxx ),,,( 21  vector of redundancy at subsystem  

n  number of decision variables (subsystems) 

m  number of objectives 
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r  
T

nrrr ),,,( 21  sub-system reliability vector 

)(xF  Objective functions 

 the feasible region bounded by constraints 

)(xsR  system reliability 

)(xsC system cost 

)(xsW system weight 

)(xsV  system volume 

B. System Reliability 

When a system is designed, it is usually a series system to 

complete required functions. The system structure is shown 

as Fig. 1. 

 

 
Component 1 Component 2 Component n …… 

 
Fig. 1. A series system 

 

In a series system, any failure in components will lead to 

the system failure. Therefore the reliability of a series system 

is calculated as the product of the reliability of each 

component.  

n

i

is rR
1

 (1) 

The reliability of each component is determined by the 

designs and manufacturing. Sometimes it is very hard to 

improve component reliability. An effective way to improve 

system reliability is to add redundant components in weak 

positions. This system is called a series-parallel system, 

shown as 

  

 Component 1 …… 

Component 1 

…… 

Component 1 

…… …… 

Component 2 

Component 2 

Component 2 

Component n 

Component n 

Component n 
 

Fig. 2. A series–parallel system 

 

Each sub-system consists of parallel components. Each 

sub-system will fail only when all the components in the sub-

system fail. The system will fail only when any sub-system 

fails. The reliability of a series-parallel system is 

mathematically calculated as 

n

i

x
is

irR

1

11)(x  (2) 

C. Reliability Redundancy Optimization Problems  

A reliability redundancy allocation problem can be 

described as 

)(minimize

11)(maximize

1

x

x

x

x

s

n

i

x
is

C

rR i

 (3) 

Subject to  

os

os

WW

CC

)(

)(

x

x
 

),...,,( 21 nxxxx   is the redundancy number of 

components in subsystems.  

This is not the only format of a reliability redundancy 

optimization. A real format should satisfy the requirement of 

the system. For an example, when designing aircraft, weight 

should be a very important characteristic and so the system 

weight will be an objective to be minimized.  

D. Properties and Challenges 

The properties of the problem in Section II.C are 

 The decision variables are integer. This provides a 

big challenge for MOEA/D because MOEA/D is 

designed for continuous problems. 

 MOEA/D is designed for some unconstrained 

optimization problem. We have to make some 

changes in the code of MOEA/D so that it can deal 

with constraints. 

 The number of objective functions and constraint 

functions increase with the increase of redundancy 

numbers.   

III. MOEA/D AND MULTI-OBJECTIVE PROBLEMS 

 

A. Multio-bjective Optimization Problem 

A continuous multi-objective optimization problem can be 

described as: 

  subject to

)(,),(),()(F   minimize 21

x

xxxx
x

T
mfff 

  (1) 

Let 
T

muuu ),,,( 21 u  and 
T

mvvv ),,,( 21 v  be 

two vectors. u is said to dominate v if ii vu  for all 

mi ,,1  , and vu .  

A point 
*

x  is called a Pareto optimal if there is no 

x  such that )(xF  dominates )( *
xF . The set of all the 

Pareto optimal points, denoted by PS, is called the Pareto set 

and the set of all the Pareto objective vectors is called the 

Pareto Front 0. 

B. The principle of MOEA/D 

Multi-objective evolutionary algorithms (MOEAs) aim to 

find a Pareto set of a multi-objective optimization problem. 

There are many existing MOEAs in the literature, but in this 

paper, MOEA/D (Multi-objective Evolutionary Algorithms 
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Based on Decomposition) (Zhang and Li, 2007) is used to 

solve the above reliability allocation problem, because many 

researchers show that MOEA/D provides a good 

approximation of the Pareto Set. MOEA/D uses a 

decomposition approach for converting approximation of the 

PS into a number of single objective optimization problems: 

  subject to

)(maximize),|(maximize *

1

*

x

zfzg iii
mi

xx
x  

The commonly-used decomposition approaches are: 

(a) Weighted sum approach. Let 
T),,,( m21 λ   be a 

weight vector. The single objective optimization problem is: 

  subject to

)()|( maximize

1

x

fg
m

i

ii
ws

xx
x  

(b) The Tchebycheff approach. The single objective 

functions to be minimized are of the form 

 
*

1
)(max)|( iii

mi

ws zfg xx  

Where
T

mzzz ),,,( **
2

*
1

* z  is the reference point, i.e. 

)(  min*
x

x
ii fz  

C. General Framework of MOEA/D 

With the Tchebycheff decomposition approach, MOEA/D 

(Zhang and Li, 2007) works as: 

 

Step 1) Initialization: 

 Step 1.1). Set EP   (the end population). 

 Step 1.2). Generate initial weight vectors. 

 Step 1.3). Compute the Euclidean distances between 

any two weight vectors and then work out the closest weight 

vectors to each weight vector. For each Ni ,,2,1  , set 

TiiiiB ,,,)( 21  , where 
Tiii ,,, 21

 re the T closest 

weight vectors to i . 

 Step 1.4). Generate an initial population randomly or 

by a problem-specific method. Set )( ii FFV x  

 Step 1.5). Initialize 
T

mzzz ,,, 21 z by a problem 

-specific method. 

Step 2) Update: 

 For Ni ,,2,1  , do 

 Step 2.1) Reproduction: Randomly select two indexes 

lk,  from )(iB , and then generate a new solution y from 

k
x and 

l
x by using genetic operators. 

 Step 2.2) Improvement: Apply a problem-specific 

repair/ improvement heuristic on y to produce 
/

y . 

 Step 2.3) Update of z : For each mj ,,2,1  , if 

)( /
yjj fz , then set )( /

yjj fz  . 

 Step 2.4) Update of Neighbouring Solutions: For 

each index )(iBj , if ),|(),|( / zzg jjj
xy , then set 

/yx
j

and )( ij FFV x . 

Step 2.5) Update of EP: 

Remove all the vectors dominated by )( /yF . 

Add )( /yF  to EP if no vector in EP dominates )( /yF . 

Step 3) Stopping Criteria: If stopping criteria is satisfied, 

then stop and output . Otherwise, go to Step 2. 

 

In fact, any decomposition approach can be used in the 

above general MOEA/D framework with some 

modifications. 

IV. NUMERICAL RESULTS 

 

A. Test Problem 

The following reliability redundancy optimization 

problem is used to demonstrate the performance of 

MOEA/D. There are two objectives: system reliability and 

system cost. The decision variables are redundant numbers 

of each component. System reliability )(xsR  is maximized 

and the system cost )(xsC is minimized subject to limited 

resources, such as total cost, total weight )(xsW , and total 

volume )(xsV . 

n

i

x
iis

n

i

x
is

i

i

excC

rR

1

4/

1

)(minimize

11)(maximize

x

x

x

x

 

Subject to  

0

1

4/
)( CexcC

n

i

x
iis

ix  

0

1

4/
)( WexwW

n

i

x
iis

ix  

0

1

2)( VxvV
n

i

iis x

 

u
ii

l
i xxx  

u
i

l
i xx ,  are the lower boundary and upper boundary of the 

redundancy ix  of Component i. 
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The data for this model is listed in Table 1. 
Table 1. Data for Example #1 

Component 

(i) 
ir  ic  iw  iv  l

ix
 

u
ix

 

1 0.80 1 0.7 1 1 10 

2 0.85 2 7.0 2 1 10 

3 0.90 1 15.0 3 1 10 

4 0.55 4 9.0 4 1 10 

5 0.75 5 0.4 2 1 10 

B. Feasiblility Analysis 

The lower and upper limits of each variable are set to the 

same [1,10]. 
T

nxxx ),,,( 21 x  is randomly generated 

within these limits for 100,000 times. Each constraint is 

checked to see that it is satisfied. Fig. 3 illustrates the 

analysis results. 0.75 % of points satisfied the cost constraint, 

5.95% satisfied the weight constraint and 1.13% satisfied the 

volume constraints. Only 0.63% satisfied all constraints. In 

the area bounded by the limits of variable, just a little area is 

within the feasible region. This provides big challenges for 

an algorithm to solve such reliability redundancy problems.   

 

 
Fig. 3. Feasibility analysis 

C. Solutions by MOEA/D 

 
Fig. 4. Parameters of MOEA/D 

 

The algorithm parameters are shown in Fig. 4. The final 

population is shown in Fig. 5 (Decision Space) and Fig. 6 

(Objective Space also called Solution Space). The figures 

show that MOEA/D can solve reliability redundancy 

problems. Originally, the population size is 200, but the final 

population size is only 109. The reason is that there are small 

portions of regions bounded by the lower and upper limits 

that are within the feasible region. The analysis of the final 

population is shown in the following: The mean and standard 

deviation of the distance among an individual and its nearest 

individual are d =0.2568 and d =0.6286.  The limits of 

objectives are: reliability [0.25245, 0.881325] and cost 

[73.32,143.35]. 

 

 
Fig. 5. Solutions in Decision Space 

 
Fig. 6. Solutions in Objective Space (pop-size=200) 

D. Performance Analysis 

1) Effects of Population Size 

 
Fig. 7. Solutions in Objective Space (pop-size=400) 

 

Fig. 7 illustrates the final population in Objective Space 

obtained with the population size of 400. Compared to Fig. 

6, it looks like the distribution is very similar. However, 

Table 2 shows that the higher the population size, the better 

the quality of the final population. The mean ( d ) and 
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standard deviation ( d ) decrease with an increase in the 

population size. 
Table 2.  Comparison of different population sizes 

N sN  d  d  

30 16 2.88 3.40 

50 28 1.85 2.60 

100 55 1.01 1.82 

200 109 0.26 0.63 

300 164 0.07 0.31 

400 218 0.06 0.30 

500 273 0.03 0.20 
 

2) Effects of generation 

In this test, the population is kept to 200. Table 3 shows 

that the generation has little effect upon the quality of the 

solutions. 
Table 3. Compare of different population size 

NG sN  d  d  

50 109 0.22 0.52 

100 109 0.26 0.63 

200 109 0.26 0.63 

300 109 0.26 0.63 
 

3) Effects of Niche Size 

With the parameter of the population size (200) and 

generation (100), Table 4 lists the effects of the niche size, 

from 1 to 80. When the niche size is less than 4, the number 

of solutions in the final population is very small. For 

example, when the niche size is 2, Fig. 8 illustrates the 

distribution of individuals in Objective Space. The quality is 

very bad. However, when the niche size is bigger than 4, it 

has little influence on the quality of solutions. 
Table 4. Comparison of different niche sizes 

Niches sN  d  d  

1 2 39.32 - 

2 21 0.17 0.42 

4 109 0.29 0.67 

8 110 0.28 0.94 

10 110 0.23 0.59 

20 109 0.26 0.63 

40 109 0.26 0.63 

60 109 0.22 0.53 

80 109 0.26 0.63 

I. CONCLUSIONS 

Multi-objective reliability allocation problems are 

complex NP problems. Only a small portion of the region 

bounded by the lower and upper limits are feasible and the 

decision variables (redundancy) are integer numbers.  

Numeric results show that MOEA/D can effectively solve 

integer multi-objective programming. The quality of 

solutions will largely depend upon the selection of 

population size. MOEA/D converges very rapidly, so the 

number of generations has little influence upon the 

distribution of solutions. The niche size has a big effect upon 

solutions. When the niche size is too small, the quality of 

solutions is poor. However, when the niche size is larger than 

4, it looks to have little influence on the solution quality. 

In the future, MOEA/D will be used to solve more 

complex reliability redundancy allocation problems and be 

compared with multi-objective evolutionary algorithms. 

 
Fig. 8. Solutions with 2 niches 
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Exploring Hierarchical Speech Representations with a Deep
Convolutional Neural Network

Darren Hau and Ke Chen

Abstract— Deep learning provides a novel methodology in
dealing with complex AI problems. Its successes are mainly
attributed to hierarchical unsupervised learning that leads to
effective hierarchical feature representations of increasing levels
of abstraction. These hierarchical representations have led to
impressive performance in numerous visual perception tasks.
Recently, deep learning has also been applied to speech percep-
tion tasks where models based on the Restricted Boltzmann
Machine (RBM) were used. Motivated by these works, we
explore hierarchical speech representations by constructing a
convolutional neural network (CNN) trained by unsupervised
means only. We use this CNN as an alternative building block
to the RBM within the deep learning strategy. The motivation
of our work is two fold: investigating whether a CNN building
block can be an alternative to the RBM in speech perception
tasks and examining whether a CNN, which was developed as
a biologically inspired model for visual perception, is suitable
for speech perception and speech information processing. Using
the same corpus and experimental settings, we demonstrate
that a CNN-based deep architecture whose building blocks are
trained using the unsupervised Predictive Sparse Decomposition
learning algorithm, yields representations generally comparable
to RBM-based deep architectures evaluated in terms of several
speech perception tasks. Also, our preliminary work leads to
some non-trivial observations on the suitability of CNN-based
deep architectures in different speech information processing
tasks.

I. INTRODUCTION

Speech signals are a high dimensional, temporal data
source containing a complex mixture of different information
ranging from linguistic to speaker-specific information com-
ponents. While it is effortless for the human auditory system
to extract the relevant information from the speech signal
for a specific speech perception task, it is a major challenge
for automatic speech information processing systems. Nearly
all existing speech representations carry some mix of all
speech information components whose mutual interference
degrades the performance of all speech information process-
ing systems. Extracting a suitable speech representation for a
specific task with only the relevant information components
required is still an open problem.

The most commonly used representation in automatic
speech information processing systems are Mel Frequency
Cepstral Co-efficients (MFCC). MFCCs are based on Fourier
transforms of speech signals whilst also taking into account
of some of the characteristics of the human auditory system.
They are efficient to compute and result in a very compact
representation. As such, they have remained popular for the
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past couple of decades. However, as highlighted in [1], to
achieve a compact representation, MFCCs throw away a lot
of the information contained within a speech signal - infor-
mation that could be very useful for certain perceptual tasks.
We believe that using the deep learning strategy in the speech
domain can provide an alternative speech representation that
addresses the above issues.

Deep learning provides a novel methodology in dealing
with complex AI problems. Its successes are mainly at-
tributed to hierarchical unsupervised learning that leads to
effective hierarchical feature representations of increasing
levels of abstraction [2], [3]. To perform hierarchical un-
supervised learning, Hinton et al. proposed a systematic
strategy that trains the building blocks of a deep architecture
in a greedy layer-wise manner [2] with the output of each
layer forming the hierarchical representation.

Deep learning has been applied mostly to visual perception
tasks, with many reported successes such as [4], [5]. Moti-
vated by this success, some recent work has applied deep
learning to the domain of speech perception, for example,
the work in [6] for learning a generic speech representation
used in various audio classification tasks and the work in
[1] resulting in a representation that achieves state-of-the-art
performance in phoneme recognition. The promising results
achieved in [1], [6] suggests that the use of deep learning
may lead to new speech representations that improves the
performance of speech information processing systems.

It is noted that the works in [1], [6] use the Restricted
Boltzmann Machine (RBM) [2] as the building block to
create a deep architecture, specifically a deep belief net-
work. Recent studies in deep learning strategies [7], [8]
suggests a simple multi-layer perceptron (MLP) with one
hidden layer trained as an auto-associator and using the same
deep learning strategy proposed by Hinton et al. [2], may
be an alternative to using the RBM in constructing deep
architectures. In particular, a deep architecture constructed
using a variant of the auto-associator, the denoising auto-
encoder [9], often outperforms an RBM-based counterpart
in OCR and object recognition tasks [3].

The convolutional neural network (CNN) architecture is a
biologically inspired variant of an MLP originally developed
for visual perception tasks and trained using supervised
learning [10]. Recently, an unsupervised learning algorithm,
dubbed Predictive Sparse Decomposition (PSD) [11], was
proposed to enable us to create a CNN trained using the deep
learning strategy [2]. Using a multi-layered CNN trained
using unsupervised learning leads to hierarchical representa-
tions that turn out to be crucial in achieving state-of-the-art

Proceedings of UKCI 2011

37



performance in various visual perception tasks [12].
In this paper, we present our preliminary work on applying

a CNN trained using unsupervised learning on speech signals
to learn an alternative speech representation. We believe that
we are the first to do so. We adopt the same corpus, TIMIT
[13] and experimental settings used in [6] to make our work
completely comparable.

The contributions of our preliminary work presented in this
paper are as follows. Comparative results on various speech
perception tasks demonstrates that an unsupervised CNN
can be an alternative to the RBM-based architecture in the
domain of speech. In comparison to the baseline performance
with MFCCs, we also observe that the convolutional archi-
tecture, originally designed for visual perception, might not
be sufficient for speech information processing as required
by various speech perception tasks.

II. MODEL OVERVIEW

In this section, we provide an overview of the model and
learning algorithms used in our work, including the CNN
building block, the PSD learning algorithm and constructing
a deep architecture for learning hierarchical speech represen-
tations.

A. CNN Building Block

A schematic diagram of the CNN building block is shown
in Fig. 1. The CNN building block is arranged in an encoder-
decoder style of architecture with feed-forward connections.
Our CNN building block is capable of accepting multiple
channels of input vectors but we will concentrate on the
simple case of a single input vector and generalize this to
multiple input channels in Sect. II-C.

The CNN takes a vector of time series data, x, of length
T , as shown in Fig. 1. The convolutional layer consists of
M number of feature vectors. The job of the convolutional
layer is to perform feature detection. Each feature vector, f i ,
consists of N units. We will denote a unit in f i as hij , where
j is the element index of the unit in the i-th feature vector.

Each unit in a feature vector is connected to a small
number of K input units. In Fig. 1, K = 3, meaning
each feature vector unit is connected to three input units.
In general, a feature vector unit, hij is connected to the set
of inputs {xj , · · · , xj+K−1}. This constrains the size of each
feature vector to be N = T −K + 1.

Each hij unit in a given feature vector, f i , shares the same
set of incoming connection weights as illustrated in Fig. 1.
As each hij unit is connected to K input units, the shared
weight vector, wi for f i has K elements [wi1, · · · , wiK ].

The local connectivity means that the network is trying
to analyze the local structure of the input and detect small
scale local features encoded by the weight vectors, w. The
shared weights across each feature vector means that feature
detection is translation invariant as all points in the input are
analyzed for the presence of the local feature. Each weight
vector is different for each feature vector in order to detect
different features, ie. wi 6= wj ,∀i, j.

Input Layer
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Layer

. . .

. . .

. . .

Convolutional
Layer

. . .

x1 x2 x3 x4 xT
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Fig. 1. Schematic diagram of the CNN Building Block.

The values of each feature map unit, hij , can be computed
using the weighted sum of input connections in the normal
feed-forward perceptron fashion and then applying a non-
linearity. More conveniently, we can calculate all the values
for a feature map f i using the convolution operator as shown
in Eqn. 1.

f i = gi tanh
(
[x ∗v Rwi] + bi

)
(1)

where gi is a trainable gain value used to take into account of
the scaling performed by tanh, bi is a trainable bias vector,
R is a transformation matrix that performs a rotation by 180◦

and ∗v is the convolution operator in valid border handling
mode, ie. we only want the values where the weight vector
wi fits inside the boundaries of the input vector x. As we
are using convolution in valid border mode, we must rotate
the weight vector by 180◦ in order to ensure the weights are
applied to the correct connections. It should also be noted
that as well as sharing weights, each unit in a feature map
f i also shares the same bias. This means that the bias vector
bi actually contains one bias value replicated N times for
each of the N hij units.

Having obtained the feature vector representations in the
convolutional layer, we attempt to reconstruct the input from
the feature vectors in the reconstruction layer. Each hij unit
has symmetric outgoing connections to the reconstructed
input, x̂ as shown in Fig. 1. Again, each hij unit in feature
map f i shares a set of outgoing decoder weights di with K
elements. We can compute the reconstruction using convo-
lution and summing the resulting values as shown in Eqn.
2.

x̂ =
M∑
i=1

f i ∗full di (2)

where ∗full is the convolution operator in full mode. Note we
do not need to rotate the decoder weights as we did in Eqn.
1. Eqn. 2 approximates the input x as a linear combination
of the decoder weights d.
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To learn the weights and other parameters of our CNN
building block, we used the unsupervised PSD algorithm [11]
as described in the next section.

B. Predictive Sparse Decomposition Learning

Predictive Sparse Decomposition (PSD) [11] is an exten-
sion of Olshausen and Field’s [14] sparse coding algorithm
and allows us to learn the parameters of our CNN building
block in an unsupervised way. In particular, we are interested
in learning the weights for the encoder part of the CNN as
it computes the feature representation. We use PSD because
[14] only allows us to learn the decoder weights, whereas
PSD allows us to learn both.

Rather than training on the input as a whole, PSD trains
on patches of the input the same size as the weight vectors
w. Due to the local connectivity of the CNN, we then only
need to compute, for each of the M feature vectors, the
value of the corresponding single hij unit that is connected
to the input patch xj , where j is the index of the patch’s
first element in x. To compute the value of each hij unit,
rather than using convolution, we can now use simple matrix
arithmetic like we would in a normal MLP setting. We
modify Eqn 1 to become:

hj = G tanh(xjW + b) (3)

where hj is the resulting vector containing each hij value
∀i ∈ M ; G is a diagonal gain matrix containing each gi
value along the diagonal; W is an M x K matrix with each
weight vector wi on the i-th row of W and b is a vector of
biases containing each individual shared bias bi,∀i ∈M .

Given the hidden vector hj , we can reconstruct the input
patch in a manner similar to Eqn. 2.

x̂j = Dhj (4)

where D is a K x M matrix containing each decoder weight
vector di along the i-th column of D. In [11], each di is
referred to as a basis function.

To learn the parameters, we need to minimize the follow-
ing loss function:

L =
1

2
||xj −Dh∗j ||22 + λ||h∗j ||1 + α||h∗j − hj ||22 (5)

where h∗j is the optimal sparse hidden representation, hj is
the hidden vector obtained from our encoder in Eqn. 3, λ
is the sparsity parameter and α is a parameter controlling
the contribution of the third term. The first term of Eqn. 5,
penalizes inaccurate reconstructions, the second term penal-
izes non-sparse representations controlled by λ, whilst the
third term drives the encoder towards producing the optimal
representation controlled by α.

For each input patch xj in the training set, we perform
training in two stages. In the first stage, we try to find h∗j
for the current set of parameters. We do so by using the
hj obtained from the encoder, Eqn. 3, as a starting point
for minimizing the loss function, Eqn. 5, using stochastic

gradient descent. The update rule is as follows:

h∗j ← h∗j − η
∂L
∂h∗j

∂L
∂h∗j

= −DT (xj −Dh∗j ) + λsign(h∗j ) +
α

2
(h∗j − hj) (6)

where η is the learning rate.
In the second stage, using the value of h∗j obtained from

the first stage, we update the parameters using one step of
stochastic gradient descent as follows:

W ←W − ε ∂L
∂W

(7)

∂L
∂W

= −α
(
g′(xj)(h

∗
j − hj)

)
xj (8)

where g′(xj) =
1

G
(G2 − h2

j )

b← b− ε∂L
∂b

(9)

∂L
∂b

= −α
(
g′(xj)(h

∗
j − hj)

)
(10)

G← G− ε ∂L
∂G

(11)

∂L
∂G

= −α(h∗j − hj)(tanh(Wxj + b)) (12)

D ← D − µ ∂L
∂D

(13)

∂L
∂D

= −(xj −Dh∗j )(h
∗
j )

T (14)

where ε is the encoder learning rate and µ is the decoder
learning rate. Each column of D must then be scaled to unit
norm to avoid learning trivial solutions.

This two stage process is repeated for all input patches in
the training set, by the end of which, the learned encoder
parameters should produce a close approximation to the
optimal sparse hidden representation.

C. Learning Hierarchical Representations

We can stack multiple CNN building blocks together
and using the deep learning strategy [2], we can create a
hierarchical feature representation. Before doing so however,
we perform one further processing step on all feature vectors
f in the convolutional layer after the encoder parameters
have been learned through PSD. For a given input x,
we compute all feature vectors f using Eqn. 1. We then
subsample the values in each feature vector in order to reduce
dimensionality and to provide further translation invariance.

We subsample using a technique called max-pooling. For
each feature vector f i , we divide the N units into distinct
non-overlapping groups of size S. Within each group, we
take the maximum value, resulting in a max-pooled vector
of length P = N/S. Where P is not an integer number,
we zero-pad the beginning and end of the input x so that P
results in a whole number.

We use the max-pooled feature vectors, which we denote
collectively as p, as the feature representation for the input
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x. We can create a feature hierarchy by stacking CNNs and
training each on the previous layer’s feature representation
pl−1, where l is the layer being trained. As there are now
M l−1 vectors as input to the convolutional layer l, we need to
generalize Eqn. 1 so that it can accept multiple input vectors:

f l
i = gli tanh

(M l−1∑
q=1

[pl−1
q ∗v Rwl

iq] + bli

)
(15)

where p0 = x. There now exists a weight vector wij for
each of the input vectors pq which are still of size K and
are shared across each feature vector unit in a feature vector
f i . The summation in Eqn. 15 means that in the higher levels
of the feature hierarchy, we are trying to combine lower-level
features into more abstract composite features, giving us a
hierarchical representation of increasing levels of abstraction.

We also need to make some adjustments to the PSD
algorithm to take into account of multiple input vectors. We
construct the input vector xj by extracting patches of size
Kl from each of the pl−1 vectors and concatenating them
into a single column vector. This results in the length of
xj being equal to Kl x M l−1. The patches must also be
extracted from the same corresponding region of each pl−1

q ,
ie. the starting element of the patch must be j-th element in
each pl−1

q .
We must also concatenate each wl

iq weight vector into a
corresponding row vector wl

i. We can then form the weight
matrix W as per usual. Likewise, we must do the same
for each dl

iq decoder weight vector to form the matrix D.
Learning can then proceed as normal as described in the
previous section (Sect. II-B) to learn the parameters for layer
l in the hierarchical representation.

III. EXPERIMENT

In this section, we provide the details of the model that we
used for extracting a hierarchical representation from speech
data. We describe each of the three experiments that we
performed to test our learned representation and present the
results. The experiments performed were gender classifica-
tion, speaker identification and phoneme classification.

A. Experimental Settings

Following [6], we used the TIMIT training set to draw
unlabelled data to train our CNN architecture with. The
TIMIT training set consists of 4620 utterances from 462
speakers, each contributing 10 utterances. Each utterance is
approximately 3 seconds in length.

For each utterance, we used the same pre-processing tech-
nique as [6]. Each utterance was converted into a spectrogram
using a 20ms Hamming window with 10ms overlaps. The
spectrogram was PCA whitened to reduce the dimensionality
of the spectrogram, retaining the first 80 principle com-
ponents. This resulted in 80 input channels of time-series
vectors as input to our CNN.

To make our results as comparable as possible, we used
the same sized architecture as [6] and extracted a two layer
feature representation using our CNN architecture. The first

convolutional layer consists of M = 300 feature vectors,
giving 300 x 80 individual weight vectors, wiq , each with
size K = 6. Each feature vector, f i , was max-pooled using
S = 3 to give 300 p1

i vectors, which forms the full first layer
representation. We denote this as the full L1 representation.

In the second layer, following [6], we also used M = 300
and K = 6 resulting in 300 x 300 weight vectors. Again, we
max-pooled each f i to produce 300 p2

i vectors, forming the
full L2 representation.

We used the procedure described in Sect. II-B and II-C to
train our architecture. We first trained the L1 representation
using a training set constructed by randomly extracting
50,000 patches of size 80 x 6 from the PCA whitened
spectrograms of the utterances in the TIMIT training set.
Each patch was vectorized as per the training procedure.
We further extracted 10,000 patches randomly to form a
validation set. Hyperparameters were selected based on the
performance of the model on the validation set, evaluated
using the loss function in Eqn. 5.

Once the L1 representation was learnt, we trained the L2
representation on the L1 representations of each utterance.
From the full L1 representations, we constructed a training
set by randomly extracting 25,000 patches and a validation
set by randomly extracting a further 10,000 patches. Again,
hyperparameter selection was based on the model’s perfor-
mance on the validation set evaluated using Eqn. 5.

We then tested our learned representations on three speech
classification tasks. Following [6], we used a linear SVM
classifier for each classification task. Where a task is a multi-
class classification problem, we used a multi-class SVM in
one vs one mode. More specifically, we used the LibSVM
Matlab implementation [15].

Since each utterance is of variable length, the size of our
feature representations are not uniform across the dataset,
which poses a problem as the SVM classifier requires fixed
sized feature vectors. In the interests of a fair comparison,
we use the approach in [6] and use simple summary statistics
to reduce our variable length representations to a fixed size.
For example, our full L1 representation consists of 300 p1i
vectors, each of length P . For each p1i , we take for instance,
the average over all P values, resulting in a 300 x 1 vector
as input to the SVM.

The summary statistics we trialled were the mean, maxi-
mum and standard deviation. The choice of summary statistic
and hyperparameters for the SVM classifier were chosen
using either cross-validation or a validation set. Details of
this and the results of our experiments are presented the
following sections.

B. Gender Classification

In the gender classification experiment, the task is to
classify whether a given utterance is spoken by a male or
female speaker. For this task, we tested both L1 and L2
feature representations. We trained the classifier for varying
numbers of training utterances per gender. The training set
was constructed by randomly sampling utterances from the
TIMIT complete test set. The TIMIT complete test set
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contains 1680 utterances from 168 speakers with a 2:1 male-
female ratio.

We tested the trained classifier using a randomly con-
structed test set of 200 utterances as per [6]. We report
the average classification accuracy over 20 train-test runs.
Hyperparameter selection and choice of summary statistic
was performed using a validation set of 25 utterances per
gender, randomly sampled from the separate TIMIT training
set which was previously used for unsupervised training only.
Table I shows a comparison of our results with [6] and the
MFCC baseline.

TABLE I
AVERAGE TEST ACCURACY ON GENDER CLASSIFICATION

# training PSD L1 PSD L2 CRBM L1 CRBM L2 MFCC
utterances [6] [6] [6]

1 90.2% 82.7% 78.5% 85.8% 58.5%
2 94.1% 86.1% 86.0% 92.5% 78.7%
3 94.9% 88.1% 88.9% 94.2% 84.1%
5 94.3% 89.3% 93.1% 95.8% 86.9%
7 96.1% 92.5% 94.2% 96.6% 89.0%

10 96.3% 91.9% 94.7% 96.7% 89.8%

Our results were obtained using the maximum summary
statistic. As shown in Table I, our learned representation
outperforms the baseline MFCC representation. We outper-
form [6] for smaller numbers of training utterances and is
comparable for larger numbers.

The second point to notice is that our L1 representation
outperforms our L2 representation, whilst the opposite is true
in [6]. We believe that a shallow architecture can be sufficient
for a simple task like gender classification where the two
classes can be easily separated by low-level features such as
pitch and frequency range. We hypothesize that our deeper
L2 representation has to learned to be somewhat invariant
of speaker characteristics, such as gender, in order to more
accurately model linguistic features. This hypothesis will
need to be confirmed in future work.

C. Speaker Identification

In speaker identification, the task is to identify the speaker
of a given utterance. There are no unknown speakers in
this task. We tested both our L1 and L2 representations
using the TIMIT complete test set. As mentioned in the
previous section, the complete test contains 168 speakers
with 10 utterances per speaker. We treat this task as a 168-
way classification problem.

Following [6], we randomly selected varying numbers of
training utterances per speaker and tested (separately) on two
random utterances per speaker, except in the case of eight
training and two testing utterances per speaker. In this case,
we used the two sa sentences, three si sentences and the
first three sx sentences for training and the remaining two
sx sentences for testing. We performed 10 train-test runs
and report the average classification accuracy in Table II.
Hyperparameter and summary statistic selection were chosen
using cross-validation, except in the case of one training

utterance per speaker where a randomly chosen validation
sentence per speaker was used.

TABLE II
AVERAGE TEST ACCURACY ON SPEAKER IDENTIFICATION

# training PSD L1 PSD L2 CRBM L1 CRBM L2 MFCC
utterances [6] [6] [6]

1 65.5% 58.5% 74.5% 62.8% 54.4%
2 78.4% 69.3% 76.7% 66.2% 69.9%
3 88.0% 80.2% 91.3% 84.3% 76.5%
5 93.8% 88.0% 93.7% 89.6% 82.6%
8 97.3% 92.3% 97.9% 95.2% 92.0%

Our results were obtained using the mean summary statis-
tic. Overall, as shown in Table II, our representation is
generally worse than Lee et al. [6]. We believe this is because
of the patch based nature of the PSD algorithm. With our
architecture, PSD trains on patches six frames in duration
which is equivalent to approximately 70ms of speech. With
such short durations of speech, it would be difficult for
any algorithm to learn to model speaker dynamics well.
In [6], the whole utterance (approximately 3 seconds in
duration) is used for feature learning. It is more likely
that the PSD algorithm learns to model phonemes as each
patch corresponds to approximately to the average phoneme
duration. This hypothesis is tested in the next task (Sect.
III-D).

Despite this, our representation still performs better than
the MFCC baseline. This provides some evidence for using
deep learning features over MFCC based features for speaker
related tasks.

D. Phoneme Classification

In phoneme classification, the task is given a phoneme
segment from an utterance, to classify the phoneme segment
as one of 39 phoneme classes. We followed the phoneme
clustering in [6] to give 39 phoneme classes. As with [6] we
tested our L1 representation and used the si and sx sentences
in the TIMIT training set for training our SVM classifier and
the TIMIT core test set for testing.

We treated each phoneme segment as an individual ex-
ample and computed the L1 representation for each. We
did so by computing the PCA whitened spectrogram for an
utterance and segmenting the phonemes using annotations
provided by the corpus. Where the number of frames did
not naturally fit our CNN architecture, i.e. the length of f i is
not divisible by three, we extracted a sufficient number of
frames centred on the phoneme segment. This means that at
most 40ms of extra speech is extracted before and after the
phoneme segment.

We report the average classification accuracy over 5 runs
for varying amounts of training utterances, except in the case
of 3696 utterances where all the training data is used. The
results are shown in Table III. We used cross-validation for
hyperparameter and summary statistic selection.

Our results were obtained using the maximum summary
statistic. Overall, as shown in Table III, our representation
performs better than Lee et al. [6] for all numbers of training

Proceedings of UKCI 2011

41



TABLE III
AVERAGE TEST ACCURACY ON PHONEME CLASSIFICATION

# training PSD L1 CRBM L1 MFCC
utterances [6] [6]

100 55.4% 53.7% 58.3%
200 59.1% 56.7% 61.5%
500 63.0% 59.7% 64.9%

1000 65.0% 61.6% 67.2%
2000 66.8% 63.1% 69.2%
3696 67.8% 64.4% 70.8%

utterances (the variance was negligible). This supports our
previous hypothesis that the learned L1 representation mod-
els phoneme features. As such, we believe that the deeper L2
representation will most likely be combining these phoneme
features into more speaker invariant, higher-level linguistic
units as hypothesized previously at the end of the gender
classification section (Section III-B).

However, both our representation and [6] do not outper-
form MFCC based features which suggests that unsupervised
learning alone is not enough for learning good speech
representations.

IV. DISCUSSION

Our deep CNN approach in general results in comparable
performance against the RBM-based deep architecture in [6].
Our approach however is easier to implement and faster to
train, taking less than one day compared to almost one week
for [6]. However, the PSD learning algorithm is unable to
model speaker characteristics as well as [6] (Table II).

Both our approach and [6] are convolutional approaches,
which benefits from translation invariant feature detection.
However, all weight vectors are uniform in size and shape
which may not be suitable for speech features which can
vary very differently both spectrally and temporally. As our
results show, our learned representation does not outperform
the baseline MFCC representation on phoneme classification
(Table III) and we believe this to be one possible reason for
this.

The convolutional architecture was designed especially for
vision tasks [10] and although there are parallels between
the human visual and auditory systems, it is not surprisingly
that naively using the same style of architecture does not
result in good performance on all speech tasks compared to
current speech representations. What is required is to find
the auditory equivalent of the CNN which we will persue in
future work.

As shown in [1], deep architectures do have the potential
of extracting better speech representations. It should be noted
that their approach uses the more traditional deep learning
strategy of using unsupervised learning as a pre-training
stage in order to model the input distribution before a fur-
ther supervised fine-tuning phase to improve discrimination
between classes. As has been shown in this work and by
[6], purely unsupervised learning does not result in a good
enough learned representation.

V. CONCLUSION

Our preliminary work has shown that an unsupervised
CNN can be an alternative to using a convolutional RBM
to build a deep architecture for learning hierarchical speech
representations. However, we found that our model did not
outperform the baseline MFCC representations on phoneme
classification, a task which is essential in speech recognition.
We believe this to be because of two factors: the vision
inspired convolutional approach cannot be simply used for
learning speech representations and that unsupervised learn-
ing alone is not enough to produce an optimal representation.
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A Fast Opt-AINet approach to Qualitative Model Learning with
Modified Mutation Operator

Wei Pang and George M. Coghill

Abstract— This research furthers our previous work on
developing QML-AINet, a learning system that applies Opt-
AINet, an immune network approach to optimisation problems,
to the field of Qualitative Model Learning (QML). The mutation
operator of Opt-AINet was modified to improve the efficiency
of QML-AINet, and experiments showed that for dealing with
QML, QML-AINet with the newly modified mutation operator
outperformed both previous systems: QML-CLONALG and the
early version of QML-AINet.

I. INTRODUCTION

Qualitative Reasoning (QR) has undergone continuous de-
velopment over the last three decades [1]. Qualitative model
learning, as an area of QR, has also received some attention
recently because of its promising application potential for
Systems Identification in contexts where data may be sparse
and noisy. A few QML systems have been developed to solve
different problems in this area, and examples of this systems
include GENMODEL [2], MISQ [3], QSI [4], QME [5], and
ILP-QSI [6]).

A common problem existing in the field of QML is the
scalability issue: when learning complex models, the implied
model space may be very huge and thus make it difficult
for a QML system to find the solution(s) effectively. One
way to address this issue is to make use of randomised
search strategies. There are several attempts working towards
that direction, such as the genetic algorithm employed by
QME [5], and the CLONALG [7] approach taken in our
previous work on QML-CLONALG [8].

It was shown that QML-CLONALG was more efficient
than deterministic approaches when learning qualitative mod-
els of complex problems. This inspired us to investigate
other immune-inspired approaches to QML. In [9] an im-
mune network approach Opt-AINet was straightforwardly
adapted to QML, resulting in the development of QML-
AINet. QML-AINet demonstrated that QML was essentially
an optimisation problem and consequently can be solved
by multiple optimisation techniques especially the immune-
inspired approaches.

Although promising results were obtained from QML-
AINet, this version of QML-AINet did not outperform QML-
CLONALG [9]. This was not surprising because in that initial
version we did not consider the algorithm efficiency. In this
paper, we aim to further improve the efficiency of QML-
AINet by adjusting the parameters as well as modifying the
operators.

Wei Pang and George M. Coghill are with the School of Natural and
Computing Sciences, University of Aberdeen, Aberdeen, UK (phone: +44
(0) 1224-273067, +44 (0) 1224-273829; fax: +44 (0)1224 273422; email:
{pang.wei, g.coghill}@abdn.ac.uk.

The rest of this paper is organised as follows: In Sec-
tion II we give a brief introduction to QML. In Section III
we describe QML-AINet and the novel mutation operator.
All the experiments performed to evaluate QML-AINet are
presented in Section IV. Finally Section V concludes the
paper and explores possible future work.

II. QML AS AN OPTIMISATION PROBLEM

In this section we first present the representation of QML,
Qualitative Differential Equations. This is followed by a
formal description of QML as an optimisation problem.

A. Model Representation: Qualitative Differential Equations

QML uses Qualitative Differential Equations (QDE) to
represent qualitative models. This is the same in Qualitative
Simulation (QS) [10], [11], another area of QR. A QDE is the
conjunction of a set ofqualitative constraints, which link the
qualitative variablesin the model and express the relations
among these variables. Qualitative variables can only take
values from their associatedquantity space. A quantity space
is composed of several qualitative values, for example, in
QSIM qualitative values are landmark values and intervals
between two landmark values.

As for the qualitative constraints, there are two kinds: those
representing algebraic relations, such asqualitative addition,
substraction, multiplication, and division, and those repre-
senting incomplete knowledge about the function relations,
such asM+ andM− constraints in QSIM [10], a qualitative
simulation engine, andfunctionconstraints in Morven [11],
another qualitative simulation framework. Table I lists some
commonly used qualitative constraints in QSIM and their
corresponding mathematical relations. In this table variables
in the right column such asX(t) are continuous functions of
time t. f is a function that is continuously differentiable over
its domain (the so-called reasonable functions in QSIM), and
f ′ stands for the first derivative off.

Similarly, Table II lists some Morven constraints and the
corresponding mathematical equations. Morven constraints
are more flexible: Each place in a constraint can represent
not only the magnitude, but also arbitrary derivative of a
variable. So there is noDERIV constraint in Morven. Also
the Func constraint in Morven are more general thanM+

and M− constraints and it can be specialised to represent
the same relations asM+ andM−.

A QDE is an abstraction of a set of Ordinary Differential
Equations (ODEs) because the function relations of a QDE
correspond to an infinite number of quantitative mathematical
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TABLE I

SOME QUALITATIVE CONSTRAINTS IN QSIM AND THEIR

CORRESPONDING MATHEMATICAL EQUATIONS

QSIM Constraints Mathematical Equations

ADD(X,Y,Z) Z(t) = X(t) + Y (t)
MULT(X,Y,Z) Z(t) = Y (t) ∗ X(t)
DERIV(X,Y) dX(t)/dt = Y (t)
MINUS(X,Y) Y (t) = −X(t)
M+(X,Y) Y (t) = f(X(t)), f ′ > 0

M−(X,Y) Y (t) = −f(X(t)), f ′ > 0

TABLE II

SOME QUALITATIVE CONSTRAINTS IN MORVEN AND THEIR

CORRESPONDING MATHEMATICAL EQUATIONS

Morven Constraints Mathematical Equations

sub (dt 0 Z, dt 0 X, dt 0 Y) Z(t) = X(t) − Y (t)
mul (dt 0 X, dt 0 Y, dt 0 Z) Z(t) = Y (t) ∗ X(t)
Func (dt 0 Y, dt 0 X) Y (t) = f(X(t))
sub (dt 1 Z, dt 0 X, dt 0 Y) dZ(t)/dt = X(t) − Y (t)
Func (dt 1 Y, dt 0 X) dY (t)/dt = f(X(t))

functions, and the qualitative values assigned to variables in
a QDE represent various quantitative values.

B. QML as a Search and Optimisation Problem

In Qualitative Reasoning, aqualitative stateis a complete
assignment of all qualitative variables in the system, and a
qualitative behaviouris a series of qualitative states linked
by their legal transitions.

Both QS and QML can be considered as a function that
describes relations of the QDE models and qualitative be-
haviours. The difference lies in that QS takes as input a QDE
and its output is qualitative behaviours; while QML takes as
input behaviours and generates possible QDE models.

For a specific problemP, given the background knowledge
BK, the variable setVS which includes all variables (may
also include unknown variables), and the setRSthat contains
all possible qualitative relations of these variables (such as
M+, M−, and algebraic relations), we can generate a setCS
containing all possible constraints by using all combinations
of elements inRSandVS, which is defined as follows:

CS = {c = (r, a, b, d) | r ∈ RS, a, b ∈ V S, d ∈ V S ∪ {∅}}
(1)

In the above a qualitative constraint is represented by
a four-tuple vectorc, where r denotes a qualitative re-
lation, and a, b, d are variables. In addition, ifr is a
function relation, such asM+ and M−, d will be empty.
For example,ADD(X,Y, Z) in QSIM is represented as
c = (ADD,Z,X, Y ), and M+(X,Y ) is represented as
c = (M+, Y,X) in Formula (1). For the Morven formalism,
constraintSub(dt 0 Z, dt 0 X, dt 0 Y)is represented as
c = (Sub, Z,X, Y ), andFunc (dt 1 X, dt 0 Y)is represented
asc = (Func,X ′, Y ). In this senseVS in Formula (1) also
includes the first derivatives of state variables if the Morven
formalism is used. In particular, if we consider the causal
ordering [12] of a model, the leftmost variable in constraint
c cannot be an exogenous one.

If we denoteGDS as thegiven data setand consider the
background knowledgeBK, we can useGDSandBK to filter
out the inconsistent constraints inCS, and generate a filtered
constraint setFCS. This is shown as follows:

FCS = { c ∈ CS | c s.t. BK , c s.t. GDS} (2)

The meaning of the above formula is as follows: each
constraints inFCS is consistent withBK and coversGDS.
The implicit qualitative model spaceQMS will contain all
possible qualitative models generated fromFCS, as shown
below:

QMS = {m | m ∈ ℘(FCS)} (3)

In the abovem is a possible model and the symbol℘ stands
for the powerset operation. The task of QML is to find a
candidate set of models, denoted asCM, and each element
(a model)m of CM satisfiesBK and coversGDS, which is
written as follows:

QMLP (QMS) = CM =

{m ∈ QMS | m s.t. BK ∧ QS(m) ⊇ GDS} (4)

whereQMLP stands for qualitative model learning for
ProblemP; QSstands for the qualitative simulation of Model
m, and QS(m) is a set containing all qualitative states
obtained from simulation. From Formula (3) and (4) we see
that QML is essentially a search and optimisation problem,
that is, to search for the best models fromQMS that satisfy
Formula (4).

Note that as the size of the search spaceQMS could be
too large to feasibly enumerate all its elements, in the search
process it is often the case that only a portion of the search
space is explored. In addition,QMS is often multi-modal,
or even highly multi-modal. This is because whenGDSand
BK are incomplete, there may be many models that satisfies
formula (4), which correspond to many global optima in the
search space, and there may also exist many local optima.
All the above make the search tasks difficult. Consequently
the search strategy of QML is the fundamental component
of QML and should be improved in many aspects.

III. QML-AIN ET

We propose QML-AINet, a novel QML system which
employs an opt-AINet based search strategy. Apart from
the core search strategy, the other components of QML-
AINet are largely based on QML-CLONALG. Like QML-
CLONALG, QML-AINet uses the Morven formalism [11]
to represent models, and JMorven [13], a Java implementa-
tion of Morven, to verify models. As in QML-CLONALG,
QML-AINet made use of well-posed model constraints [6]
proposed in ILP-QSI, which serves as background knowledge
(BK) to narrow the search space.

In the rest of this section, we first introduce the pre-
processing phase of QML-AINet, then describe in detail the
core algorithm of QML-AINet. In particular, we present the
novel mutation operator used by QML-AINet.
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A. Pre-processing Phase

As in QML-CLONALG, the pre-processing phase of
QML-AINet includes four sub-components:Constraint Gen-
eration, Constraint Filtering, Calculation of Conflict Set and
Dependency Set, and Constraint Set Partition. These four
components will be briefly introduced in this section, and
for more details, the reader is directed to [8].

(1) Constraint Generation: generate all possible con-
straintsCS, as shown in Formula (1).

(2) Constraint Filtering: generate the filtered constraint set
FCS in Formula (2).

(3) Pre-calculation: For each constraint inFCS, calculate
its conflict set and dependency set. The conflict set for a
constraint c contains all constraints inFCS that conflict
with c. Two constraints are conflicting if they are logically
inconsistent or redundant if they appear in the same model.

The dependency set for a constraintc contains all con-
straints in FCS that depend on c. We say that constraint
C1 depends on constraintC2 if the leftmost variable ofC2
appears in any non-leftmost position ofC1. The calculation
of the dependency set is used for checking the causal
ordering [12] of a model.

The pre-calculation is for the ease of future computation,
and the results are stored for later use.

(4) Constraint Set Partition: A defining constraintfor a
variablev is the constraint in whichv is the leftmost variable.
FCSis divided into several subsetsSi (i=1 to N, andN is the
number of variables including hidden variables), and each of
these subsets contains all defining constraints for the same
variable. We define a setDS= {Sn} (n=1 toN). According to
the theorem presented in [8], for eachSi in DS, if Si contains
defining constraints for a non-hidden variable, a well-posed
model must include one and only one constraint in thisSi;
if Si contains defining constraints for a hidden variable, a
well-posed model can include at most one constraint inSi.
According to the above description the search spaceQMS in
Formula (3) can be significantly narrowed down:

QMSwp = {m = (c1, c2, ..., cn) | ci ∈ Si ∪ {φ},

Si ∈ DS, i = 1, 2, ...n}
(5)

In the aboveQMSwp stands for the qualitative model space
under well-posed model constraints;m is a possible model
composed of several constraintsci; φ stands for an empty
constraint; andn is the number of elements inDS.

B. Antibody Encoding and Decoding

The original opt-AINet for function optimisation employs
the real number encoding. Each variable in the function is
assigned a value within its range. In QML-CLONALG, the
integer encoding is used: the antibody is composed of several
slots, each of which corresponds to an elementSi in DS (DS
is described in Section III-A). The integer assigned to each
slot indicates the selection of a constraint inSi.

Similar to QML-CLONALG, in QML-AINet an antibody
is also composed of several slots, and each of them cor-
responds to a constraint subsetSi in DS. Unlike QML-
CLONALG, in QML-AINet the value assigned to each slot

is a real number, which is the same as in the original opt-
AINet. The range of values assigned to each slot is from 1 to
N, andN is the number of constraints in the constraint subset
Si to which this slot corresponds. The real number encoding
is compatible with the affinity proportion mutation operator
in QML-AINet, which will be described in Section III-D. As
the real number encoding strategy is used, when we decode
an antibody, for a real numberR in a slot, we will take the
integerI which is closest toR. If R is in the middle of two
integers, the smaller integer will be taken.

Fig. 1. The Antibody Encoding and Decoding of QML-AINet

Figure 1 shows the antibody encoding and decoding of
QML-AINet. In this figure, the antibody hasn slots, which
correspond toS1, S2, ...Sn. In Slot 1 the current value is 2.2.
After decoding we get integer 2, and the second constraint
c2 in S1 is selected (indicated in bold font). In Slot n the
assigned value is 4.5, which is in the middle of 4 and 5. After
decoding we obtained integer 4, and the fourth constraint
c91 in Sn is selected. It is similar for the other slots. Finally
the model decoded from the antibody shown in this figure
contains constraintsc2, c12, andc91.

C. Fitness Evaluation

The fitness evaluation is based on the well-posed model
constraints, and takes the same scoring system as in QML-
CLONALG. It is noted that in QML-CLONALG this process
is called the affinity evaluation, and in QML-AINet the
affinity has a different meaning which will be defined later
in Section III-E.

An antibody is first decoded to a model, then this model is
checked against the well-posed model constraints, including
completeness, model connection, conflicts, causal ordering,
and coverage. In the fitness evaluation the most expensive
procedure is the coverage test of a model, for which the
qualitative simulation has to be used. In this research we
utilise JMorven [13] to perform the simulation.

D. Mutation

In our earlier version of QML-AINet [9], we followed the
original mutation method of opt-AINet, that is, for each slot
of the antibody, the current valueC will be mutated to a new
valueC’ according to the following equations:

C′ = C + α ∗N(0, 1) (6)
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α =
1

β
∗ e−f∗

(7)

In the above equations,f∗ is the normalised fitness with the
range [0,1]. N(0,1) is a Gaussian random variable which has
the mean value of 0 and standard deviation of 1.e−f∗

is
the inverse exponential function.α stands for the amount
of mutation.β is a parameter that adjusts this exponential
function. Because we expect the mutated value is different
after decoding, in all experiments the value ofβ is set to 1,
instead of the default value 100 in opt-AINet.

However, even if the value ofβ is set to very low, in
the experiments we found that the mutation is still not
efficient enough to explore the model space. This is because
the above mutation operator is developed for continuous
function optimisation, and it does not consider the discrete
nature of the qualitative model space. More specifically,
the mutation valueC′ is centred around the current value
C. This works fine in continuous functions, because the
corresponding fitness landscapes are smooth and search in
the neighbourhood area is likely to find better solutions. But
in the qualitative model space, adjacent constraints within
the same slot does not have the the neighbourhood relations
as in the continuous search space, because these constraints
are randomly ordered within the same slot.

The above facts motivate us to develop a novel mutation
method suitable for the qualitative model space, and we
expect that on one hand the features of the original Opt-
AINet mutation operation can be preserved to some extent,
and on the other hand after mutation the new antibody is
more likely to attain a better position in the search space.
Based on the above consideration, the following mutation
operation is proposed:

C′ =

{

C if U(0, 1) < α ∗N(0, 1)
U(1, n) otherwise

(8)

In the above,C′, C, N(0, 1), andα have the same meaning
as those defined in Equations (6) and (7).U(0, 1) is a
uniformly distributed random number with the range [0,1].
Similarly, U(1, n) stands for a uniformly distributed random
number with the range [1, n], where n is the number of
constraints in the current slot. This new mutation operator
first determines whether a slot should be mutated. The
probability of mutating is proportional to the fitness value of
the current antibody. Once the current slot is set to mutate,
the mutation will follow the uniform distribution.

In this paper QML-AINet using both the original mutation
operator and the novel one will be compared in terms of their
effectiveness in Section IV. For ease of description, QML-
AINet using the novel mutation method will be denoted
QML-AINet-NM in this paper.

E. Affinity

In opt-AINet the affinity is defined as the Euclidean
distance between two antibodies. In QML-AINet because
we use the integer decoding strategy, and each antibody
represents a qualitative model, we define the affinity between
two antibodies as the “model distance” between two models

which these two antibodies represent. The model distance
between two models is defined as the number of different
constraints in these two models.

F. The Pseudo Code of QML-AINet

The steps of QML-AINet is basically the same as opt-
AINet. First we list the parameters used by the algorithm in
Table III.

TABLE III

PARAMETERS IN QML-AIN ET

Name Meaning
Ni Number of initial antibodies in the population
Nc Number of clones for each antibody
AvgFitError Threshold determines the stability of population
Supp The suppression threshold
d The percentage of new antibodies

to be added into the population

The pseudo code of QML-AINet is as follows:
Step 1: Randomly generateNi antibodies.

While (stop criteria are not satisfied) iteratively executeStep
2 ∼ Step 4:

Step 2: Clonal Selection

• Step 2-1: Antibody fitness evaluation: calculate the fit-
ness values of all antibodies according to the description
in Section III-C.

• Step 2-2: Clone: GenerateNc clones for each antibody.
• Step 2-3: Mutation: Each antibody will be mutated

according to the description in Section III-D.
• Step 2-4: Fitness Evaluation: evaluate all the newly

cloned antibodies. Calculate the normalised fitness value
for each antibody.

• Step 2-5: Selection: Select the antibody which has the
biggest fitness value from each parental antibody and
its clones. All the selected antibodies construct a new
antibody population.

• Step 2-6: Average Fitness Error Calculation: Calculate
the average fitness of the new population. If the differ-
ence between the old average fitness and new average
fitness is less than the given thresholdAvgFitError,
repeat Step 2; otherwise proceed to Step 3.

Step 3: Network Suppression: Each antibody interacts with
others. If the affinity of two antibodies are less than the
suppression thresholdSupp, the one with the smaller fitness
value will be removed.

Step 4: Add d percent of the randomly generated antibod-
ies to the population.

IV. EXPERIMENTS

In this section we evaluate QML-AINet through a series
of experiments. First, we give a brief introduction to the
compartmental models, which are used as the test bed in
this research. Second, we present the experiment design.
Finally we report the experimental results and analysis of
these results.
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A. Experimental Test Bed

We select the compartmental models as the experimental
test bed, which is the same as in [8], [9]. The compartmental
models are abstractions of many dynamic systems, and
we choose the three and four-compartment models (models
CM2 Ex3 and CM2Ex4) as in [8] to test the performance
of all algorithms.

These two compartmental models are shown in Figure 2.
In this figure,c1, c2, c3, andc4 stand for the concentrations
in the compartments, and they are also used to “label” the
compartments;f12, f23, and f34 denote the flows from one
compartment to another;u is the input flow;f30 andf40 are
the output flows to the environment.

Fig. 2. The Compartmental Models

Differential Plane 0
C1: Inc (dt 0 f12, dt 0 c1)
C2: Inc (dt 0 f23, dt 0 c2)
C3: Inc (dt 0 f30, dt 0 c3)
C4: sub (dt 1fx1, dt 0 u, dt 0 f12)
C5: sub (dt 1fx2, dt 0 f12, dt 0 f23)
C6: sub (dt 1fx3, dt 0 f23, dt 0 f30)
Differential Plane 1
C7: Inc (dt 1 f12, dt 1 c1)
C8: Inc (dt 1 f23, dt 1 c2)
C9: Inc (dt 1 f30, dt 1 c3)
C10: sub (dt 2fx1, dt 1 u, dt 1 f12)
C11: sub (dt 2fx2, dt 1 f12, dt 1 f23)
C12: sub (dt 2fx3, dt 1 f23, dt 1 f30)

Fig. 3. The JMorven Model for CM2Ex2

The qualitative model of Model CM2Ex3 using the
Morven formalism is given in Figure 3. In this figure,fx1,
fx2, and fx3 are net flowsof compartmentsc1, c2, and
c3, respectively;Inc is a function relation describing the
monotonically increasing relation as described in [8]. Note as
the Morven formalism uses the concept ofdifferential planes,
in this model Differential Plane 0 contains the constraints as
applied to the magnitudes of the variables, and constraints
in Differential Plane 1 are obtained by differentiating the
corresponding constraints in Differential Plane 0.

B. Experiment Design

Table IV shows all the experiments to be performed by all
algorithms. We use CM2Ex3 E1 as an example to explain
the meaning of this table: In experiment CM2Ex3 E1 the
net flow fx3 is a hidden variable, which means it cannot
be observed. After simulating this model by JMorven, we
obtained 68 qualitative states, and the size of the search space
is 6.95*108.

The parameter values used in QML-CLONALG are as
follows: the population size is 100 for CM2Ex3 E1 and

1000 for others; the clone size is 10; the hyper-mutation
probability is 0.9; the surviving time for all antibodies is
1000 generations. The parameter values used in both the
initial QML-AINet and QML-AINet-NM are as follows: the
number of initial cellsNi is 20; the clone sizeNc is 10;
AvgFitError is 0.001; the suppression thresholdsupp is
6; d is 0.4.

The values of the these parameters are determined by the
complexity and features of the search space, and also based
on performance considerations. In addition, we use the totally
random algorithm as a bottom line for these three algorithms.
In all experiments, complete qualitative data were used, and
the stop criterion is that a well-posed model that can cover
all the given data is found. All the experiments are performed
on a computer cluster with 43 compute nodes (each node has
16 Intel XEON E5520 (2.26GHz) CPUs and 11.7GB RAM).

TABLE IV

EXPERIMENT CONFIGURATION

Experiment Hidden Num. Of Search
ID Variables States Space
CM2 Ex3 E1 fx3 68 6.95*108

CM2 Ex3 E2 fx2, fx3 48 4.81*1010

CM2 Ex3 E3 fx1, fx2, fx3 48 6.31*1011

CM2 Ex4 E2 fx4 340 4.22*1012

C. Experimental Results and Analysis

For each experiment listed in Table IV, each of the four
algorithms is run for ten trials and the best and average
running time is recorded, as shown in Table V.

The detail of the ten trials for each experiment is shown in
Figure 4. In this figure, the values on the vertical axis are the
running time of the algorithms, and the vertical axis is on a
base-10 logarithmic scale and its unit of time is milliseconds.
The diamonds on the left side of each Box-and-Whisker plot
represent the running time of individual trials.

Best Running Time (millisecond)
Experiment Random QML- QML- QML-
ID Algorithm CLONALG AINet AINet-NM
CM2 Ex3 E1 259,003 4,516 3,216 892
CM2 Ex3 E2 709,127 247,067 434,236 6095
CM2 Ex3 E3 3,898,710 20,211 1,507,146 21,678
CM2 Ex4 E2 107,570,008 19,517,666 49,291,177 81,808

Average Running Time (millisecond)
Experiment Random QML- QML- QML-
ID Algorithm CLONALG AINet AINet-NM
CM2 Ex3 E1 689,662 50,082 144,958 9,096
CM2 Ex3 E2 48,334,152 1,362,385 4,888,222 198,390
CM2 Ex3 E3 106,941,796 14,219,243 12,716,194 482,396
CM2 Ex4 E2 1,822,075,689 184,163,947 188,650,143 1,175,195

TABLE V

EXPERIMENTAL RESULTS

From the results presented in Table V one can see that
compared with the totally random algorithm, all the three
immune-inspired approaches improved the scalability of
QML. More importantly, QML-AINet-NM is much faster
than QML-AINet and QML-CLONALG, and the bigger the
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Fig. 4. Ten Trials of All Experiments

size of the search space, the better performance QML-AINet-
NM can achieve compared with the other two algorithms.
For the most complicated experiment CM2-EX4-E2, QML-
AINet-NM is two orders of magnitude faster than the other
two algorithms, and three orders of magnitude faster than the
totally random algorithm, which demonstrated its efficiency.

The success of QML-AINet-NM is ascribed to its combi-
nation of Opt-AINet style search and the mutation operator
adapted to the discrete qualitative model space. The Opt-
AINet applied to QML are naturally suitable for dealing with
multi-modal search space as described in [9]. In previous
work [9] we have already shown that QML-AINet could
improve the scalability of QML and had roughly the same
order-of-magnitude performance as QML-CLONALG. In
QML-AINet-NM we further consider the features of the
qualitative model space and modify the mutation operator
accordingly, which significantly improved the performance
of QML-AINiet. This clearly shows the advantages of Opt-
AINet as a search strategy applied to QML. Furthermore, the
parameter values of QML-AINet and QML-AINet-NM are
the same when performing all experiments. This indicates
that it is solely the mutation operation that contributes to the
improvement.

V. CONCLUSIONS ANDFUTURE WORK

In this paper, we continue the work on applying immune
network approaches to qualitative model learning, which
results in the development of QML-AINet-NM. The pro-
posed QML-AINet-NM employs an opt-AINet based search
strategy to search the model space. In QML-AINet-NM, the
mutation operator is modified considering the features of
the discrete qualitative model space, and the other operators
of QML-AINet-NM were straightforwardly modified and
adapted to QML; the antibodies used a problem-dependent
encoding/decoding strategy; and the values of some pa-
rameters in opt-AINet were adjusted to make QML-AINet
perform effective search.

A comparison of the performance of QML-AINet-NM
with QML-CLONALG and QML-AINet tells us that the
immune network work approach is very suitable as a tool
for QML. In the future it will be of interest to explore other

immune-inspired approaches to QML, such as Opt-IA [14],
and compare their performance.

Finally, we point out that QML is a discrete optimisation
problem because of its discrete model space. So the develop-
ment of QML-AINet-NM inspires us to explore the potential
of the opt-AINet approach to general discrete optimisation
problems. In particular, we would like to further investigate
how to design a suitable mutation method to make the
Opt-AINet approach adapt to various discrete optimisation
problems.
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Abstract—Cat Swarm Optimization (CSO) is one of the new 

swarm intelligence algorithms for finding the best global 

solution. Because of complexity, sometimes the pure CSO takes 

a long time to converge and cannot achieve the accurate 

solution. For solving this problem and improving the 

convergence accuracy level, we propose a new improved CSO 

namely ‘Adaptive Dynamic Cat Swarm Optimization’. First, a 

new adaptive inertia weight is added to velocity equation and 

then an adaptive acceleration coefficient is used. 

Second, by using the information of two previous/next steps 

and applying a new factor, we reach to a new position update 

equation composing the average of position and velocity 

information. Experimental results for six test functions show 

that in comparison with the pure CSO, the proposed CSO can 

takes a less time to converge and can find the best solution in 

less iteration. 

I. INTRODUCTION 

Function Optimization is one of the important fields in the 

computational intelligence theories. There are many 

algorithms to find the global and local solutions of the 

problems. Some of these optimization algorithms were 

developed based on swarm intelligence. These algorithms 

imitate the creature‘s swarm behavior and model into 

algorithm, such as Ant Colony Optimization (ACO) which 

imitates the behavior of ants [1]-[6], Particle Swarm 

Optimization (PSO) which imitates the behavior of birds [2], 

Bee Colony Optimization (BCO) which imitates the 

behavior of bees [3] and the recent finding, Cat Swarm 

Optimization (CSO) which imitates the behavior of cats [4]. 

By simulating the behavior of cats and modeling into two 

modes, CSO can solve the optimization problems. 

In the cases of functions optimization, CSO is one of the 

best algorithms to find the global solution. In comparison 

with other heuristic algorithms such as PSO and PSO with 

weighting factor [7], CSO usually achieves better result. But, 

because of algorithm complexity, solving the problems and 

finding the optimal solution may take a long process time 

and sometimes much iteration is needed. 

So in this article, in order to achieve the high convergence 

accuracy in less iteration, an improved CSO is proposed. 

First, an adaptive inertia weight and acceleration coefficient 

is used. So, the new velocity update equation will be 

computed in an adaptive formula. Then, our aim is to 

consider the effect of previous/next steps in order to 

calculate the current position. So by using a factor namely 
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‗Forgetting Factor‘, the information values of steps will be 

different. Finally, an average form of position update 

equation composing new velocity and position information 

will be used.     

Experimental results indicate that the proposed algorithm 

rather than pure CSO can improve performance on finding 

the best global solution and achieves better accuracy level of 

convergence in less iteration  

II. CAT SWARM OPTIMIZATION 

Cat Swarm Optimization is a new optimization algorithm 
in the field of swarm intelligence [4]. The CSO algorithm 
models the behavior of cats into two modes: ‗Seeking mode‘ 
and ‗Tracing mode‘. Swarm is made of initial population 
composed of particles to search in the solution space. For 
example, by simulating the birds, ants and bees, Particle 
swarm optimization, Ant colony optimization and Bee colony 
optimization is created respectively. In CSO, cats are used for 
solving the problems. 

In CSO, every cat has its own position composed of D 
dimensions, which is the size of decision variables, velocities 
for each dimension, a fitness value, which represents the 
accommodation of the cat to the fitness function, and a flag to 
identify whether the cat is in seeking mode or tracing mode. 
The final solution would be the best position of one of the 
cats. The CSO keeps the best solution until it reaches the end 
of the iterations [5]. 

Cat Swarm Optimization algorithm has two modes in 
order to solve the problems which are described below: 

 

A. Seeking Mode 

For modeling the behavior of cats in resting time and   

being-alert, we use the seeking mode. This mode is a time 

for thinking and deciding about next move. 

This mode has four main parameters which are mentioned as 

follow: seeking memory pool (SMP), seeking range of the 

selected dimension (SRD), counts of dimension to change 

(CDC) and self-position consideration (SPC) [4]. 

The process of seeking mode is describes as follow: 

Step1: Make j copies of the present position of catk, where    

j = SMP. If the value of SPC is true, let j = (SMP-1), then 

retain the present position as one of the candidates. 

Step2: For each copy, according to CDC, randomly plus or 

minus SRD percent the present values and replace the old 

ones. 

Step3: Calculate the fitness values (FS) of all candidate 

points. 

Step4:  If all FS are not exactly equal, calculate the selecting 

probability of each candidate point by equation (1), 

otherwise set all the selecting probability of each candidate 

point be 1. 
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Step5: Randomly pick the point to move to from the 

candidate points, and replace the position of catk. 

 

                                          
|         |

             
                                           

 

If the goal of the fitness function is to find the minimum 

solution, FSb = FSmax, otherwise FSb = FSmin [4]. 
 

B. Tracing Mode 

Tracing mode is the second mode of algorithm. In this mode, 

cats desire to trace targets and foods. The process of tracing 

mode can be described as follow: 

Step1: Update the velocities for every dimension according 

to equation (2). 
Step2: Check if the velocities are in the range of 

maximum velocity. In case the new velocity is over-range, it 
is set equal to the limit. 

 

                (            )     (2) 

 

Step 3: Update the position of cat k according to equation (3). 
 

                        (3) 

 

Xbest,d is the position of the cat, who has the best fitness 

value, Xk,d is the position of catk , c1 is an acceleration 

coefficient for extending the velocity of the cat to move in 

the solution space and usually is equal to 2.05 and r1 is a 

random value uniformly generated in the range of [0,1]. The 

position equation is similar to the position equation of PSO, 

but in velocity equation, PSO is including of personal and 

global terms while CSO only has a global term.   

C. Core Description of CSO 

In order to combine the two modes into the algorithm, a 

mixture ratio (MR) which indicates the rate of mixing of 

seeking mode and tracing mode is defined. This parameter 

decides how many cats will be moved into seeking mode 

process. For example, if the population size is 50 and the 

MR parameter is equal to 0.7, there should be 50×0.7=35 

cats move to seeking mode and 15 remaining cats move to 

tracing mode in this iteration [9]. 

 We summarized the CSO algorithm below: 

First of all, N cats are created and positions, velocities and 

the flags for each cat are initialized. In second step, 

according to the fitness function, evaluate the fitness value 

of the each cat and keep the best cat into memory (Xbest). In 

next step, according to cat’s flag, apply cat to the seeking 

mode or tracing mode process. After finishing the related 

process,    re-pick the number of cats and set them into 

seeking mode or tracing mode according to MR parameter. 

At the end, check the termination condition, if satisfied, 

terminate the program, and otherwise go to second step [9]. 

III. ADAPTIVE DYNAMIC CAT SWARM OPTIMIZATION 

The tracing mode of CSO has two equations: velocity update 

equation and position update equation. For reaching to an 

adaptive CSO, some parameters will be changed in velocity 

equation. Also for computing the current position of cats, the 

information of previous and next steps is considered by 

using a special factor. The proposed algorithm is explained 

in two parts: A and B. 

A. Adaptive Parameters 

In pure CSO, the velocity of each cat has two constants: r1 
and c1 which are told before. 

In the proposed algorithm, an adaptive inertia weight is 
added to the velocity equation which is updated in each 
dimension. By using this parameter, the global and local 
search ability will be balanced. A large inertia weight 
facilitates a global search while a small inertia weigh 
facilitates a local search. First we use a large value and it will 
be reduced gradually to the least value by using equation (4). 

 

                                           
        

      
                                     

 
Equation (4) indicates that the inertia weight will be 

updated adaptively, where Ws is the starting weight, dmax is 
the maximum dimension of benchmark and d is the current 
dimension. So the maximum inertia weight happens in the 
first dimension of the each iteration and it will be updated 
decreasingly in every dimension. In the proposed algorithm 
Ws is equal to 0.6 . 

Also, c1 is an acceleration coefficient for extending the 

velocity of the cat to move in the solution space. This 

parameter is a constant value and is usually equal to 2.05, but 

in the proposed CSO, an adaptive formula is used: 
 

                                              
        

      
                                    

 

Equation (5) demonstrates that the adaptive acceleration 

coefficient will be gradually increased in every dimension 

and the maximum value happens in the last dimension. Here 

Cs is equal to 2.05. 

By using these two adaptive parameters, the velocity 

equation will be updated by equation (6). 

 

                                       (            )           

 

B. New Dynamic Position Update Equation 

In this part, the position equation is turned to a new form. 

In the pure CSO, the position of cat is including of current 

information of velocity and position.  

 Sometimes in many cases, using of previous information in 

order to estimate the current position is useful. Also, taking 

the advantages of next information can be appropriate 

information for updating the cat‘s position. So we use the two 

previous/next steps information of velocity and position by 

applying a new factor which is called ‗Forgetting factor‘. By 

this factor, the values of previous and next steps will be 

different. So the information value for first previous/next step 

is higher than second previous/next step. It means that the 

influence of previous/next step is more important than 

previous/next second step. 

New position update equation is described in equation (7). 
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In the proposed algorithm, γ is the forgetting factor and is 

equal to 0.6 (It is necessary to use γ > 0.5). This new 

position update equation is composing two new dynamic 

terms, average position information and average velocity 

information. Here, we use the current and the average 

information of first and second previous/next steps for both 

velocity and position by applying a forgetting factor (γ).  

Fig. 1 shows the process of position updating for catk. 

IV. EXPERIMENTAL RESULTS 

In this paper, simulation experiments are conducted in GCC 

compiler on an Intel Core 2 Duo at 2.53GHz with 4G real 

memory. Our aim is to find the optimal solution of the 

benchmarks and find the minimum. Rastrigrin, Griewank, 

Ackley, Axis parallel, Trid10 and Zakharov are six test 

functions used in this work. In TABLE I (A,B), the 

parameter values of the pure CSO and Adaptive Dynamic 

CSO are defined respectively. The limitation range of six 

test functions is mentioned in TABLE II. Also, the 

experimental results of benchmarks are shown in TABLE III 

(A, B, C, D, E, and F). 

 

           
TABLE I (A) 

PARAMETER SETTINGS FOR PURE CSO 

Parameter Range Or Value 

SMP 5 

SRD 20% 

CDC 80% 

MR 2% 

C1 2.05 

R1 [0,1] 

  
TABLE I (B) 

PARAMETER SETTINGS FOR ADAPTIVE DYNAMIC CSO 

Parameter Range or Value 

SMP 5 

SRD 20% 

CDC 80% 

MR 2% 

R1 [0,1] 

Starting Adaptive Acceleration Coefficient (Cs) 2.05 

Starting Adaptive Inertia Weight (Ws) 0.6 

Forgetting Factor (γ) 0.6 

 
Fig. 1.  Process of position updating for catk. This figure shows that the 
position of catk depends on the information of second previous/next steps.  

 

 

 
 
 

 

TABLE II  
LIMITATION RANGE OF BENCHMARK FUNCTIONS 

Function Name Limitation Range Minimum Population Size 

Rastrigin [2.56,5.12] 0 160 

Griewank [300,600] 0 160 

Ackley [-32.678,32.678] 0 160 

Axis Parallel [-5.12,5.12] 0 160 

Zokhrov [-100,100] 0 160 

Trid10 [-5,10] -200 160 
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TABLE III (A) 

EXPERIMENTAL RESULTS OF RASTRIGIN FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO 26.64208 1.161127 2000 

Adaptive Dynamic 

CSO 
18.08161 0 968 

 
 

 

 
TABLE III (B) 

EXPERIMENTAL RESULTS OF GRIEWANK FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO 16.34035 12.08197 2000 

Adaptive Dynamic 
CSO 

6.005809 2.609684 2000 

 

 
 

 

TABLE III (C) 
EXPERIMENTAL RESULTS OF ACKLEY FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO 1.031684 0.004589 3500 

Adaptive Dynamic 

CSO 
1.019844 0 1264 

 

 

 
 

TABLE III (D) 

EXPERIMENTAL RESULTS OF AXIS PARALLEL FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO 66.38478 0 665 

Adaptive Dynamic 

CSO 
49.3307 0 408 

 
 

 

 
TABLE III (E) 

EXPERIMENTAL RESULTS OF ZAKHAROV FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO 0.68080 0 475 

Adaptive Dynamic 
CSO 

0.442817 0 275 

 

 
 

 

TABLE III (F) 
EXPERIMENTAL RESULTS OF TRID10 FUNCTION 

Algorithm 
Average 

Solution 

Best 

Solution 

Best 

Iteration 

Pure CSO -125.0846 -178.065182 2000 

Adaptive Dynamic 

CSO 
-173.384 -194.000593 2000 

 

 

TABLE IV  

PROCESS TIME OF SIX TEST FUNCTIONS 

Algorithm Function Name Average Process Time 

CSO Rastrigin 6.4117 

Proposed CSO Rastrigin 3.5074 

CSO Griewank 5.6785 

Proposed CSO Griewank 8.0220 

CSO Ackley 8.6873 

Proposed CSO Ackley 4.7585 

CSO Axis Parallel 3.7814 

Proposed CSO Axis Parallel 2.5203 

CSO Zakharov 2.5907 

Proposed CSO Zakharov 1.6085 

CSO Trid10 2.7905 

Proposed CSO Trid10 2.3448 

 

 

Process time is an important factor for us to know that 

whether our proposed algorithm runs as well as we expect or 

not. So in TABLE IV, we demonstrate the running time of 

pure CSO and our proposed CSO. It indicates that for six 

test functions, proposed CSO always runs faster than pure 

CSO except for Griewank function. For example, the 

process time of proposed CSO for Rastrigin function is 

6.4117 which is less than pure CSO.     

 

Rastrigin‘s function is based on the function of De Jong 

with the addition of cosine modulation in order to produce 

frequent local minima. Thus, the test function is highly 

multimodal [8]. Function has the following definition 

                                       ∑[  
               

    ]

 

   

                            

 

As shown in Fig. 2(A) and TABLE III (A) by running the 

pure CSO, the best fitness value for Rastrigin function is 

equal to 1.161127. But the proposed algorithm can find the 

best optimal and the result is reached to 0. 

 

 

Griewangk function has many wide spread local minima 

regularly distributed [8].Function has the following 

definition 
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As demonstrated in Fig. 2(B) and TABLE III (B), improved 

CSO in comparison with pure CSO, can find the better best 

solution in a same iteration. 

 

 

Ackley‘s function is a widely used multimodal test 

function [8]. It has the following definition 
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Fig. 2(C) shows that the proposed CSO can find the best 

solution of Ackley function in less iteration. As shown, 

proposed CSO can get the optimal solution in 1264
th
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iteration. Meanwhile, the best solution of pure CSO is 0.004 

in the 3500
th

 iteration. 

 

 

The axis parallel hyper-ellipsoid is similar to function of   

De Jong. It is also known as the weighted sphere model. 

Function is continuous, convex and unimodal [8]. It has the 

following general definition 
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As it is shown in Fig. 3(D) and Table III (D), the optimal 

solution of axis parallel function is zero and both algorithms 

can find it. But the proposed CSO, in comparison with pure 

CSO can find it in less iteration. 
 

 

The fifth function is Zakharov function. Zakharov 

equation is shown in equation (12). 
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Fig. 3(E) illustrates that the final solution of proposed CSO 

is better than pure CSO. It shows that proposed CSO can 

find the best answer in the 275th iteration which is 200 

iterations less than pure CSO. 
 
 

Trid10 function is the last benchmark for making a 

comparison between pure CSO and proposed CSO. It has no 

local minimum except the global one. Equation (13) shows 

the equation of Trid10 function. 
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Table III (F) and Fig. 3(F) show that the best solution of 

proposed algorithm is equal to -194.000593.  In comparison 

with pure CSO, this value is closer to global minimum of 

function. (It is necessary to say that, due to many negative 

fitness values of Trid10 function, fitness values are added by 

number +194 in order to show the picture in log axis in Fig. 

3(F)). 
 
 

 

 
 

 

 
 

 

 
 

 
 

 

 
 

 

 

V. CONCLUSIONS 

In the optimization theory, many algorithms are proposed 

and some of them are based on swarm intelligence. These 

types of algorithms imitate the behavior of animals. 

Cat Swarm Optimization (CSO) is a new optimization 

algorithm for finding the best global solution of a function 

which imitates the behavior of cats and models into two 

modes. In comparison with Particle Swarm Optimization 

CSO can find the better global solution. But CSO is more 

complex than PSO and because of its complexity, sometimes 

takes a long time to find the best solution. So, by improving 

the pure CSO, we proposed a new algorithm namely 

‘Adaptive Dynamic Cat Swarm Optimization’.  

First of all, an adaptive inertia weight is added to velocity 

equation in order to facilitate the global and local search 

ability adaptively. Also an adaptive formula is applied for 

updating the acceleration coefficient. Then, a new form of 

position equation composing the novel position and velocity 

information is used in proposed CSO. In new position 

equation, in addition to current information of position and 

velocity, we used the average information of two 

previous/next steps by applying a forgetting factor. 

Experimental results of six benchmarks indicated that the 

improved CSO in comparison with pure CSO has much 

better solution and achieves the best fitness value and 

converge in less iteration. Also by considering the process 

time, it is clear that the proposed algorithm runs faster than 

pure CSO.     
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Fig. 2(A).   Experimental Results Of Rastrigin Function 

 
Fig. 2(B).   Experimental Results Of Griewank Function 

 
Fig. 2(C).   Experimental Results Of Ackley Function 

 

 
Fig. 2(D).   Experimental Results Of Axis Parallel Function 

 
Fig. 2(E).   Experimental Results Of Zakharov Function 

 
Fig. 2(F).   Experimental Results Of Trid 10 Function ( For showing the 
fitness values in log axis, we added up the values with number +194 ) 
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Towards Fuzzy-Rough Rule Interpolation

Chengyuan Chen and Qiang Shen

Abstract— Fuzzy rule interpolation is an important technique
for performing inferences with sparse rule bases. Even when
given observations have no overlap with the antecedent values of
any rule, fuzzy rule interpolation may still derive a conclusion.
Nevertheless, fuzzy rule interpolation can only handle fuzziness
but not roughness. Rough set theory is a useful tool to deal with
incomplete knowledge, which handles roughness but not fuzzi-
ness. Fuzzy rough sets are used to extend the original concepts
in rough sets. This paper proposes a novel rule interpolation
method which integrates fuzzy-rough representations with rule
interpolation to deal with both fuzziness and roughness. The
method follows the approach of [1], [2], using transformation-
based techniques to perform interpolation, and can deal with
rule interpolation in a more flexible and more robust way.

I. INTRODUCTION

The compositional rule of inference [3] was proposed
as the inference mechanism to deal with fuzzy inference
with dense rule bases. Given such a rule base, any input
is at least partially covered by it and when an observation
occurs, the conclusion can be inferred from certain rules that
intersect with the observation. However, in a sparse rule base,
the input may not be covered by the rule base. If a given
observation has no overlap with the antecedent values of
any rule, then conventional fuzzy inference methods cannot
derive a conclusion because no rule can be fired. Fortunately,
fuzzy rule interpolation, originally proposed in [4], [5], may
still lead to certain conclusions. Yet, despite this advantage,
the consequences of the method sometimes become abnormal
fuzzy sets and the convexity of the derived fuzzy sets is not
guaranteed [6].

In order to overcome the drawback mentioned above,
significant extensions to the original fuzzy rule interpolation
methods have been proposed. For instance, the slope-based
technique [7] guarantees that if fuzzy sets involved in the
rules and the observation are triangular, the interpolated
conclusion will also be triangular. The scale and move
transformation-based method [1], [2], explaining the repre-
sentative values of the fuzzy sets, can handle interpolation
and extrapolation for sets represented in complex polygon,
Gaussian and bell-shaped fuzzy membership functions. It
also guarantees the uniqueness as well as the normality and
convexity of the interpolated conclusion. This method has
recently been further enhanced with an adaptive mechanism
such that appropriate chaining of fuzzy interpolative infer-
ences is supported [8]. The area-based technique [9] uses the
weighted average to infer the interpolated results. The cutting
and transformation-based method [10] employs the cutting

Chengyuan Chen and Qiang Shen are with the Department of
Computer Science, Aberystwyth University, UK (email: {chc16,
qqs}@aber.ac.uk).

of geometric membership functions and the incremental and
ratio transformations to support fuzzy rule interpolation.

Nevertheless, fuzzy rule interpolation can only handle
fuzziness, but cannot handle roughness. In fuzzy rule bases,
there may be different forms of uncertainty [11]: (1) The
variables that are used in the antecedents and consequences
of rules may be indiscernible. (2) The meanings of the
words may be vague because words mean different things to
different people. (3) An object can belong to a given degree
to a set, but the degree may itself be uncertain. Much of such
uncertainty in fact is considered as roughness so there will
be a limitation of fuzzy rule interpolation for applications
when this kind of data and knowledge is involved.

The concept of rough sets [12] was originally proposed
as a mathematical tool to deal with incomplete or imperfect
data and knowledge in information systems. The key notions
in rough set theory are crisp equivalence classes and crisp
approximations. However, rough sets can only handle rough-
ness, but not fuzziness. Hence, fuzzy rough sets [13] have
been introduced as a fuzzy generalisation of rough sets. The
concept of fuzzy rough sets allows the replacement of crisp
equivalence classes and crisp approximations with fuzzy
equivalence classes and fuzzy approximations, respectively.
So far, fuzzy rough sets have not been used to handle any
combination of fuzziness and roughness in rule interpolation.

Inspired by this observation, it is potentially useful to
integrate rule interpolation with fuzzy-rough concepts to
deal with fuzziness and roughness conjunctively. This paper
proposes an initial approach to fuzzy-rough sets-based rule
interpolation. Fuzzy-rough sets, defined by the lower and
upper approximate membership functions, are used to per-
form fuzzy-rough rule interpolation. The approach improves
the flexibility of rule interpolation in dealing with inexact
problem.

The rest of this paper is structured as follows. Section
II reviews the relevant background of fuzzy rule interpola-
tion, rough and fuzzy-rough sets. Section III describes the
proposed fuzzy-rough rule interpolation method. Section IV
gives examples to illustrate the interpolative process. Section
V concludes the paper and points out important further work.

II. BACKGROUND

This section briefly reviews some notions about fuzzy rule
interpolation, rough and fuzzy-rough sets.

A. HS Method

The scale and move transformation-based fuzzy inter-
polative method is an inference mechanism following the
approach of analogy (referred to as the HS method) [1],
[2]. It can handle both interpolation and extrapolation. For
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simplicity, the HS method with triangular fuzzy sets is briefly
reviewed in the following.

The essential notion of the representative value of a given
fuzzy set is defined as the average of the x coordinates of its
three key points. Given a fuzzy set A, denoted as (a0, a1, a2),
its representative value is:

Rep(A) =
a0 + a1 + a2

3

Suppose two adjacent rules A1 ⇒ B1, A2 ⇒ B2 and
the observation A∗, which is located between fuzzy sets A1

and A2, are given. Ai = (ai0, ai1, ai2), Bi = (bi0, bi1, bi2),
i = 1, 2, and A∗ = (a0, a1, a2). Also, denote the outcome
by B∗ = (b0, b1, b2).

The simplest interpolation which is linear can be written
as:

d(A∗, A1)

d(A∗, A2)
=
d(B∗, B1)

d(B∗, B2)
,

where d(., .) is typically the Euclidean distance (though other
distance metrics may be used as alternatives for this).

The first step is to generate a new fuzzy set A′ using A1

and A2, which has the same representative value as A∗. For
this, the following is created first:

λRep =
d(A1, A

∗)

d(A1, A2)
=
d(Rep(A1),Rep(A∗))
d(Rep(A1),Rep(A2))

,

where d(A1, A2) = d(Rep(A1),Rep(A2)) represents the
distance between A1 and A2.

From this, a
′

0, a
′

1 and a
′

2 of A
′

are calculated as follows:

a
′

0 = (1− λRep)× a10 + λRep × a20,
a

′

1 = (1− λRep)× a11 + λRep × a21,
a

′

2 = (1− λRep)× a12 + λRep × a22,

which are collectively abbreviated to

A
′
= (1− λRep)×A1 + λRep ×A2

The second step is to generate the consequent fuzzy set B
′

in a similar way to the first, B
′

can be obtained as follows:

b
′

0 = (1− λRep)× b10 + λRep × b20,
b
′

1 = (1− λRep)× b11 + λRep × b21,
b
′

2 = (1− λRep)× b12 + λRep × b22,

with abbreviated notation

B
′
= (1− λRep)×B1 + λRep ×B2

As a result, A
′ ⇒ B

′
is derived from A1 ⇒ B1 and A2

⇒ B2. Suppose that a certain degree of similarity between
A

′
and A∗ is established, it is intuitive to require that the

consequent parts B
′

and B∗ attain the same similarity degree.
The HS method uses the following two transformations to
ensure this.

Scale Transformation: Given a scale rate s (s ≥ 0),
transform the current support (a2 − a0) into a new support
(s ∗ (a2 − a0)) while keeping the same representative value
and the ratio of left-support (a

′

1 − a
′

0) to right-support

(a
′

2 − a
′

1) as those of its original, i.e., Rep(A
′
) = Rep(A)

and ((a
′

1 − a
′

0)/(a
′

2 − a
′

1)) = ((a1 − a0)/(a2 − a1)).
From this, a

′

0, a
′

1 and a
′

2 of A
′

are calculated as follows:

a
′

0 =
a0(1 + 2s) + a1(1− s) + a2(1− s)

3
,

a
′

1 =
a0(1− s) + a1(1 + 2s) + a2(1− s)

3
,

a
′

2 =
a0(1− s) + a1(1− s) + a2(1 + 2s)

3
Move Transformation: Given a moving distance l, trans-

form the current support (a2−a0) from the starting position
a0 to a new starting position a0 + l while keeping the same
representative value and length of support of the transformed
fuzzy set as its original, i.e., Rep(A

′
) = Rep(A) and

a
′

2 − a
′

0 = a2 − a0.
From this, a

′

0, a
′

1 and a
′

2 of A
′

are calculated as follows:

a
′

0 = a0 + l,

a
′

1 = a1 − 2l,

a
′

2 = a2 + l

The third step is to calculate the similarity degree in terms
of scale rate s and moving distance l between A

′
and A∗, and

then obtain the interpolated conclusion B∗ by transforming
B

′
with the same scale rate and moving distance. For more

details, please refer to [1].

B. Rough and Fuzzy-Rough Sets
Central to rough sets is the concept of indiscernibility.

Let I = (U,A) be an information system, where U is a
nonempty set (the universe) of finite objects and A is a
nonempty finite set of attributes such that a : U → Va for
every a ∈ A. With any P ⊆ A there is a crisp equivalence
relation IND(P ) [14]:

IND(P ) = {(x, y) ∈ U2 | ∀a ∈ P, a(x) = a(y)}
Let X ⊆ U , X can be approximated using the information

contained within P by constructing the crisp P-lower and P-
upper approximations of the crisp set X:

PX = {x | [x]P ⊆ X},
PX = {x | [x]P ∩X 6= ∅}.

The tuple < PX,PX > is called a rough set.
In the same way that crisp equivalence classes and crisp

approximations are central to rough sets, fuzzy equivalence
classes and fuzzy approximations are central to fuzzy-rough
sets [15].

1) Fuzzy Equivalence Classes: The concept of crisp e-
quivalence classes can be extended by the inclusion of a
fuzzy similarity relation S on the universe, which determines
the extent to which two elements are similar in S. The usual
properties, reflexivity (µS(x, x) = 1), symmetry (µS(x, y) =
µS(y, x)), and transitivity (µS(x, z) ≥ µS(x, y) ∧ µS(y, z),
where ∧ is a t-norm) hold [14].

Using the fuzzy similarity relation, the fuzzy equivalence
class [x]S for objects close to x can be defined by:

µ[x]S (y) = µS(x, y) (1)
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2) Fuzzy Approximations: Fuzzy P-lower and P-upper
approximations were originally given as follows [16]:

µPX(Fi) = inf
x

max{1− µFi(x), µX(x)} ∀i,

µPX(Fi) = sup
x

min{µFi
(x), µX(x)} ∀i, (2)

where Fi is a fuzzy equivalence class belonging to U/P ,
and X is the (fuzzy) concept to be approximated. The tuple
< PX,PX > is called a fuzzy rough set. It can be seen
that these definitions degenerate to conventional rough sets
when all equivalence classes are crisp.

Let A and R be a fuzzy set and an equivalence relation
over U , respectively, where U is the universe of discourse.
Then, a similar expression of Equation (2) is:

µR(A)([x]R) = inf
y∈U

max{1− µ[x]R(y), µA(y)},

µR(A)([x]R) = sup
y∈U

min{µ[x]R(y), µA(y)}.
(3)

Let U = [0, 1], based on Equation (1), Equation (3) becomes:

µR(A)(x) = inf
y∈U

max{1− µR(x, y), µA(y)},

µR(A)(x) = sup
y∈U

min{µR(x, y), µA(y)},

which are termed the fuzzy lower and upper approximations
of fuzzy set A, and the tuple < R(A), R(A) > is termed
a fuzzy-rough set. For simplicity, triangular membership
functions are considered to demonstrate the basic ideas of
the present work below.

III. FUZZY-ROUGH-BASED RULE INTERPOLATION

Definition 3.1: A fuzzy-rough set A is defined by the
lower approximate membership function A and the upper
approximate membership function A, i.e., A =< A,A >,
as shown in Figure 1, where A = (a0, a1, a2;Hgt{A}) and
A = (a0, a1, a2;Hgt{A}), a0, a1, a2, and a0, a1, a2 denote
the three key points: the left and right extreme points and the
highest points of x coordinates, Hgt{A} and Hgt{A} denote
the maximum membership values of A and A, respectively,
and a0 ≤ a0, a2 ≤ a2, 0 ≤ Hgt{A} ≤ Hgt{A} ≤ 1.

Fig. 1. Lower approximate membership function A and upper approximate
membership function A of a triangular fuzzy-rough set A

The lower and upper approximate membership functions
A and A denote the degree of roughness of the fuzzy-rough
set A. The closer the shapes of A and A, the lower the

roughness of A. When A coincides with A, the fuzzy-rough
set degenerates to a conventional fuzzy set.

Definition 3.2: Given a fuzzy-rough set A as defined in
Figure 1, with the six distinct coordinates of the fuzzy-
rough set being (a0, 0), (a1,Hgt{A}), (a2, 0), (a0, 0),
(a1,Hgt{A}) and (a2, 0), the lower representative value
Rep(A) and the upper representative value Rep(A) of the
fuzzy-rough set A can be defined by [1]

Rep(A)x =
a0 + a1 + a2

3
,

Rep(A)y =
0 + Hgt{A}+ 0

3
,

Rep(A)x =
a0 + a1 + a2

3
,

Rep(A)y =
0 + Hgt{A}+ 0

3
,

(4)

where x and y denote the x coordinate and the y coordinate,
respectively.

Definition 3.3: The lower standard deviation Std(A) and
the upper standard deviation Std(A) are defined as follows:

Std(A) =

√√√√√ 2∑
i=0

(ai − Rep(A)x)2

3
,

Std(A) =

√√√√√ 2∑
i=0

(ai − Rep(A)x)2

3

(5)

A small standard deviation value implies that the elements
of the attribute tend to be close to the lower (upper) repre-
sentative value. That is, the smaller the standard deviation,
the smaller the area of the lower (upper) approximate mem-
bership function.

In order to obtain a unique value to act as the overall
representative value of a given fuzzy-rough set, the concept
of weighted values of the lower and upper approximate
membership functions will be defined first.

Definition 3.4: The lower weighted value WA and the
upper weighted value WA are defined as follows:

WA =
Rep(A)y

Rep(A)y + Rep(A)y
,

WA =
Rep(A)y

Rep(A)y + Rep(A)y
,

(6)

where WA +WA = 1.
Definition 3.5: Given a fuzzy-rough set A, the represen-

tative value Rep(A) of A is calculated as follows:

Rep(A) =WA × (Rep(A)x + Rep(A)y − Std(A))

+WA × (Rep(A)x + Rep(A)y − Std(A))
(7)

Note that in the above definition, the lower and upper
standard deviations are deducted from the lower and upper
representative values. This is necessary because otherwise,
the same representative value would be derived from dif-
ferent shapes of fuzzy-rough sets A and A

′
if Rep(A)x =
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Rep(A
′
)x and Rep(A)y = Rep(A

′
)y (see Examples 4.2 and

4.3).
Definition 3.6: The proportional value λRep of the fuzzy-

rough sets A1, A and A2 is calculated as follows [1]:

λRep =
Rep(A)− Rep(A1)

Rep(A2)− Rep(A1)
, (8)

where Rep(A2)− Rep(A1) 6= 0.
Note that the above condition always holds. Otherwise,

rules R1 and R2 are at least overlapping if not identical,
which would make no sense for the need of interpolation.

Suppose that there are a fuzzy-rough rule base and a fuzzy-
rough observation, the inference model for fuzzy-rough rule
interpolation is as follows:

Rule 1 : If X1 is A1 then Y1 is B1

Rule 2 : If X2 is A2 then Y2 is B2

Observation : X is A
Conclusion : Y is B

where A1, A2, A, B1 and B2 are fuzzy-rough sets, A1 ⇒ B1

and A2 ⇒ B2 are two adjacent and disjoint fuzzy-rough
rules, as shown in Figure 2. This follows exactly from the
conventional fuzzy interpolative techniques such as those
repeated in [1], [2].

Fig. 2. Fuzzy-rough rule interpolation with triangular membership functions

The algorithm of the proposed method is presented in Al-
gorithm 1, where the interpolated conclusion can be derived
in three steps which are explained below.

Step 1: Based on Equation (4), the lower and upper
representative values Rep(A)k and Rep(A)k are calculated to
approximate the lower and upper approximate membership
functions of the fuzzy-rough set A, respectively, k ∈ {x, y}.
Based on Equation (5), the lower and upper standard devi-
ations are computed to approximate the standard deviations
of the lower and upper approximate membership functions,
respectively. Based on Equation (6), the lower and upper
weighted values WA and WA are calculated to obtain
the weighted values of the maximum membership values
Hgt{A} and Hgt{A}, respectively.

Step 2: Based on Equation (7), the representative values
Rep(A1), Rep(A) and Rep(A2) are calculated using the

Algorithm 1 Fuzzy-rough-based rule interpolation algorithm

Initialize: A fuzzy-rough set A =< A,A >=
< (a0, a1, a2;Hgt{A}), (a0, a1, a2;Hgt{A}) >

Calculating Rep(A):
1: Input: A
2: Rep(A)x, Rep(A)x ← ai, ai, 0 ≤ i ≤ 2
3: Rep(A)y , Rep(A)y ← Hgt{A}, Hgt{A}
4: Std(A), Std(A)← Rep(A)x, Rep(A)x, ai, ai, 0 ≤ i ≤ 2
5: WA, WA ← Rep(A)y , Rep(A)y
6: Rep(A) =WA × (Rep(A)x + Rep(A)y − Std(A))

+WA × (Rep(A)x + Rep(A)y − Std(A))
7: return Rep(A)

Calculating B:
1: Input: Rep(A1), Rep(A), Rep(A2), B1 and B2

2: λRep ← (Rep(A)− Rep(A1)) : (Rep(A2)− Rep(A1))
3: for i = 0 to 2 do
4: bi = (1− λRep)× b1i + λRep × b2i
5: bi = (1− λRep)× b1i + λRep × b2i
6: end for
7: Hgt{B} = (1− λRep)× Hgt{B1}+ λRep × Hgt{B2}
8: Hgt{B} = (1− λRep)× Hgt{B1}+ λRep × Hgt{B2}
9: return B

results of Step 1. Based on Equation (8), the proportional
value λRep is calculated by these three representative values.

Step 3: The interpolated conclusion is derived from
the fuzzy-rough rules and the observation using fuzzy-
rough rule interpolation. Finally, B =< B,B >=<
(b0, b1, b2;Hgt{B}), (b0, b1, b2;Hgt{B}) > is obtained by

bi = (1− λRep)× b1i + λRep × b2i,
bi = (1− λRep)× b1i + λRep × b2i,
Hgt{B} = (1− λRep)× Hgt{B1}+ λRep × Hgt{B2},
Hgt{B} = (1− λRep)× Hgt{B1}+ λRep × Hgt{B2},

(9)

where 0 ≤ i ≤ 2.

IV. EXPERIMENTATION AND DISCUSSIONS

This section employs several examples to illustrate the
proposed fuzzy-rough rule interpolation method.

Example 4.1: This case considers the proposed method
involving only triangular fuzzy-rough sets. Let A1, A, A2,
B1 and B2 be fuzzy-rough sets, where

A1 =< (1, 4, 5; 0.7), (0, 5, 6; 1) >

A =< (7.5, 8, 9; 0.7), (7, 8, 10; 1) >

A2 =< (12, 13, 13.5; 0.7), (11, 13, 14; 1) >

B1 =< (1.5, 2, 3; 0.5), (0, 2, 4; 1) >

B2 =< (11, 11.5, 12; 0.5), (10, 11, 13; 1) >

First, the lower and upper representative values, standard
deviations and weighted values are calculated according to
Equations (4), (5) and (6). Then, the representative values
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Rep(A1) = 1.578, Rep(A) = 7.566, Rep(A2) = 12.037
and the proportional value λRep = 0.573 are calculated from
Equations (7) and (8). Finally, the interpolated conclusion
B =< (6.94, 7.44, 8.15; 0.5), (5.73, 7.15, 9.15; 1) > is ob-
tained by Equation (9), as shown in Figure 3. Clearly, the
result reflects the intuition for the need of fuzzy-rough rule
interpolation very well.

Fig. 3. Fuzzy-rough rule interpolation of Example 4.1

Example 4.2: This case considers the proposed method
involving singleton-valued conditions. Let A1, A, A2, B1

and B2 be fuzzy-rough sets, where

A1 =< (3, 3, 3; 1), (3, 3, 3; 1) >

A =< (6, 7, 8; 0.6), (5, 7, 9; 1) >

A2 =< (12, 12, 12; 1), (12, 12, 12; 1) >

B1 =< (4, 4, 4; 1), (4, 4, 4; 1) >

B2 =< (10.5, 11.5, 12; 0.5), (10, 11.5, 13; 1) >

First, the lower and upper representative values, standard
deviations and weighted values are calculated according to
Equations (4), (5) and (6). Then, the representative values
Rep(A1) = 3.333, Rep(A) = 5.957, Rep(A2) = 12.333
and the proportional value λRep = 0.291 are calculated from
Equations (7) and (8). Finally, the interpolated conclusion
B =< (5.89, 6.19, 6.33; 0.85), (5.75, 6.19, 6.62; 1) > is ob-
tained by Equation (9), as shown in Figure 4. Again, the
result is of very good intuitive appeal.

Example 4.3: This case considers a similar situation to
Example 4.2, but the shape of the observation is different.
Rep(A)x+Rep(A)y is of the same value in these two cases.
It can be seen that the interpolated results are of different
values owing to the contribution of the standard deviations.

Fig. 4. Fuzzy-rough rule interpolation of Example 4.2

Let A1, A, A2, B1 and B2 be fuzzy-rough sets, where

A1 =< (3, 3, 3; 1), (3, 3, 3; 1) >

A =< (6.5, 7, 7.5; 0.6), (5, 7, 9; 1) >

A2 =< (12, 12, 12; 1), (12, 12, 12; 1) >

B1 =< (4, 4, 4; 1), (4, 4, 4; 1) >

B2 =< (10.5, 11.5, 12; 0.5), (10, 11.5, 13; 1) >

First, the lower and upper representative values, standard
deviations and weighted values are calculated according to
Equations (4), (5) and (6). Then, the representative values
Rep(A1) = 3.333, Rep(A) = 6.11, Rep(A2) = 12.333 and
the proportional value λRep = 0.308 are calculated from
Equations (7) and (8). Finally, the interpolated conclusion
B =< (6.01, 6.31, 6.47; 0.85), (5.85, 6.31, 6.78; 1) > is ob-
tained by Equation (9), as shown in Figure 5.

Fig. 5. Fuzzy-rough rule interpolation of Example 4.3

From the last two examples, it follows that if certain
components involved in the given rules are singleton-valued,
the interpolated conclusion remains a fuzzy-rough set.
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Example 4.4: This case considers a special condition that
all the fuzzy-rough sets degenerate to the conventional fuzzy
sets, i.e., Ai = Ai and Bi = Bi. Let A1, A, A2, B1 and B2

be fuzzy-rough sets, where

A1 =< (0, 5, 6; 1), (0, 5, 6; 1) >

A =< (7, 8, 9; 1), (7, 8, 9; 1) >

A2 =< (11, 13, 14; 1), (11, 13, 14; 1) >

B1 =< (0, 2, 3; 1), (0, 2, 3; 1) >

B2 =< (10, 11, 12; 1), (10, 11, 12; 1) >

First, the lower and upper representative values, standard
deviations and weighted values are calculated according to
Equations (4), (5) and (6). Then, the representative values
Rep(A1) = 1.375, Rep(A) = 7.517, Rep(A2) = 11.753
and the proportional value λRep = 0.592 are calculated from
Equations (7) and (8). Finally, the interpolated conclusion
B =< (5.92, 7.33, 8.33; 1), (5.92, 7.33, 8.33; 1) > is ob-
tained by Equation (9), as shown in Figure 6.

Fig. 6. Fuzzy-rough rule interpolation of Example 4.4

From this example, it follows that if everything is a
conventional fuzzy set, i.e., no roughness involved, the inter-
polated conclusion is the same as the existing conventional
fuzzy rule interpolation. Putting all four examples together,
this empirical investigation demonstrates that the proposed
fuzzy-rough rule interpolation method is a useful method to
deal with both fuzziness and roughness in rule interpolation.

V. CONCLUSIONS

This paper has proposed an initial idea for the develop-
ment of fuzzy-rough rule interpolation. It has introduced
the concepts of lower and upper approximate membership
functions and presented a preliminary algorithm for fuzzy-
rough rule interpolation, assuming that rules involving fuzzy-
rough-valued attributes are available. The algorithm works
by first using the lower and upper representative values to
compute the lower and upper approximate membership func-
tions of fuzzy-rough sets, and then deriving the interpolated
conclusion using the proportional value which is calculated

by the representative values. The proposed approach can deal
with rule interpolation in a more flexible and more robust
way than conventional fuzzy rule interpolation.

The present work only uses triangular fuzzy-rough sets.
However, the underlying idea seems to be more general, but
this needs verification by extending the current method to
coping with other types of fuzzy-rough set (e.g., trapezoidal
and polygonal). Also, only rules containing single antecedent
and single conclusion are considered in this paper. It would
be very interesting to investigate how this may be extended to
multiple antecedents situations. Whilst empirical results have
shown that this approach reflects well the intuition of using
fuzzy-rough sets to address both fuzziness and roughness
at the same time, theoretical proof in terms of it being a
generalisation of the conventional fuzzy rule interpolation
method, represented by [1], remains as active research.
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Abstract— Formal Concept Analysis (FCA) is used in a 
variety of data analysis tasks, and can be used in the semantic 
web to extract the essential components of an ontology from 
data.  Here we offer a definition of fuzzy FCA that best suits 
ontology development, based on fuzzy sets of objects and crisp 
sets of attributes.  In this paper we also show the relationship 
between our definitions of Fuzzy FCA and some other 
definitions. Finally we present a fuzzification of a standard 
FCA algorithm (namely “close-by-one”) for computing 
concepts and an experimental comparison of its performance 
with a fuzzy version of Ganter’s Next-Closure algorithm.. 
 

I. INTRODUCTION 

At the core of the semantic web is the notion of an 
ontology. An ontology provides metadata to interpret 
concepts, terms and their relationship. It is a richer structure 
than a taxonomy of concepts - an ontology can be described 
as a set of concepts with structure (taxonomy) and axioms 
about the concepts.  Concepts and ontologies in the semantic 
web are built like dictionaries and thesauri. We need clear 
(crisp) definitions for entries and vocabularies, although this 
might not always be achievable (meanings can have fuzzy 
relationships with each other and the objects they reflect). 
However, the goal remains building an ontology that has a 
clear entry for each concept.   

Creating an ontology is a labour-intensive task. A partial 
solution is to find the starting point for an ontology by re-
using knowledge embedded in the design and content of a 
database. Formal concept analysis (FCA) is a mathematical 
technique to extract such knowledge. With the application to 
ontologies in mind we have elected to use fuzzy FCA with 
crisp attributes (properties) and fuzzy objects (supports). 
Formal Concept Analysis can extract from tabular data both 
the concepts and structure (i.e. the taxonomy). This paper 
does not focus on the semantic web, although this is the 
raison d'être for our choice of fuzzy FCA. Instead, the paper 
gives an overview of fuzzy FCA, provides a brief 
comparison of our approach with other fuzzifications of 
FCA (from theoretical, practical and algorithmic 
perspectives) and discusses some application issues.  
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In section II we give an overview and definition of crisp 
FCA, followed in section III by our version of fuzzy FCA. 
Section IV covers a common fuzzification of FCA, mainly 
due to Belohlávek. Our definition has a theoretical 
relationship with Belohlávek’s definition and we briefly 
explore this relationship, and also present another important 
class of Fuzzy FCA based on the α-cut. 

In section V we present an example of a fuzzy context and 
compare the relative size of resulting concepts and in section 
VI we give a fuzzy version of the “close-by-one” (CBO) 
algorithm for computing concepts and compare its running 
time with that of the NextClosure algorithm.  Finally, in VII 
we summarise the paper. 

 

II. OVERVIEW OF FORMAL CONCEPT ANALYSIS 

The aim of formal concept analysis is to find the natural 
groups of objects within a dataset, where “natural group” 
means a set of objects linked by common properties. The 
data is assumed to be in object-attribute-value form, as 
shown in the simple example of Table 1.  

 
 a1 a2 a3 a4 

o1 1 0 1 1 

o2 1 1 0 0 

o3 0 1 1 1 

o4 0 1 1 1 

Table 1 – A crisp context 
 
The table shows the relation between four objects o1, o2, 

o3, o4 and attributes a1, a2, a3 and a4. The resulting 
concepts include:  

 ({o2}, {a1, a2}),  
({o1}, {a1, a3, a4}),  
({o1, o2}, {a1}),  
({o1, o3, o4}, {a3, a4}) 
i.e. the object o2 is the only one to have both attributes a1 

and a2, objects o1 and o2 are the only objects to have 
attribute a1 etc. There are 8 formal concepts in all, as shown 
in Fig.1, produced using the Conexp software 
(http://conexp.sourceforge.net/). Attributes are shown by the 
grey labels, and objects by the white labels; each node 
represents a concept and the links represent sub/super 
concept relations. A concept contains all objects shown at 
the node and all its descendant nodes; similarly a concept 
contains all attributes at the node and its ancestors. The 
equivalence of objects o3, o4 is clear from the fact that they 
appear at the same node (likewise, attributes a3, a4). In 
larger tables, this is less obvious to inspection [10], [13]. 
Concepts correspond to itemsets in association rule mining - 
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for example, by consideration of cardinalities, we can 
determine that  

a3, a4 => a2 with a confidence of 66.7% 

A. Definition of Formal Concept Analysis 
Formal Concept Analysis (FCA) is a mathematical 

technique for extracting concepts and structure from data. 
The basic data structure in FCA is the context.   

Figure 1 Concept lattice for the crisp context shown in Table 1 
 
A context is normally represented in a table form where 

the columns represent the attributes and the rows represent 
the objects.  The table contains 1 (true) in cell (i, j) if object i 
has attribute j, and 0 (false) otherwise. Formally a context is 
a triple K=(G, M, I) where G is a set of objects, M is a set of 
attributes and I is a binary relation MGI ×⊆ . Given

GA⊆ , the shared image of A in M is defined as  

 ( ){ }| ,A m M g m I g A↑ = ∈ ∈ ∀ ∈   

i.e. the set of attributes common to all objects in A. 
Similarly, given B ⊆ M, the shared image of B in G is 
defined as 

 
( ){ }| ,B g G g m I m B↓ = ∈ ∈ ∀ ∈ .   

The pair ( ) MGBA ×∈,  is a formal concept of   iff 

 
,  

A is called the extent of the concept and B its intent [8], 
[10], [11]. 

B. The Concept Lattice 

Let ( )KB be the set of all concepts defined in K. We 

can define an order relation ( )( , )K ≤B such that given  

 ( ) ( ) ( )1 1 2 2, , ,A B A B K∈B
 

then  

A1,B1( )≤ A2,B2( )⇔ A1 ⊆ A2 ⇔ B1 ⊇ B2( )  

For each set of concepts in K there exists a unique greatest 
sub-concept (meet) and a unique least super-concept (join). 

This means that ( )( , )K ≤B  is a complete lattice. The 

composite mapping ↑↓  and ↓↑ are often referred to as 

closure operators.   
The extents of the context K = (G, M, I) are fixpoints of 

the function 

  :G G↑↓ →  
and the intents are fixpoints of 

 : M M↓↑ → . 

III.  FUZZY FCA 
In addition to the work discussed above, there are several 

published approaches to fuzzy FCA, which can be divided 
into those focusing mainly on theoretical aspects and those 
taking a more application-oriented approach. The first 
published work on fuzzy FCA is [7]; the reader is referred to 
[4] for a wider discussion. Fuzzy FCA starts from a fuzzy 
relation and (broadly speaking) the application-oriented 
approaches convert the fuzzy case to crisp FCA by means of 
alpha cuts or similar mechanisms [5]-[7], and the more 
theoretical approaches use various fuzzy implications [4], 
[25] 

A. Conceptual Scaling 
For attributes which can take a range of values (rather 

than simply true/false as above), the idea of “conceptual 
scaling” is introduced. This transforms a many-valued 
attribute (e.g. a number) into a symbolic attribute - for 
example, an attribute such as “height in centimetres”, given 
an integer or real value between 0 and 200 could be 
transformed to attributes “height-less-than-50”, height-from-
50-to-99, etc. These derived attributes have true/false values 
and can thus be treated within the framework described 
above [8], [18]-[20].  

Scaling is a form of information granulation, and is 
ideally suited to a fuzzy treatment which reduces artifacts 
introduced by having to draw crisp lines between the 
categories. More formally, the idea of binary-valued 
relations is generalised to a fuzzy relation, in which an 
object can have an attribute to a degree. Instead of defining 
the relation:  

I G M⊆ × { }: 0,1I G M× →  

we define a fuzzy relation 

[ ]: 0,1I G M× → .   

Consequently, for the context K=(G, M, I), each element 
(g, m) in I is assigned a membership value in [0, 1]. We 
define a fuzzy formal concept as tuple (A, B) where A is a 
fuzzy set of objects and B is a crisp set of attributes such that 

 A B↑ =  and B A↓ =
 

where [20]-[23]  

{ }| : ( , ) ( ) (1)I AA b B a A a b aµ µ↑ = ∈ ∀ ∈ ≥

 
( ){ }min/ ( ) | ( ) ( , ) (2)A A I

b B
B a a a a bµ µ µ↓ ∈

= =
 

The two operators above can be used to calculate the set 

( )IMG ,,

, ,A G B M and A B B A↑↓⊆ ⊆ = =
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of all fuzzy concepts for a given context.  Consider the fuzzy 
relation shown in Table 2 

 
 a1 a2 a3 a4 
o1 1 0 0.4 0.8 
o2 0.7 1 0 0 
o3 0 1 0.4 0.4 
o4 0 0.6 0.8 1 

Table 2 – A fuzzy context 
 
Using eqs. (1) and (2), the concepts are as shown in Table 

3. The numbers in the first column are arbitrary (they reflect 
the order in which concepts are generated by the software). 
Fig 2 shows the concept lattice. 

 
Concept Extension Intension 
1 {o1, o2, o3, o4} {} 
2 {o1, o2/0.7} {a1} 
3 {o2/0.7} {a1, a2} 
4 {}  {a1, a2, a3, a4} 
5 {o1/0.4} {a1, a3, a4} 
6 {o1/0.8} {a1, a4} 
7 {o2, o3, o4/0.6} {a2}  
8 {o3/0.4, o4/0.6} {a2, a3, a4} 
9 {o1/0.4, o3/0.4, o4/0.8} {a3, a4} 
10 {o1/0.8, o3/0.4, o4} {a4} 

Table 3 – The fuzzy concepts from Table 2 using eqs (1) and (2) 

B. A Crisp Approach to Fuzzy FCA 
There are a number of algorithms for computing closures 

of crisp contexts, as well as several public domain software 
packages (see the Formal Concept Analysis Homepage at: 
http://www.upriss.org.uk/fca/fca.html). As an alternative to 
fuzzifying these algorithms, and developing new software, it 
is reasonable to ask whether existing methods and software 
can be used.  

 
Figure 2.- Concept Lattice for the fuzzy context in Table 2. Numbers 

correspond to the concept numbers in Table 3.  
 

The answer to this question is yes, at a cost. First we 
observe that since every lattice corresponds to a crisp 

context and every fuzzy context can be represented as a 
lattice, there must be an isomorphism between fuzzy and 
crisp contexts as follows (we state this informally, without 
proof). For each row in the fuzzy table we pair the object 

with each non-zero membership function ( , )I i jo bµ  in the 

row to obtain a new crisp object / ( , )i I i jo o bµ  each cell 

( / , )i j k  of the new matrix is given by 

 

 

1 ( , ) ( , )

0
I i j I i kif o a o a

otherwise

µ µ≥

  

 
 a1 a2 a3 a4 

o1/1.0 1 0 0 0 
o1/0.8 1 0 0 1 
o1/0.4 1 0 1 1 
o2/1.0 0 1 0 0 
o2/0.7 1 1 0 0 
o3/1.0 0 1 1 0 
o3/0.4 0 1 1 1 
o4/1.0 0 0 0 1 
o4/0.8 0 0 1 1 
o4/0.6 0 1 1 1 
Table 4 – Expanded version of Table 2 

 
Table 4 shows the transformation applied to the fuzzy 

context in Table 2. From this new context we can arrive at 
the following lattice, which is equivalent to Fig 2.  

 

 
 Figure 3 – Concept lattice for expanded context presented in Table 4 
 
Looking at the lattice in Figure 3, the node with the label 

a3 represents the concept 
({o1/0.4, o3/1.0, o3/0.4, o4/0.6, o4/0.8}, {a3}) 
  
To obtain the fuzzy set, we must convert the crisp objects 

back to fuzzy objects, and remove redundant elements. In 
the extent of the concept there are two entries for o3, namely 
o3/1.0 and o3/0.4; we select the largest membership function 
and discard the smaller one (and repeat this for each object 
in the set).  The full set of converted concepts from Table 4 
is as listed in Table 3 above. Although expanding a fuzzy 

Proceedings of UKCI 2011

63



 
 

 

context to a crisp context allows us to use a crisp algorithm, 
there is a cost involved. There is a small increase in 
processing due to the initial expansion of a fuzzy context 
into a crisp context, and the subsequent conversion back to 
fuzzy; more seriously, the number of objects increases and 
the computation of concepts increase significantly. 

Thus we prefer to eliminate the expansion and work 
directly from the fuzzy context. 

IV.  OTHER METHODS OF FUZZIFICATION OF FCA 

A. Belohlávek’s Method 
Our method of fuzzifying FCA (eqs (1) and (2)) is not the 

only approach to fuzzification. Because the relation between 
fuzzy subsets is strongly linked to the notion of implication, 
it is possible to formulate fuzzy FCA in terms of fuzzy 
algebras. Belohlavek has published comprehensively on this 
topic - for example [1]-[4], [24]. To summarise the 
approach, let L be a complete residuated lattice  

, , , , ,0,1L= ∧ ∨ ⊗ →L  

where  

, , ,0,1L ∧ ∨  is a complete lattice,  

, ,1L ⊗ is an abelian monoid and the operations 

,⊗ → form an adjoint pair (i.e. 

a b c a b c⊗ ≤ ⇔ ≤ → ).  

The set of all fuzzy set in universe X is denoted by X
L .   

:A X L→  
is a mapping that assigns to everyx X∈ a truth value [15] 

( )A x L∈ .   

Using this approach the two operators ↑  and ↓ are 
defined in terms of a fuzzy implication as: 

( )( ) ( ) ( , )
x X

A y A x I x y↑

∈
= →∧   (3) 

( )( ) ( ) ( , )
y Y

B x B y I x y↓
∈

= →∧   (4) 

where the context is , ,X Y I .  

In this formulation both objects and attributes are fuzzy 
sets. To show the relationship between definitions (1) and 
(2) and those of (3) and (4) we can rewrite the definition of 
↓ in (2) in term of membership function only, we would 
arrive at [3], [4], [17]: 

( ) ( , ) (5)
y Y

B x I x y↓
∈

= ∧  

Since in definition (2) the attributes are crisp the 
membership function is either 

 ( ) 0 ( ) 1B y or B y= =   

In Łukasiewicz algebra [24]  

min(1 ,1)Ła b a b→ = − +  

min(1 ,1) 1 0

min( ,1) 1

b when a

or

b b when a

= + = =

= = =
  

We only need to consider the case a=1. Since ( , ) 1I x y ≤
we can rewrite (5) as: 

( ) ( ( ) ( , ))
y Y

B x B y I x y↓
∈

= →∧
 
i.e. same as (4) 

In (1) for ( )A y↑
, we are selecting ally Y∈ that satisfies 

the condition  

( , ) ( )x I x y A x∀ ≥ and assign the membership value 1 

to these ys.,  
Since ( , ) ( ) 0I x y A x− ≥  we always have 

  min(1 ( ) ( , ),1) 1A x I x y− + =   

Again in Łukasiewicz algebra we can rewrite (1) as:  

 
( )( ) ( ) ( , )

x X

A y A x I x y↑

∈
= →∧  i.e. same as (3) 

However, as the condition ( , ) ( )I x y A x≥  is not always 

true the result of ( )A y↑
in (1) is a subset of its counterpart 

in (3).  
The proof above basically, says that using Łukasiewicz 

implication the set of concepts obtained from (1) and (2) is a 
subset of that resulting from (3) and (4).   

Here we quickly prove that for Gödel and product 
implications the set of concepts obtained from (1) and (2) is, 
also, a subset of that resulting from (3) and (4) The Gödel 

implication is:  
1

G

if a b
a b

b otherwise

≤
→ 

  
Again, since in definition (2) the attributes are crisp the 

membership functions are either ( ) 0 ( ) 1B y or B y= =  

No need to consider the case when( ) 0B y = . Substituting 

this value in (4) 

( )( ) ( )1 , ,I x y I x y→ =
 
which reduces to eq (2). 

In (1), if ( ), ( )I x y A x≥  then 1Ga b→ = hence, with 

Gödel implication the set of concepts obtained from (1) and 
(2) is a subset of that resulting from (3) and (4).   

For the product implication: 

 
1

/

if a b
a b

b a otherwiseΠ

≤
→ 

  
the proof is similar to the case of Gödel implication, 

notice: again there is no need to consider the case when

( ) 0B y = . 

There is a large increase in the number of concepts 
calculated using standard implication operators with the 
definitions in eqs (3) and (4), compared to eqs (1) and (2). It 
is not appropriate to claim that any particular method is “the 
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best” - just as it is not possible to assert that one implication 
operator is superior to another in fuzzy logic, without 
specifying additional requirements or conditions. 

From a practical perspective, our method yields fewer 
concepts than eqs (3) and (4). This is mainly because the 
number of concepts is strongly dependent on the number of 
different membership values produced by the implication 
function. Consequently, in this example, the effect is more 
marked with Łukasiewicz implication. For example, with a 
value of b=0.4, the Gödel implication can only produce two 
values (0.4 or 1) whereas the Łukasiewicz implication can 
produce any value in the range [0.4, 1], according to the 
value of a. Using the fuzzy context in Table 2, we compare 
the number of concepts produced by the different methods in 
Table 5 

It is impractical to list all concepts produced by the 
Łukasiewicz implication - for comparison, we show in Table 
6 the concepts involving attributes a1 and a2. These 
correspond to the three concepts 2, 3 and 7 in Table 3. 
Where our method gives the single concept ({o2, o3, 
o4/0.6}, {a2}), the Łukasiewicz implication gives the same 
concept plus four very similar (in membership) concepts: 

{o2/1, o3/1, o4/0.6}, {a2/1} 
{o1/0.2, o2/1, o3/1, o4/0.8}, {a2/0.8} 
{o1/0.3, o2/1, o3/1, o4/0.9}, {a2/0.7} 
{o1/0.4, o2/1, o3/1, o4/1}, {a2/0.6} 
{o1/0.6, o2/1, o3/1, o4/1}, {a2/0.4} 
The task of comparing and merging similar concepts is the 

subject of further research 
 

Method Implication number of 
concepts 

Fuzzy extension, crisp intension 
(eqs 1,2) 

n/a 10 

Fuzzy extension, fuzzy intension 
(eqs 3,4) 

Gödel 21 

Fuzzy extension, fuzzy intension 
(eqs 3,4) 

Łukasiewicz  251 

Table 5 –The number of concepts for each implication, using the context 
in Table 2 

 
Clearly there is little difference between many of the 

concepts in Table 6. Although the residuated methods arise 
naturally from the mathematical investigation, our finding is 
that in practice they lead to inordinately large numbers of 
concepts, and hence are of limited practical use. As 
mentioned above, the number of concepts is dependent on 
the number of different membership values in the relation. 

B. Fuzzy FCA with α-cut 
Here we briefly give an account of two distinct 

approaches for fuzzifying FCA which involves the α-cut.  
Although α-cut is useful in some applications and instances 
it could not serve our purpose in general, we do not want to 
throw away fuzzy data at an arbitrary global cut point.  
Clearly, in the context of a dictionary or a thesaurus entry 
stating that all objects below a particular arbitrary cut point 
are not described by a set of attributes that form the intent of 

a concept does not always make any sense.   
 

Extension Intension 
{o2/1, o3/0.6, o4/0.6} {a1/0.4, a2/1} 
{o1/0.6, o2/1, o3/0.6, o4/0.6} {a1/0.4, a2/0.4} 
{o1/1, o2/1, o3/0.6, o4/0.6} {a1/0.4} 
{o1/0.2, o2/1, o3/0.6, o4/0.6} {a1/0.4, a2/0.8} 
{o1/0.4, o2/1, o3/0.6, o4/0.6} {a1/0.4, a2/0.6} 
{o1/0.3, o2/1, o3/0.6, o4/0.6} {a1/0.4, a2/0.7} 
{o2/1, o3/1, o4/0.6} {a2/1} 
{o1/0.6, o2/1, o3/1, o4/1} {a2/0.4} 
{o1/0.2, o2/1, o3/1, o4/0.8} {a2/0.8} 
{o1/0.4, o2/1, o3/1, o4/1} {a2/0.6} 
{o1/0.3, o2/1, o3/1, o4/0.9} {a2/0.7} 
{o2/1, o3/0.4, o4/0.4} {a1/0.6, a2/1} 
{o1/0.6, o2/1, o3/0.4, o4/0.4} {a1/0.6, a2/0.4} 
{o1/1, o2/1, o3/0.4, o4/0.4} {a1/0.6} 
{o1/0.2, o2/1, o3/0.4, o4/0.4} {a1/0.6, a2/0.8} 
{o1/0.4, o2/1, o3/0.4, o4/0.4} {a1/0.6, a2/0.6} 
{o1/0.3, o2/1, o3/0.4, o4/0.4} {a1/0.6, a2/0.7} 
{o2/1, o3/0.3, o4/0.3} {a1/0.7, a2/1} 
{o1/0.6, o2/1, o3/0.3, o4/0.3} {a1/0.7, a2/0.4} 
{o1/1, o2/1, o3/0.3, o4/0.3} {a1/0.7} 
{o1/0.2, o2/1, o3/0.3, o4/0.3} {a1/0.7, a2/0.8} 
{o1/0.4, o2/1, o3/0.3, o4/0.3} {a1/0.7, a2/0.6} 
{o1/0.3, o2/1, o3/0.3, o4/0.3}  {a1/0.7, a2/0.7} 
Table 6 - Fuzzy concepts involving only attributes a1 and/or a2 from the 
context in Table 2, calculated using eqs.(3),(4) and Lukasiewicz implication 

In the first formulation, the two operators ↑  and ↓  are 
defined as:

 

( ){ }

( ) / | ( ( , ),

( ) | ( ) ( , )

x A

Ł

A y y I x y y Y

B x x y Y B y I x yα

µ µ

α

↑

∈

↓

 = = ∈ 
 

= ∈ ⇒ → ≥

∧

 
This would produce concepts with fuzzy attribute and 

crisp objects using a global α-cut [9].  
Another fuzzification of FCA using the α-cut [26] defines 

the two operators as:  

{ }
{ }

| : ( , )

| : ( , )

A m M g A g m

B g G m B g m

µ α
µ α

↑

↓

= ∈ ∀ ∈ ≥

= ∈ ∀ ∈ ≥
 

In this work, a fuzzy concept is a pair ( ( ), )A Bϕ  where
A B↓=  andB A↑= . Each object ( )g Aϕ∈ has 

membership  

( , )g m B
g mµ µ

∈
= ∧

 
In both cases, the use of an α-cut is essentially equivalent 

to a crisp scaling of the domains.  We chose the above two 
definitions as examples of a class of fuzzy FCA that uses α-
cut, clearly even in this sub-class there are variations and we 
explained why they are not suitable for our purpose.   

V. AN EXAMPLE 
Table 7 describes economic indices of a group of 

countries in fuzzy form.  The original data is from [14], 
representing the assessment of economic risk of investment, 
according to 15 attributes of 43 countries. Economists gave a 
mark between 0 (maximum risk) and 4 (minimum risk), and 
the averages (to one decimal place) were listed.  Table 7 is 
reproduced from [3].  The data was also used in [27] and in 
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both cases, the average scores are mapped onto fuzzy 
memberships - typically, grouping a range of average values 
onto one fuzzy membership to reduce the number of 
membership levels and simplify the calculations.  

Using this data, Łukasiewicz implication finds 388 
concepts, Gödel implication finds 304 and our approach 
gives 27. As discussed in Section IV. this large difference is 
due to the number of different membership levels produced 
by the fuzzy implication operators which leads to large 
numbers of very similar concepts. For computational effort 
and simplicity of the resulting concept lattice, the advantage 
of our approach is clear..  

 
 a1 a2 a3 a4 a5 a6 a7 
Czech 0.4 0.4 0.6 0.2 0.2 0.4 0.2 
Hungary 0.4 1 0.4 0 0 0.4 0.2 
Poland 0.2 1 1 0 0 0 0 
Slovakia 0.2 0.6 1 0 0.2 0.2 0.2 
Austria 1 0 0.2 0.2 0.2 1 1 
France 1 0.2 0.6 0.4 0.4 0.6 0.6 
Italy 1 0.2 0.6 0 0.2 0.6 0.4 
Germany 1 0 0.6 0.2 0.2 1 0.6 
UK 1 0.2 0.4 0 0.2 0.6 0.6 
Japan 1 0 0.4 0.2 0.2 0.4 0.2 
Canada 1 0.2 0.4 1 1 1 1 
USA 1 0.2 0.4 1 1 0.2 0.4 

Table 7 – a1 = high gross domestic product per capita 
                a2 = high consumer price index (1995 = 100) 
                a3 = unemployment rate (percent – ILO) 

                     a4 = high electricity production per capita (kWh) 
                     a5 = high energy consumption per capita (GJ) 
                     a6 = high export per capita (USD) 
                     a7 = high import per capita (USD) 

VI.  ALGORITHM FOR COMPUTING FUZZY 

CONCEPTS 
The following algorithm is an adaptation (fuzzification) of 

the Close-by-One (CBO) described in crisp form in [16].   
 
Notice all set operators on object sets are fuzzy and those on 
attribute sets are crisp. The crisp version of CBO always 
starts from initial concept (set-of-all-objects, {}) as its initial 
concept (the top element of the lattice). In the fuzzy version, 
for the top element of the lattice the intent remains {} and 
the extent is equal to all the objects with largest membership 
in each row. Mathematically, it is vacuously true that if the 
attribute set is an empty set then every element of the object 
set satisfies the condition. 

VII.  COMPARISON OF TWO ALGORITHMS FOR 

COMPUTING CONCEPTS 
Finally we present an experimental comparison of two 

FCA algorithms, both fuzzified using the method shown in 
section III.  We compare time taken to compute all concepts 
by fuzzy CBO (above) and a fuzzy version of Next-Closure 
[12]. The memberships are randomly generated, with 25% 
set to zero. We varied the number of objects (size in Table 
8); the number of attributes was fixed at 20 for all cases.   

 

size NC CBO Concepts 

25 2793.833 837.1667 29734.5 

35 17232.67 5975.167 146835.7 

45 47400.17 17293.17 356202.2 

55 98329.5 40084.67 611618.5 

65 161357.2 72917.5 795284.3 

75 218011 104301.5 914029.2 

85 262313.2 131809.7 953146 

95 325906.2 173290.8 991449 

Table 8  Time taken to compute concepts 
size(= No. of objects (20 attributes,  with 25% zero memberships)  
CBO = (fuzzy) Close By One  NC = (fuzzy) Next Closure 
Data has been averaged over 10 random cases of each context size 

 

Procedure GenerateFuzzyConcepts( , , ,A B y Y) 

Inputs: Y = ordered set of attributes 1… n 
<A, B> = a known formal concept where A is a 
fuzzy set of objects and B is an ordered (crisp) 
subset of Y 
y = an integer in the range 1 … n+1 such that y � B 

Local variables: C = fuzzy set of objects 
                            D = ordered subset of attributes 
                            j = integer 

Print ,A B  

IF (B ≠ Y) AND y ≤ n THEN 
    FOR j = y to n DO 
        IF j B∉ THEN 

            : { }C A j ↓= ∩  

            :D C↑=  

            IF j jB Y D Y∩ = ∩ THEN 

                GenerateFuzzyConcepts( , , 1,C D j Y+ ) 

            ENDIF 
        ENDIF 
    ENDFOR 
ENDIF 

ENDPROCEDURE 

 

 
 

Clearly the number of concepts rises rapidly as the size of 
the context increases, however, CBO, (due to its simplicity 
and very sparse use of data-structure and hence memory) 
copes better with the increased size.  The second observation 
is that: the rate of change of CBO’s time-curve is much 
lower than that of Next-Closure [12] (see Figure 4).   
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Figure 4 – time (in milliseconds) to calculate concepts vs. number of 
objects (see table 4) 

VIII.  CONCLUSION 
In this paper we have presented a way of fuzzifying FCA 

that would be applicable to requirement of semantic web. 
We have shown how our fuzzification of FCA relates to 
some other fuzzy FCA definitions and shown our one-sided 
fuzzification can not only serve our purpose for building 
ontology, it also greatly reduces the number of concepts.   

Finally, we presented a fuzzy version of the algorithm 
CBO for computing concepts and studied its performance 
against Next-Closure algorithm.  CBO is a very fast and 
relatively simple algorithm to implement and fuzzify.  It is 
also scalable to a large extent.   
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Tuning Type-2 Fuzzy Systems by Simulated Annealing To Estimate
Maintenance Cost
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Abstract— In this paper, simulated annealing (SA) is com-
bined with type-1 fuzzy logic systems (T1FLS) and interval
type-2 fuzzy logic systems (IT2FLS) to provide efficient systems
to estimate maintenance cost for medium voltage electrical lines.
SA searches for the best configuration of the T1FLS and T2FLS
parameters of the antecedent and the consequent parts of the
rules for a Mamdani model. The results of the interval type-
2 fuzzy system are compared to the results of a type-1 fuzzy
system where it shows encouraging results for interval type-2
fuzzy logic system (IT2FLS).

I. I NTRODUCTION

Fuzzy systems have been applied successfully to a broad
range of problems in different application domains [1]. One
such type of applications is concerned with using fuzzy
logic systems for system modelling and approximation where
fuzzy inference system is used to model human knowledge or
to approximate non-linear and dynamic systems. The ability
of fuzzy systems to be hybridised with other methods such
as neural networks, genetic algorithms and other search and
optimisation approaches has extended the usage of fuzzy
systems in many application domains (e.g., see [1]). There-
fore, soft computing has emerged as a branch of computer
science described as “a collection of methodologies aim
to exploit the tolerance for imprecision and uncertainty to
achieve tractability, robustness and low solution cost” [2].
When designing a simple fuzzy system with few inputs, the
experts may be able to provide efficient rules but as the
complexity of the system grows, the rule-base and member-
ship functions become difficult to acquire. Therefore, some
automated tuning and learning methods are often used. In this
research we are interested in the combination of fuzzy logic
with simulated annealing to design a high-level performing
and low-cost system in cases where the exact system is
difficult to acquire by experts due to the uncertainties that
related to these problems. The combination of simulated
annealing and type-1 Mamdani and TSK fuzzy systems has
exhibited a good performance in forecasting Mackey-Glass
and Henon time series as shown in [3] and [4]. Recently, a
conference paper submitted by [5] has been accepted about
using simulated annealing with interval type-2 fuzzy system
to predict time series using an adaptive step size to reduce
the computations associated with type-2 fuzzy systems [5]. In
this paper, the combination of simulated annealing and type-
1 and interval type-2 fuzzy systems are used to estimate the
maintenance cost for medium voltage electrical lines.

The authors are with the Centre for Computational Intelligence, Faculty
of Technology, De Montfort University, Leicester LE1 9BH, U.K. (e-mail:
almaraashi@dmu.ac.uk).

The paper starts by a review of type-2 fuzzy systems
(section II) and simulated annealing (section IV) followed
by the methodology and the results in sections V where the
conclusion is drawn in section VI.

II. T YPE-2 FUZZY SYSTEMS

Type-1 fuzzy logic has been successful in many appli-
cations, However, the type-1 approach has problems when
faced with dynamical environments that have some kinds
of uncertainties. These uncertainties exist in the majority of
real world applications and can be a result of uncertainty in
inputs, uncertainty in outputs, uncertainty that is related to
the linguistic differences, uncertainty caused by the change
of conditions in the operation and uncertainty associated
with the noisy data when training the fuzzy logic system
[6]. All these uncertainties translate into uncertainties about
fuzzy sets membership functions [6]. Type-1 fuzzy Logic
can not fully handle these uncertainties because type-1 fuzzy
logic is precise in nature and that for many applications it is
unable to model knowledge adequately where type-2 fuzzy
logic offers a higher level of imprecision [7]. The existence
of uncertainties in the majority of real world applications
makes the use of type-1 fuzzy logic inappropriate in many
cases especially with problems related to inefficiency of
performance in fuzzy logic control [8]. Also, interval type-2
fuzzy sets can be used to reduce computational expenses.
Type-2 fuzzy systems have, potentially, many advantages
over type-1 fuzzy systems including the ability to handle
numerical and linguistic uncertainties, allowing for a smooth
control surface and response and giving more freedom than
type-1 fuzzy sets [8]. Type-2 fuzzy logic is a growing
research area with much evidence of successful applications
[9].

A type-2 fuzzy set [6], denoted bỹA, is characterized by
a type-2 membership functionµÃ(x, u) wherex ∈ X and
u ∈ Jx ⊆ [0, 1]. For example :

Ã = ((x, u), µÃ(x, u)) | ∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]

where0 ≤ µÃ(x, u) ≤ 1.
Set Ã also can be expressed as:

Ã =

∫

x∈X

∫

u∈Jx

µÃ(x, u)/(x, u), Jx ∈ [0, 1]

where
∫

denotes union. When universe of discourse is
discrete, SetÃ is described as :

Ã =
∑

x∈X

∑

u∈Jx

µÃ(x, u)/(x, u), Jx ∈ [0, 1]
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Fig. 1. Interval type-2 fuzzy set “About 10“.

Fig. 2. FOU for Type-2 fuzzy set “About 10“.

When all the secondary gradesµÃ(x, u) equal 1 then Ã is
an interval type-2 fuzzy set. Interval type-2 fuzzy sets are
easier to compute than general type-2 fuzzy sets. See Figure
1 for an example of an interval type-2 fuzzy set and Fig 2 for
a 2D representation of interval type-2 set called footprint of
uncertainty (FOU) which represents the union of all primary
memberships and can be described easily by lower and
upper membership functions. The ease of computation and
representation of interval type-2 fuzzy sets is the main reason
for their wide usage in real world applications including this
paper.

Type-2 fuzzy logic systems are rule based systems that
are similar to type-1 fuzzy logic systems in terms of the
structure and components but type-2 FLS has an extra output
process component which is called the type-reducer before
defuzzification. The type-reducer reduces output type-2 fuzzy
sets to type-1 fuzzy sets then the defuzzifier reduces it to a
crisp output. The components of a type-2 fuzzy system are:

• Fuzzifier: Fuzzifier maps crisp inputs into type-2 fuzzy
sets by evaluating the crisp inputsx = (x1, x2, . . . , xn)
based on the antecedents part of the rules and assigns
each crisp input to its type-2 fuzzy set̃A(x) with its
membership grade in each type-2 fuzzy set.

• Rules: A fuzzy rule is a conditional statements in the
form of IF-THEN where it contains two parts, the IF
part called the antecedent part and the Then part called
the consequent part.

• Inference Engine: Inference Engine maps input type-2
fuzzy sets into output type-2 fuzzy sets by applying the
consequent part where this process of mapping from the
antecedent part into the consequent part is interpreted
as a type-2 fuzzy implication. Type-2 fuzzy systems
implication needs computations of union and intersec-
tion of type-2 fuzzy sets and a composition of type-2
relations by using the extended sup-star composition for
type-2 set relations. The inference engine in a Mamdani
system maps the input fuzzy sets into the output fuzzy
sets then the defuzzifier converts them to a crisp output.
The rules in Mamdani model have fuzzy sets in both the
antecedent part and the consequent part. For example,
the ith rule in a Mamdani rule base can be described as
follows:

Ri : IF x1 is Ãi
1 andx2 is Ãi

2... andxp is Ãi
p

THEN y is B̃i

• Output Processor: There are two stages in the output
process:

1) Type-Reducer: Type-reducer reduces type-2 fuzzy
sets that have been produced by the inference en-
gine to type-1 fuzzy sets by performing a centroid
calculation [10]. For example, the centre of sets
type-reducer replaces each rule type-2 consequent
set by its centroid which is a type-1 set and then
calculate a weighted average of these centroids to
get a type-1 fuzzy set [11].

2) Defuzzifier: Defuzzifier maps the reduced output
type-1 fuzzy sets that have been reduced by type-
reducer into crisp values exactly as the case of
defuzzification in type-1 fuzzy logic systems.

III. T YPE-2 FUZZY LOGIC SYSTEM TUNING

The tuning methods try to fit the membership functions
of the fuzzy rules to get the membership functions that
give a high performance by minimising an error function
which is defined by the system behaviour or the evaluation
of training example sets [12]. When input-output pairs are
given, the tuning process is equivalent to determining a
system that gives an optimal fit to these pairs with respect
to a cost function [10, p.158]. An example of tuning a
type-1 Gaussian membership function is depicted in figure
3 where the parameters of the fuzzy set are the mean
and standard deviation while an example tuning an interval
type-2 membership function is shown in Fig 4 where the
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Fig. 3. Tuning type-1 Gaussian membership function.

Fig. 4. Tuning interval type-2 Gaussian membership function. 

f
(
x
)

0

0.2

0.4

0.6

0.8

1

x

−1 −0.5 0 0.5 1 1.5 2

M1 M2

LMF

UMF

UMF

Sigma

LMF

UMF

UMF

membership function is described by two means and one
standard deviation.

IV. SIMULATED ANNEALING ALGORITHM

The concept of annealing in the optimisation field was
introduced by Kirkpatricket al in 1982 [13]. The simulated
annealing algorithm is a simple and general algorithm for
finding global minima by simulating behaviours of some
physical processes [14, p.6]. It uses randomised search
method based on the Metropolis algorithm [15]. With some
restraints, many comparative studies for solving problems
such as job shop scheduling and travelling salesman suggest
that simulated annealing can outperform most other local
search algorithms in terms of effectiveness and can find good
solutions for a wide range of problems but normally with the
cost of high running times [16].

We now define the simulated annealing algorithm. Lets
be the current state andN(s) be a neighbourhood ofs that
includes alternative states. By selecting one states′ ∈ N(s)

and computing the difference between the current state cost
and the selected state energy asd = f(s′) − f(s), s′ is
chosen as the current state based onMetropolis criterion in
two cases:

• d < 0 means the new state has a smaller cost, then
s′ is chosen as the current state as down-hills always
accepted.

• d > 0 and the probability of acceptings′ is larger
than a random valueRnd such thate−d/T > Rnd
then s′ is chosen as the current state whereT is a
control parameter known asTemperature which is grad-
ually decreased during the search process making the
algorithm more greedy as the probability of accepting
uphill moves decreases over time.Rnd is a randomly
generated number where0 < Rnd < 1. Accepting
uphill moves is important for the algorithm to avoid
getting stuck in a local minima.

In the third case whered > 0 and the probability is
lower than the random valuee−d/T <= Rnd, no moves are
accepted and the current states continues to be the current
solution. In the original proposed version of simulated an-
nealing by Kirkpatrick, Gelatt and Vecchi, the probability
of accepting s′ equals 1 when f(s′) <= f(s). When
starting with a large cooling parameter, large deteriorations
are accepted. Then, as the temperature decreases, smaller
deteriorations are accepted until the temperature approaches
zero when no deteriorations are accepted. Therefore, ade-
quate temperature scheduling is important to optimise the
search. Simulated annealing can be implemented to find the
optimal solution by allowing infinite number of transitions or
can be implemented to find a closest possible optimal value
within a finite time where the cooling schedule is specified
by four components [16]:

1) Initial value of temperature.
2) A function to decrease temperature value gradually.
3) A final temperature value.
4) The length of each homogeneous Markov chains. A

Markov chain is a sequence of trials where the prob-
ability of the trial outcome depends on the previous
trial outcome only and called homogeneous when the
transition probabilities do not not depend on the trial
number [17, p.98].

The choice of good simulated annealing parameters is
important for the success of simulated annealing. For ex-
ample, small initial temperatures could cause the algorithm
to get stuck in local minimas as the first stages of the search
supposed to aim for exploration of solution space while large
ones could result in excessive running times. In addition,
an appropriate cooling schedule is important for the same
reason as fast cooling cause getting stuck in local minima and
slow cooling the algorithm to be very slow. Also, simulated
annealing has been used in combinatorial optimisation where
the search space is discrete, It can be used with continuous
search spaces which requires some form of discretisation
of the search space [18]. In fuzzy systems membership
function parameters are continuous and the search space
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is discretised when optimising these parameters. Choosing
the form of discretisation of these parameters constitutes
the neighbourhood representation which is another important
issue when using simulated annealing. One of the criticisms
of the simulated annealing approach is the difficulty of fine
tuning the simulated annealing parameters [18]. Large step
sizes allow for more exploration capabilities and help finding
the optimal region but then the algorithm behaves badly and
never reaches the peak of the optimum [19]. On the other
hand, small step sizes are used to to avoid this oscillatory
behaviour in the final stages of the optimisation but this
affects the convergence speed of the algorithm [20]. In
addition, if the initial state is too far from the global optima,
the algorithm might not reach the global optima before the
temperature freezes the algorithm to the nearest local optima
[19]. While there are some solutions to this problem by
increasing the length of the Markov chains, this is impractical
in some real-world applications with time constraints [19].
In the fuzzy system optimisation literature, few researchers
have used adaptive step sizes such as [21] for type-1 fuzzy
systems and [5] for type-2 fuzzy systems. The most of the
approaches reported in the literature were using small fixed
step sizes [20]. Recently, [5] applied simulated annealing
with interval type-2 fuzzy system using an adaptive step
size to reduce the computations associated with type-2 fuzzy
systems. However, It is important when using an adaptive
step size for simulated annealing to ensure that the simulated
annealing algorithm cooling schedule is well synchronised
with the adaptation of the step size and to ensure an adequate
acceptance ratio during the search or by using a dynamic
cooling schedule. Some of the issues related to step sizes
of SA in continuous space have been discussed in [22] and
[23].

One of the methods used to determine the initial temper-
ature value proposed by [24] is to choose the initial temper-
ature value within the standard deviation of the mean cost.
When using finite Markov chains to model the simulated
annealing mathematically, the temperature is reduced once
for each Markov chain while the length of each chain should
be related to the size of the neighbourhood in the problem
[16].

V. M ETHODOLOGY

The experiment can be divided into three steps : preparing
data, constructing the initial fuzzy system and optimising the
fuzzy system parameters.

A. Estimation of the medium voltage electrical line mainte-
nance cost

This problem is a bench-mark real world problem pro-
posed by [25]. The aim in this problem is to estimate
the minimum maintenance costs of of the medium voltage
electrical line based on a model of the optimal electrical
network for some Spanish towns [25]. The problem has four
input variables: sum of the lengths of all streets in the town,
total area of the town, area that is occupied by buildings, and
energy supply to the town while the output is the minimum

maintenance cost. The data set consists of1056 samples and
has been taken from [26]. As with other authors, the first845
samples are used for training while the other211 samples are
used for testing.

B. The initial fuzzy systems

Two fuzzy systems have been chosen: type-1 and type-
2 FLS. The fuzzy model is an approximate fuzzy system
consists of a number of independent input fuzzy sets and one
independent output fuzzy set for each rule. There are16 rules
while each rule is characterised by5 fuzzy sets (4 antecedent
fuzzy sets and one consequent fuzzy set). However, the
number of rules was chosen heuristically and any number
of rules can be chosen as the model is an approximate fuzzy
system. The fuzzy sets of type-1 are described by Gaussian
membership functions which defined as :

f̃(x) = exp−( x−m
2σ

)2

Where the parameters of the Gaussian membership functions
are the meanm and the standard deviationσ. Any other types
of membership functions can be chosen but we are interested
in reducing the number of parameters as Gaussian type has
only two parameters instead of three in triangular type or four
as the case in trapezoidal type. For type-2 system, the system
is built from scratch rather than using the optimised type-1
system to initialise the fuzzy sets. In addition, each type-2
fuzzy set is described by a Gaussian primary membership
functions with uncertain means represented by two means
and one standard deviation as follow [10, p.91]:

f̃(x) = exp−( x−m
2σ

)2 m ∈ [m1,m2]

Therefore the upperµÃ(x) and lowerµ
Ã
(x) membership

functions are defined by following mathematical functions:

µÃ(x) =











exp−(
x−m1

2σ
)2 if x < m1

1 if m1 ≤ x ≤ m2

exp−(
x−m2

2σ
)2 if x > m2

µ
Ã
(x) =

{

exp−(
x−m2

2σ
)2 if x ≤ m1+m2

2

exp−(
x−m1

2σ
)2 if x > m1+m2

2

All the means and standard deviations are initialised for
all the input fuzzy sets by partitioning each input space
into 16 fuzzy sets and enabling enough overlapping between
them while the output fuzzy sets are initialised randomly.
The fuzzification process is based on the product t-norm
while the centre-of-sets has been chosen for defuzzification.
Hence, for T1FLS, this is the same as height defuzzification
method because all sets are convex, symmetric and normal
[10, p.148]. In type-2 defuzzification, the collapsing method
proposed by [27] has been used to calculate the centroids of
the type-2 sets that needed to compute centre-of-sets. This
is done by using the composite outward right-left variant of
the collapsing method as it is described in [28]. The training
procedure aims to optimise the parameters of the antecedent
parts and the consequent parts of the fuzzy system rules.
Then, the found parameters are used to predict the next
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testing data points. The standard deviations of the consequent
sets are not included in the optimisation process as they
have no effects on the output when using centre-of-sets
defuzzification. The total number of optimised parameters
when using type-1 FLS is16 ∗ 4 ∗ 2 + 16 ∗ 1 = 144. while
it is 16 ∗ 4 ∗ 3 + 16 ∗ 2 = 224 for type-2 FLS.

C. The optimisation of the fuzzy systems

The optimisation process is done using simulated anneal-
ing that searches for the best configuration of the parameters
by trying to modify one parameter each time and evaluate the
cost of the new state which is measured by a cost function
which is Root Mean Square Error (RMSE) that is defined as
follows:

RMSE =

√

√

√

√

1

n

n
∑

k=1

[f(k)− f(k∗)]2

The only constraint to the variables of the optimisation
problem is that all standard deviations of all fuzzy sets
must be≥ 0. The simulated algorithm is initialised with a
temperature that equals to the standard deviation of mean of
RMSE’s for 1000 runs for the 500 training points as proposed
by [24]. The cooling schedule is based on a static cooling rate
of 0.9 updated for each Markov chain. Each Markov chain
has a long length related to the number of variables in the
search space which equalsnumberOfParameters2. The
search ends after a finite number of Markov chains namely
100 Markov chains. The new states for a current state are
chosen from neighbouring states randomly by adding a small
number (step size) to one of the antecedent parameters or
the consequent parameters. The step size value is related to
the maximum and minimum value for each input space and
= max-min/200 which considered as a small step size while
the direction of the search is chosen randomly. After that,
the new state is evaluated by examining the500 data points
outputs. The experiment has been carried out 20 times and
the average and the minimum of the cost function of the
testing data results has been calculated. Also, the way that SA
is applied in these models here tries to ensure that the global
optimal or nearly optimal configurations are achieved to
unveil the potential for type-1 and type-2 systems to capture
the uncertainties without a time constraints. This is done by
using long Markov Chains with a slow cooling process where
the acceptance ratios in the first Markov Chains are over
90%.

The results of the estimation of this problem by SA-T1FLS
and SA-T2FLS are shown in Table I While the estimation
accuracies and errors for the best runs are depicted in Fig
5 and 6. Although, this is a real data problem, the results
show how accurate both SA-T1FLS and SA-T2FLS where
the predicted data are difficult to distinguish from the target
data. Table I shows that SA-T2FLS obtained smaller errors
in both the average RMSE and the best (minimum) RMSE
in the testing phase indicating that SA-T2FLS was able to
capture more uncertainties and dynamics than SA-T1FLS

with an improvement on the average RMSE about 5%. On
the training phase, Figure 7 shows the average error curves
for both models where SA-T2FLS shows smaller errors in
the majority of iterations. On the other hand, the time taken
to tune SA-T2FLS was very long compared to SA-T1FLS
due to the extra computations associated with T2FLS.

TABLE I

THE ESTIMATION RESULTS FOR THE MAINTENANCE COST PROBLEM BY

SIMULATED ANNEALING WITH T1FLSAND T2FLS

Type-1 FLS
Stat′s TrainRMSE TestRMSE T imeSeconds

Average 129.39 141.51 2,192.1
Minimum 81.78 103.39 2,092

Type-2 FLS
Average 87.45 133.87 13,333

Minimum 60.04 75.24 12,806

Fig. 5. The estimation results and estimation error for maintenance cost
problem by SA with T1FLS
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VI. CONCLUSION AND FUTURE WORK

In this paper, simulated annealing (SA) is used with type-1
and an interval type-2 fuzzy systems (T2FLS) to provide a
model to estimate the maintenance cost for medium voltage
electrical lines. SA searches for the best configuration of
the type-1 and T2FLS parameters of the antecedent and the
consequent parts of the rules for a Mamdani model. The
result of using the interval type-2 fuzzy system are compared
to the result of a using type-1 fuzzy system where it shows
that interval type-2 system was able to handle more of the
uncertainties and dynamics of this problem by providing the
best accuracy results. The only drawback reported for using
T2FLS is the amount of time needed to employ it due to the
extra computations associated with T2FLS compared with
type-1 FLS. As the aim of this work is to unveil the potentials
for type-1 and type-2 systems without a time constraints, a
long SA search was applied. Another future work might look
to reduce the time taken by SA-T2FLS to allow them to be
used in applications with time constraints.
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Fig. 6. The estimation results and estimation error for maintenance cost
problem by SA with T2FLS
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Fig. 7. The average convergence of SA with T1FLS and T2FLS for
maintenance cost problem
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Abstract—Cortical pyramidal neurons have extensive 
dendrites that are the targets for multiple input streams from 
other neuronal populations. In particular, two information-rich 
excitatory streams target different regions of the dendrites and 
putatively carry complementary information, such as “context” 
and “event”. We use a detailed computational model of a single 
pyramidal cell (PC) from the CA1 area of the mammalian 
hippocampus to explore how these two streams are integrated 
within the receiving neuron. A particular focus is on how these 
streams may influence synaptic plasticity (“learning”) in the 
other stream, leading to the formation of useful “context” plus 
“event” associations in the target cell. Simulations indicate that 
the input streams may need to be viewed as actually 3 different 
streams, two of which can mutually reinforce each other, and a 
third that acts independently. 

I. INTRODUCTION 

A key aspect of information processing in mammalian 
cortex is the formation of appropriate associations between 
different information streams. For example, object 
recognition involves combining current visual input with 
stored object constructs, enabling us to recognize our own 
coffee mug. Combining spatial information with particular 
events is a common behavioural task, so that we can 
remember where in the car park we parked our car today, or 
for food-storing animals, remembering where that 
particularly tasty morsel of food was hidden days or weeks 
ago. This requires targets for multiple information streams at 
which associations can be formed, plus mechanisms for 
learning useful associations and forgetting no longer 
relevant associations amongst the continuous streams of 
sensory and recalled information impinging on the cortical 
targets. The generic computational module of cortex, the 
pyramidal cell microcircuit, seems to be distinctively 
configured for such associational learning.  

The pyramidal cell (PC) is the principal excitatory neuron 
in the neocortex and hippocampus of the mammalian 
nervous system [1]. Its distinctive morphology (which is 
reflected in its name) consists of a number of short basal 
dendrites and a long apical dendrite emerging from a 
pyramidal-shaped cell body (soma). The apical dendrite 
consists of one or two main trunks from which sprout short, 
thin oblique dendrites and a branched distal tuft. Typically a 
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PC receives two main excitatory input streams, one to the 
apical tuft and the other distributed between the apical 
oblique and basal dendrites. These streams come from 
anatomically distinct sources and putatively contain 
different information that must be suitably combined or 
integrated in the receiving PC. In addition to these excitatory 
inputs, a PC also receives inhibitory inputs from 
anatomically distinct populations of inhibitory interneurons 
(INs) that make spatially specific synapses onto the PC. 
These inputs often are coaligned with the excitatory inputs, 
with particular populations targeting selectively the apical 
tuft, the oblique and basal dendrites, the perisomatic region 
and the axon initial segment. These INs are activated by 
feedforward excitation from the same pathways driving the 
PCs and by feedback excitation from the PCs. Though they 
are much smaller in number than the PCs, their diversity and 
the divergence of their outputs onto thousands of PCs 
indicate they play a major role in how the PCs respond to 
their excitatory, information-rich, input streams. The two 
excitatory input streams onto PCs are hypothesized to carry 
complementary information, variously proposed to be “top-
down” and “bottom-up”, or “context” and “event”. The 
streams provide both previously learnt knowledge and 
(preprocessed) current sensory input to a PC. An individual 
PC may become associated with a given sensory state in a 
particular context through the integration of these inputs 
within the cell’s dendrites [2], [3].  

Associational Learning in Cortical Pyramidal Cells 

Bruce P. Graham, Member, IEEE, Ausra Saudargiene, Stuart Cobb, Imre Vida 

 
 
Fig. 1.  CA1 pyramidal cell microcircuit, showing excitatory input 
pathways and multiple sources of feedforward and feedback 
inhibition. See text for further details. 
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To explore how the PC microcircuit may perform 
associational learning we use computational modelling of 
the PC microcircuit of the CA1 region of the mammalian 
hippocampus (Fig. 1). The CA1 pyramidal cell is the most 
intensely studied neuron in the mammalian brain, yielding a 
wealth of data about its intrinsic membrane properties and 
the plasticity of the synaptic connections impinging upon it 
[4]. Data is also available about classes of inhibitory 
interneurons that, together with the PCs, make up the CA1 
microcircuit [5]. This circuitry likely functions as an 
associative memory, storing combinations of “context” plus 
“event” inputs. CA1 PCs receive “context” excitation to 
their apical distal tuft from entorhinal cortex (EC) (Fig. 1).  
Apical proximal and basal dendrites receive “event” 
excitation from hippocampal CA3 PCs. Plasticity 
(“learning”) in both these synaptic pathways results in the 
formation of “context+event” associations in CA1. This 
process is tightly controlled by feedforward and feedback 
inhibition from basket cells (BC), axoaxonic cells (AAC), 
bistratified cells (BSC) and oriens lacunosum-moleculare 
cells (OLM).  

Exploratory behaviour in many animals results in 
particular oscillatory activity patterns in the hippocampus, 
dominated by the theta rhythm, ranging from 4-7Hz. 
Different cell types show a preference for firing on specific 
phases of the theta rhythm [6]. Experiments have shown that 
synaptic plasticity, which likely underpins learning of 
associations, is also phasic with theta: synaptic 
strengthening at CA3 synapses on CA1 PCs is more easily 
obtained on one theta half-cycle, whereas synaptic 
weakening is more likely on the opposite half-cycle [7]. This 
gives rise to a hypothesis of phasic learning and forgetting in 
this microcircuit [8]. Previously, we have used a neural 

network model to explore associational storage and recall 
involving interaction between the EC and CA3 input 
pathways and phasic inhibition over theta cycles [9]. This 
involved both simplified cell models and synaptic learning. 
Here we use a detailed model of a single PC to explore in 
more detail how the EC and CA3 signals may be integrated 
in the PC, leading to learning of appropriate associations. 

II. METHODOLOGY 

We used computer simulations of a detailed model of a 
single CA1 PC (Fig. 2). The cell geometry is derived from a 
real neuron (cell 5038804 from an adult rat, as described in 
[10]) and is modelled as 337 electrical compartments. Each 
compartment contains a number of ion channel species, with 
the bulk electrical current passed by different species 
modelled as nonlinear functions of membrane voltage. Ion 
channel species include fast sodium (Na), delayed rectifier 
potassium (K), A-type K, M-type K, calcium-activated slow 
and medium AHP-type K, H channels, L, T and R-type 
calcium (Ca) channels. All these channels have 
nonhomogeneous spatial distributions (see Appendix). The 
ion channel models and their distributions are taken from 
[9],[10],[11].  

Synaptic contacts from excitatory inputs are made onto 
spines, with 100 spines being modelled for each input 
pathway: the EC inputs in stratum lacunosum-moleculare 
(SLM) and CA3 inputs to stratum radiatum (SR) and stratum 
oriens (SO). Spines are randomly distributed in the dendritic 
layers in which they occur (coloured dots in Fig. 2). Each 
spine has the same geometry (head diameter 0.5m, length 
0.5m; neck diameter 0.125m, length 1m) and contains 
neurotransmitter-activated AMPA and NMDA receptors and 
voltage-activated R-type Ca channels (density 30 mS.cm-2) 
[12].  

AMPA conductance in response to transmitter release due 
to the arrival of a presynaptic action potential (spike) is 
modelled as a dual exponential function with a fast rise time 
of 0.5 msecs and a slower decay time of 2.6 msecs. The 
maximum conductance per synapse varies with the input 
pathway and for particular simulations, so details are given 
in the Results section (as are the conductance values for the 
NMDA and GABAA synapses). The AMPA current has a 
reversal potential of 0 mV.  

In addition to being activated by neurotransmitter, the 
NMDA receptors are voltage-sensitive, and 2% of the 
NMDA current is carried by calcium ions. The NMDA 
conductance is modelled as a dual exponential function with 
a rise time of 2.3 msecs and a slow decay time of 100 msecs. 
The voltage sensitivity is modelled by scaling the 
conductance by the following voltage (V) dependent 

factor:
.0625V)0.33exp(-0+1

1.50265
s . 

The NMDA current also has a reversal potential of 0 mV. 

 
 

Fig. 2.  CA1 pyramidal cell model (PC 503884 from [10]). Dots 
represent individual synaptic contacts (100 lighter dots are EC inputs 
to SLM; 200 darker dots are CA3 inputs, with 100 each to SR and 
SO). SLM: stratum lacunosum-moleculare; SR: stratum radiatum; SP: 
stratum pyramidale; SO: stratum oriens. 
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Bistratified cell (BSC) inhibition is modelled as 100 
synaptic contacts onto dendritic shafts, randomly distributed 
in SR (these synapses are not shown in Fig. 2). Stimuli at 
these synapses activate GABAA receptors. Similarly, basket 
cell (BC) inhibition is modelled as 10 synaptic contacts on 
the cell body (soma) in SP, also activating GABAA 
receptors. The GABAA conductance is modelled as a dual 
exponential function with a rise time of 1 msec and a decay 
time of 8 msecs. The GABAA current has a reversal 
potential of -75 mV. 

Excitatory input pathways are stimulated with a theta-
burst protocol to mimic, in a stylized way, the in vivo 
activity patterns in EC and CA3 during exploratory 
behaviour in rats. This consists of bursts of 5 action 
potentials at 100 Hz, with 200 msecs between bursts [12]. 
All 100 synapses in a particular pathway are stimulated 
synchronously, and bursts in the EC pathway precede bursts 
in the CA3 pathway by 20 msecs, to match the extra delay of 
signals passing from EC through to CA3 and onto CA1, 
compared to direct EC to CA1 connections. Inhibitory 
stimuli take the form of continuous gamma frequency (40 
Hz) action potentials, with some noise in the interspike 
intervals. This matches the in vivo firing rate of these 
interneurons and provides a relatively constant level of 
inhibition. 

Synaptic learning is assessed by recording the calcium 
concentration level in spine heads. A published model has 
shown that this signal can be used to successfully predict the 
outcome of many experimental protocols used to induce 
changes in synaptic strengths [13]. High calcium levels lead 
to increased synaptic strength, whereas lower levels result in 
a decrease. In what follows, the concentration of calcium in 
a spine head, resulting from synaptic activation of the 

NMDA receptors and voltage activation of the R-type Ca 
channels, is the key variable determining changes in 
synaptic strength (plasticity and learning) which correspond 
to changes in the AMPA conductance, determined by 
thenumber of AMPA receptors. Changes in synaptic 
strength are not modelled explicitly, rather the expected 
changes are postulated from the observed calcium 
concentrations in spines. 

The simulations were carried out using the NEURON 
simulation platform [14] running under Windows XP. 

III. RESULTS 

Initial simulations explore postsynaptic signals in the 
CA1 PC model during the theta half-cycle in which an 
increase in synaptic strength in the CA3 pathway is most 
easily obtained experimentally [7]. CA3 input, at least, is 
relatively low during this phase and so weak CA3 SR 
(AMPA conductance of 0.25nS per synapse; NMDA 
conductance 1nS) and EC inputs (AMPA conductance 
0.1nS; NMDA conductance 0.5nS) are used. Stimulation of 
the CA3 SR pathway alone produces single somatic spikes 
in the PC on each burst (Fig. 3a), whereas stimulation of the 
EC pathway causes only very small changes in somatic 
voltage (Fig. 3b). In these cases the input spiking activity 
results in a moderate calcium level on average being reached 
in the spine heads of the pathway being stimulated (Fig. 4 
and bar 1 in Fig. 5ab). However, if both pathways are 
stimulated at the same time then somatic spiking activity is 

increased (Fig. 3c) and the calcium signal in the spine heads 
in both SLM and SR (the targets of the EC and CA3 inputs, 
respectively) is elevated (Fig. 4 and bar 2 in Fig. 5ab). 
Example traces of calcium over time in a SLM and a SR 
spine head for these two situations are shown in Fig. 4. This 
elevated calcium could result in increases in synaptic 
strength in both pathways and so the two input pathways are 
serving as “teachers” for the formation of associations in the 
opposite pathway. 

 
 
Fig. 3.  Somatic voltage traces for different stimulation protocols in 
the EC and CA3 pathways onto SLM and SR spines, respectively. (a) 
Weak CA3 stimulation only. (b) EC stimulation only. (c) EC plus 
weak CA3. (d) EC plus weak CA3 plus BC inhibition. 

 
 
Fig. 4.  Traces of spine head calcium during an input burst for either 
(a) an SLM spine or (b) an SR spine. Black trace is for combined 
EC+CA3 stimulation; dotted trace is stimulation of either (a) EC or 
(b) CA3 pathways only; gray trace is combined EC+CA3 stimulation 
plus BC inhibition. 
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It may be argued that output spiking of CA1 PCs should 
be restricted while new associations are being formed since 
this new “context” plus “event” combination is not ready to 
be recalled for influencing downstream neural behavior [15]. 
Basket cell inhibition of the perisomatic region of CA1 PCs 
(SP in Fig. 2) is prominent during this phase of theta. The 
addition of BC inhibition (GABAA conductance 4nS) blocks 
PC firing while still allowing elevated calcium levels in the 
spine heads in both SR and SLM (Fig. 3d, Fig. 4 and bar  3 
in Fig. 5ab). This demonstrates that formation of new 
associations may take place while recall of stored 
information is restricted. 

Examination of Fig. 4 and Fig. 5 shows that while the 
spine head calcium levels in SLM are well separated 
between low and high levels, the situation in SR, 
corresponding to the CA3 inputs, is less clear cut. Even 
though the spines are identical, the calcium levels reached in 

individual spine heads varies greatly across the population 
of spines, due to their spatial location in the dendrites and 
the consequent difference in voltage transient seen by each 
spine due to the summed synaptic activity being integrated 
in the dendrites. More distant spines in SR are more greatly 
influenced by forward signals from SLM than those nearer 
the cell body and are less influenced by perisomatic BC 
inhibition. Thus they more reliably generate high spine head 
calcium levels, as required for synaptic strengthening.  

During the opposite theta half-cycle, inputs from the CA3 
pathway are stronger. Stimulation of this pathway alone, 
with an increased SR AMPA conductance (0.5nS; putatively 
due to previous episodes of synaptic strengthening), results 
in somatic burst firing in the PC (Fig. 6a). This corresponds 
to the recall of previously formed associations, with only the 
current “event” acting as a recall cue [8], [15]. However, 
these stronger CA3 inputs generate elevated calcium levels 
in the SR spine heads that could lead to increases in synaptic 

strength without the need for a “teacher” signal in the EC 
pathway (bar 4 in Fig. 5b). This is potentially undesirable 
self-reinforcement of already stored information [8]. 
Inhibition to the dendrites from bistratified cells (BS) is 
prominent during this theta phase. Addition of such 
inhibition (GABAA conductance 2nS)   reduces the spine 
head calcium level, perhaps below the threshold for synaptic 
strengthening (bar 5 in Fig 5b), while not stopping the 
ability of the CA3 input to generate spiking output in the 
CA1 PC (Fig. 6b), corresponding to recall of a previously 
formed association. 

These simulations confirm experimental results for the 
interaction of EC and CA3 inputs to SLM and SR, 
respectively, resulting in strengthening of the synapses in 
these pathways [12], [16]. However, they ignore activity in 
the CA3 inputs to the PC basal dendrites (layer SO in Fig. 
2). To test the possible role of the CA3 SO pathway, one 
hundred inputs to spines in SO were added to the model. 
These inputs were paired with weak CA3 SR inputs (AMPA 
conductance of 0.25nS per synapse; NMDA conductance 
1nS), with a small AMPA conductance at the SO synapses 

(0.05nS) and an increased BC inhibition (12nS), so that 
calcium levels in the spine heads of both pathways were of a 
similar moderate level. Now adding the EC input again 
boosts spine head calcium in SR to levels that could 

 
 
Fig. 5.  Peak spine head calcium concentration for different 
stimulation protocols in the EC and CA3 pathways onto SLM and SR 
spines, respectively. (a) SLM spines: 1 – EC only, 2 – EC plus weak 
CA3 SR, 3 – EC plus weak CA3 SR plus BC inhibition. (b) SR 
spines: 1 – weak CA3 SR only, 2 – EC plus weak CA3 SR, 3 – EC 
plus weak CA3 SR plus BC inhibition, 4 – strong CA3 SR only, 5 – 
strong CA3 SR plus BSC inhibition. Error bars indicate the minimum 
and maximum calcium concentrations found across spines. 

 
 
Fig. 7.  Peak spine head calcium concentration in SR and SO for 
synchronous stimulation to both pathways with BC inhibition and 
either with or without EC input. 1 – SR without EC, 2 – SR with EC, 
3 – SO without EC, 4 – SO with EC. Error bars indicate the minimum 
and maximum calcium concentrations found across spines. 

 
 
Fig. 6.  Somatic voltage traces for strong stimulation of the CA3 
pathway onto  SR spines. (a) Strong CA3 stimulation only. (b) CA3 
plus BSC inhibition. 
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strengthen these synapses, but has little effect on calcium 
levels in SO (Fig. 7). Thus the cooperative “teaching” role 
of combined EC and CA3 inputs is restricted to the apical 
dendrites and the inputs from CA3 to the basal dendrites 
must be viewed as a separate informational pathway that 
must be responsible for setting its own conditions for 
forming appropriate associations.  

IV. CONCLUSIONS 

On anatomical grounds alone it is clear that cortical 
pyramidal cells integrate signals from multiple informational 
pathways.  This enables them to create informative 
associations, linking ongoing context with current events. 
Here we have used a detailed computational model of a 
single pyramidal cell from the CA1 area of the mammalian 
hippocampus to explore how signals from multiple input 
pathways interact within the cell. In particular we have 
examined possible mutual interactions leading to changes in 
synaptic strengths (“learning”) in one or other pathway. Our 
results reinforce experimental data [12], [16] that show that 
distal and proximal inputs to the apical dendrites of the PC, 
that originate from different sources, can reinforce one 
another, leading to increases in synaptic strength and 
generating PC output firing. 

Two major outcomes require further investigation through 
modelling and experiment. Firstly, despite having identical 
spine geometries for all synaptic contacts, peak calcium 
levels, which are a major determinant of synaptic plasticity, 
varied considerably across spines, particularly in the SR 
layer. For noise-free associational learning, this would imply 
that different threshold calcium levels for generating 
increases in synaptic strength are required at each synapse. 
In real neurons, spine geometry is not uniform and changes 
in geometry can accompany changes in synaptic strength. It 
is possible that a meta-learning rule is at work to normalize 
calcium signals across spines so that standard associational 
Hebbian learning can proceed successfully. 

Secondly, one input pathway from hippocampal CA3 
pyramidal neurons arrives at both proximal apical (SR) and 
basal (SO) dendrites on a CA1 PC. Our simulations show 
that the mutual interaction with the second input pathway 
from EC, which arrives at the distal apical (SLM) dendrites, 
is restricted to the SR layer. Thus the CA3 inputs to SO are a 
separate information stream that form associations with CA1 
PC output independently of any “context” plus “event” 
associations being formed via SR and SLM inputs. New 
cortical information processing theories are required to 
incorporate the notion of three informational streams being 
integrated in target pyramidal cells. 

APPENDIX 

Passive membrane properties are uniform throughout the 
cell and are given in Table 1. 

Ion channel models are taken from [9],[10],[11] and are 
available as NEURON NMODL code from the public 

database, ModelDB 
(http://senselab.med.yale.edu/modeldb/). Ion channel 
distributions are given in Table 2. Note that all density 
gradients are linear when start and end conductance 
densities are given for a range of distances from the soma. 

All calcium currents contribute to calcium entry to a 
compartment, with peak free calcium concentration limited 
by an instantaneous buffer capacity of 17. Calcium extrusion 
due to pumping is modelled as a single exponential decay 
with a time constant of 28.6 msecs [11]. 

 

TABLE I 
PASSIVE MEMBRANE PROPERTIES 

Symbol Quantity Value 

Rm Membrane resistance 28 000 .cm2 
Ra Axial resistance 50 .cm 

Cm Membrane capacitance 1 F.cm-2 

TABLE 2 
ACTIVE MEMBRANE PROPERTIES 

Channel Location Density (mS.cm-2) 

Na (non-inactivating) Axon 125 
Na (slow inactivating) Soma 25 

Na (slow inactivating) Dendrite 10 

KDR All compartments 10 
KA (proximal) Axon, Soma 30 
KA (proximal) Dendrite 30 to 60 from 0 to 

100m from soma 
KA (distal) Dendrite 60 to 135 from 

100m to 350m 
KA (distal) Dendrite 135 after  350m 
KM Soma, Dendrite 60 
KsAHP Soma 0.05 
KsAHP Dendrite 0.05 less than 50 or 

more than 200m 
KsAHP Dendrite 0.5 between 50 and 

200m 
KmAHP Soma 90.75 
KmAHP Dendrite 4.125 below 50 or 

more than 200m 
KmAHP Dendrite 33 between 50 and 

200m 
H Soma 0.05 
H Dendrite 0.05 to 0.575 from 

0 to 350m 
H Dendrite 0.575 after  350m 
CaL Soma 7 
CaL Dendrite 0.0316 less than 

50m 
CaL Dendrite 1.4536 more than 

50m 
CaT Soma 0.05 
CaT Dendrite 0 less than 100m 
CaT Dendrite 0.114 at 100m  
CaT Dendrite 0.00114 times 

distance thereafter 
CaR Soma 3 
CaR Dendrite 0.3 
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Diagnosis via Qualitative Parameter Estimation

George M. Coghill, Hind Al-Ballaa

Abstract—Parameter estimation is a well established numeric
fault detection method of the process supervision task inside the
control engineering community. This method requires accurate
numeric knowledge. Such information is not available or expen-
sive to obtain for ill-defined systems. This paper presents, under
a pure qualitative context, an approach for model based fault
diagnosis via parameter estimation. Estimating parameters
qualitatively in this work is based on finding out whether the
malfunction is caused by an increase/decrease of the parameter
included in the model of a faulty component. In fact achieving
that is a challenge because the lack of discriminating power
traditionally associated with qualitative reasoning techniques
makes diagnostic engines compete for producing high resolution
diagnoses. No attempts to identify in pure qualitative context
the way those candidates failed.

Index Terms—Artificial intelligence, parameter estimation,
qualitative model based diagnosis.

I. INTRODUCTION

ISSUES of reliability, cost, and safety have led to growing
demands inside the Control engineering (CE) and the

Artificial Intelligence (AI) communities to automate fault
diagnosis of physical systems. Due to these demands, both
CE and AI have developed a well established body for the
task of automated diagnosis: the Fault Detection and Isolation
(FDI) and the Model-Based Diagnosis (MBD) respectively.
One of the common methodologies in FDI for the fault de-
tection task is parameter estimation (PE). The principal idea
behind PE is that many process faults manifest themselves
as deviations of process parameters (e.g. resistance, mass,
etc.) and since these parameters appear in a parameterized
process model (model parameters), an estimation technique
could be used to estimate their values and identify variations
from their fault-free values. Once deviant model parameters
are estimated, a mapping method based on a pre-prepared
fault catalogs is then applied to identify the corresponding
physical parameters.

Parameter estimation methods have proven to be useful in
many application areas in which precise numerical precise
information is available (e.g. [1], [2]) because the first deriva-
tives of output variables are obtainable. However, there are
also several techniques that attempt to estimate parameters
for non-linear systems (e.g. [3]). In general, it is not easy to
obtain higher order derivatives (especially second and higher
order) of output variables in a noisy environment [4]. Further,
numeric PE techniques in general are computationally ex-
pensive and may be subject to convergence problems. These
make numeric PE an unsuitable mechanism for ill-defined

George M. Coghill is Reader and Head of the Department of Computing
Science at the University of Aberdeen, UK; email: g.coghill@abdn.ac.uk
and Hind Al-Ballaa is an Assistant Professor and the King Saud University,
Saudi Arabia.

systems. Instead the AI community provided an alternative
problem-solving technique: qualitative parameter estimation.

The next section explores the two approaches to qualitative
parameter estimation reported in the academic literature
(TRANSCEND [5] and QPID [6]).

II. BACKGROUND

This section reviews the academic literature for two related
topics: qualitative parameter estimation and arithmetic rea-
soners. An arithmetic reasoner, more precisely an inequality
reasoner, is the main tool used in this work to perform
diagnosis via qualitative parameter estimation.

A. Arithmetic Reasoners

There are several arithmetic reasoners reported in the
literature, some deal with space [7], other with doing time
[8], [9], and some reason about the effects of processes
[10]. They basically differ in their representations, inferences
power, and implementation. For example, Simmons’ quantity
lattice [11] uses time points, while the temporal reasoner of
Allen [9] is an interval-based system which makes it useful
for applications with relative and imprecise temporal knowl-
edge. Simmons’ quantity lattice [11] and Wiegand’s Quantity
Lattice [12] incorporate qualitative manipulation in their
reasoning capabilities and related to our work. Simmons’
quantity lattice (QL) supports inequality and arithmetic rea-
soning about qualitative and quantitative information. The
system has been used to do temporal reasoning [13] and for
doing simulation in geology and semiconductor fabrication
[10], [14].

The QL reasons about ordinal relationships between ex-
pressions. The values of expressions are assumed to be real
numbers. An expression can be numeric (e.g. 65), simple
(e.g. A), or arithmetic (e.g. Z + W ). Relations used in the
QL are {≤, <,=, 6=, >,≥}. A directed graph (digraph) is
the data structure used to represent expressions and their
relationships. Nodes (quantities) hold expressions and arcs
are labeled with relationships.

The reasoning mechanisms used by the QL are integrated
so that inferences performed by one technique can be used
to derive more inferences by another technique. For exam-
ple, when a new relationship is derived by any relational
arithmetic; this new relation can be used by the graph
search to infer more relationships. There are five reasoning
mechanisms used by the QL to perform inequality inferences.
These techniques are listed below:
• Determining the relationships between two quantities.

– Using graph search.
– Using numeric constraint propagation.

• Constraining the value of an arithmetic expression.
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– Using interval arithmetic.
– Using relational arithmetic.
– Using constant elimination arithmetic.

Wiegand’s Quantity Lattice is a module integrated in his
predictive engine (PE). The PE is a qualitative simulator
developed by Wiegand [12] as a component in the general-
purpose QUIC (Qualitative Industrial Control) Toolkit. Wie-
gand has extended the functionality of Simmons’ inference
techniques and considered the directed graph in a separate
module (to separate reasoning to do with quantitative values
from reasoning to do with time). Quantity lattice module uses
the directed graph module to maintain ordinal relationships
between symbolic nodes. The real interval of these nodes are
stored in the quantity lattice module.

B. Qualitative Parameter Estimation

Two qualitative methodologies in the literature have been
proposed to mitigate the intensive computation and conver-
gence problems of the existing numeric parameter estima-
tion. One is by Mosterman, Biswas, and Manders through
TRANSCEND (TRANSient based Continuous Engineering
system Diagnosis), a system for monitoring and diagnosing
single abrupt faults in complex dynamic systems [5]. The
other qualitative approach has been proposed by Steele and
Leitch: QPID system, a system to perform time constrained
fault identification diagnostic tasks for dynamic ill defined
systems [6]. This section introduces these two methodologies

TRANSCEND is a qualitative topological model based
engine. It uses directed graphs and temporal causal graphs
(TCGs) that are derived from bond graphs to capture the
dynamic behaviour of a system subject to diagnosis. The
vertices are the system variables. The edges are the alge-
braic and temporal constraints. Constraints include system
parameters. This methodology uses the normal model and
analysis of transient behaviour measurements made after
and during the start of faults to isolate novel single non-
structural abrupt faults, i.e. it does not consider fault models
and model switching techniques. The diagnosis process of
TRANSCEND consists of four modules:
• Fault detection: detects any discrepancy between mea-

surements and observations.
• Component parameter implication (or fault generation):

produces a set of possible fault component parame-
ters (fault hypotheses). It achieves this by applying a
backward propagation algorithm (which operates on the
TCG) for each deviant observation.

• Behaviour Prediction: produces a set of dynamic qual-
itative values (signatures) for each measured variable.
It achieves this by applying a forward propagation
algorithm for each faulty parameter to compute its
dynamic effect on observations.

• Monitoring: Retains fault hypotheses which produce
no discrepancy between the reported signatures and
the actual observations as they change after the faults
occurrence.

QPID (Qualitative Parameter Identification for Diagnosis)

was one of the first systems in the control engineering
domain that used qualitative reasoning to overcome some
of the assumptions associated with the quantitative FDI
paradigm of fault identification based on model parameter
identification. In particular, the assumption that an exactly
known process model exists. QPID system is based on
the use of fuzzy modelling and simulation. QPID aims to
perform time constrained fault identification diagnostic tasks
for dynamic ill defined systems. The diagnosis in QPID is
performed by estimating process parameters by means of
iterative search through the qualitative parameter space for
possible assignments, which should reduce the discrepancies
between measured and predicted results to zero. The time
constraint is handled by using models of varying precision
[6].

III. DIAGNOSIS VIA QUALITATIVE PARAMETER
ESTIMATION

The primary objective of this work is to show the possibil-
ity of estimating parameters in a pure qualitative diagnostic
framework and thereby to refine diagnostic candidates. The
basic idea behind performing qualitative parameter estima-
tion is based on finding out the relationship between the
parameter of a component before and after the malfunction.
The approach we used is to infer the various relationships
that exist among model quantities during value propagation.
The consistency of such relationships are maintained by
a quantity lattice. The resulting system, DQPE, Diagnosis
via Qualitative Parameter Estimation, was able to specify
how parameters involved in faulty components changed after
the occurrence of faults. The following sections present the
various features of the quantity lattice and the methodology
for performing qualitative parameter estimation followed by
a description of DQPE.

A. The quantity lattice

The previous section presented some lattices from the
literature. They are essentially the central representation and
inference mechanism in their respective system. In DQPE
the quantity lattice (QL) is designed to support the inference
engine (IE) in its reasoning. The QL is tasked with maintain-
ing the consistency of ordinal relationships among the var-
ious qualitative quantities involved in a system model. This
separation relieves the IE from the burden of maintaining the
relational knowledge of the problem domain and results in
more coherent IE inferences. The IE is tasked with evaluating
a behavioural model with respect to given observations and
to qualitatively estimate parameters involved in a model.
The QL leverages the reasoning capabilities of the IE by
providing beliefs about the relationships among qualitative
quantities of the model. This continuous interaction also
takes place in the reverse direction. That is, every new
assertion inferred by the IE is communicated to the QL as a
new belief. The QL records the new belief provided that the
consistency of the lattice is not violated. Otherwise a conflict
deduction is signaled to the IE. This section first discusses
the representation and inference mechanisms of the QL and
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then concludes with a presentation of the various advantages
attained from it.

The central data structure utilized by the QL module is
a directed graph. Nodes hold qualitative quantities and arcs
are labeled with relationships (<,≤,=, >,≥). Each arc, in
addition to the relationship of the two nodes it connects,
caches the justification of such a relationship. There are
several justifications for a relationship such as: from applying
a transitivity rule on two ordinal relationships in series, from
applying a combination of rules on two ordinal relations in
parallel, from observation, or from evaluating a constraint.
Justifications are provided for explanation purposes. For
example, if X = + and Y = − and X ≥ Y is observed. The
relationship “≥ ” and the justification “from observation” are
maintained by the link connecting X to Y .

The intention of the QL module is to augment a lattice with
all possible relationships among the quantities involved as the
knowledge domain increases during diagnosis. It achieves
this by using the following inference techniques:
• The quantity relation inference.
• The bounds constrained technique.
• Computing transitive closure.
The quantity relation inference is tasked with determining

the relationship between qualitative quantities based on their
values. For example, if X = − and Y = +, the system
inserts a new relationship: X < Y . Such inferences start
whenever a value associated with a node is determined and
terminate when all relationships with existing quantities have
been derived. Wiegand and Simmons [11], [12] have used a
similar technique, the numeric constraint propagation, which
determine the order between two nodes when their associated
real intervals are known and their bounds do not overlap.

The bounds constrained technique reasons in the reverse
direction to the quantity relation inference method discussed
above. That is, it constrains the bounds of a qualitative
quantity involved in a new assertion by using the existing
bound of the other quantity. For example, if X = − and the
QL is told that X > Y ; the system then constrains Y to be
a negative quantity. The bounds constrained method starts at
a new assertion or at a node whose associated quantity has
changed.

Whilst the quantity relation inference technique finds a
relationship between two qualitative quantities based on their
defined bounds; the computing transitive closure technique is
concerned with finding a relation between quantities based
on their existing relationships. For example, X ≥ Y and
Y > W are two relationships in series with a common
intermediate quantity. Such relationships enable the system
to assert that X > W . Following Simmons [11], we
use the transitivity/combination rules listed in Table I. The
intersection of the row which specifies the first relationship
with the column that is labelled with the second relationship
locates the inferred relationship. Blank slots are undefined
relationships.

Multiple relationships could exist between the same two
quantities each inferred from different paths. We are inter-

< > = ≤ ≥
< < < <
> > > >
= < > = ≤ ≥
≤ < ≤ ≤
≥ > ≥ ≥

< > = ≤ ≥
< < <
> > >
= = = =
≤ < = ≤ =
≥ > = = ≥

TABLE I
TRANSITIVITY (LEFT) / COMBINATION (RIGHT) RULES

FOR ORDINAL RELATIONSHIPS

ested in the stronger relationship, or what Simmons [11]
refers to as the most constrained relationship. For example,
from Fig. 1 we can see that X ≥ W . Also via the node
Y and the combination table in Table I, the system asserts
that X > W . The former one is removed to keep the most
specific relationship.

Fig. 1. Different relationships between same quantities.

Computing the closure is an implementation decision.
Some inequality reasoners such as [15], [11], [12] restrict
their implementation to find a relationship between a start
and a goal quantity on demand. This is achieved by searching
for a path connecting these two nodes. The relationship
between the start nodes and every visited node in that path
is also recorded. On the other hand, some reasoners such
as Allen [9] choose to compute the full closure whenever
a new relation is asserted to benefit from the fixed access
time of a relationship. This mechanism mostly infers more
relations than are actually needed. In this research we choose
to compute the full closure after every assertion; because our
intention is to increase our knowledge during the diagnosis
process by inferring as many relationships as possible among
the quantities involved. This relational knowledge adds the
following value to our diagnostic system:
• Removes the lack of discriminatory power of the qual-

itative domain.
• Increases dramatically the number of inferences derived

by the IE.
• Enables the development of a novel qualitative disam-

biguation process.
• Performs qualitative parameter estimation.

B. The Basic Principle and Approaches

The principle of performing qualitative parameter estima-
tion in this work is based on finding out the relationship
between the parameter of a component before and after
the malfunction. Our approach to find such relationships is
either implicit by the process of inferring relationships during
model propagation (see the example in the next section) or
explicit by using expression arithmetic axioms.
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Expression arithmetic deduces relationships between two
operator expressions. A special case of the expression arith-
metic (the constant elimination arithmetic) is used in Sim-
mons’ reasoner [11]. It is considered as a special case
because it finds a relationship between two arithmetic ex-
pression based on the identity of operands, e.g. X < X + 6.
Simmons considers expression arithmetic when an expres-
sion node is first created. Therefore, the time complexity
of this technique is O(E × R), where E is the number of
arithmetic expression in the system and R is the number of
arcs in the graph. Wiegand [12] in his quantity lattice module
uses the general expression arithmetic axioms that fully test
the relationships of both arguments of binary expression. The
time complexity of Wiegand implementation is O(E2 ×R).
This is because Wiegand, unlike Simmons, considers that the
creation of a new relationship may cause the inference of new
relations which need to be found by graph searches. This
overhead is controlled by performing expression arithmetic
only when required by the user.

Following Wiegand we implemented the strong form
of expression arithmetic. To control the complexity
overhead we choose to perform this inference technique
only between every two expressions representing the
operation of a component at times t0 (normal operation
of a component) and t1 (after the malfunction). The
expression arithmetic axioms are listed below where
(r, r1, r2, r3) ∈ (<,≤,=, >,≥); where X,Y, Z and W are
qualitative nodes; and r3 is determined from r1, r2, and the
used operator as indicated in Table II.
X r1 Y, W r2 Z → (X +W ) r3 (Y + Z)
X r1 Y, W r2 Z → (X +W ) r3 (Z + Y )

X r1 Y, W r2 Z → (X −W ) r3 (Y − Z)

(X, Y, Z, AND W ) > 0 → X r1 Y, W r2 Z →
(X ×W ) r3 (Y × Z)
(X, Y, Z, AND W ) > 0 → X r1 Y, W r2 Z →
(X ×W ) r3 (Z × Y )

(X, Y, Z, AND W ) > 0 → X r1 Y, W r2 Z →
(X/W ) r3 (Y/Z)

X r Y →M+X r M+Y
X r Y →M−Y r M−X

X r Y → −Y r −X
In summary, the methodology followed by DQPE to

estimate parameters in a pure qualitative diagnosis context
is to infer and maintain the various relationships that exist
among model quantities. We achieved this by applying
axioms during model propagation and keep them consistent
by utilizing a quantity lattice. The expression arithmetic is
the main tool to deduce the relationship between model
parameters although it is possible that the target relationship
is inferred earlier during the propagation (as is the case in the
example below). Once a fault model matches observations

r2
+or× < > = ≤ ≥

< < < <
> > > >

r1 = < > = ≤ ≥
≤ < ≤ ≤
≥ > ≥ ≥

r2
−or / < > = ≤ ≥

< < < <
> > > >

r1 = > < = ≥ ≤
≤ < ≤ ≤
≥ > ≥ ≥

TABLE II
EXPRESSION ARITHMETIC AXIOMS.

the quantity lattice is queried for the relationship between
model parameter of the fault candidate and if it exists it is
displayed to the end client. This approach is illustrated by
the following example.

C. illustrative Examples

This section presents a case study, the single tank sys-
tem, to demonstrate the way DQPE performs diagnosis via
qualitative parameter estimation. The schematic diagram is
depicted in Fig. 2. The system consists of a single input flow
qi (assumed to be constant), one tank, one pump, and a single
output flow qo. The analytic numeric equations describing the
linear model are:

Fig. 2. Single tank system.

qo =
ρg

RA
h. (1)

h́ = qi − qo. (2)

ρ : The density of the fluid in the tank.
g : The acceleration due to gravity.
R : The laminar fluid resistance.
A : The cross sectional area of the tank.

The corresponding qualitative model is as shown in Table
III where the outflow model abstracts the parameters of
the corresponding numeric model by using the monotonic
increasing function M+. Constraints are labeled with their
operational modes (e.g. C1 indicates the normal mode of
the first constraint). The fault models of the component
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candidates are specified in Table IV as they are needed to
identify the true fault.

The output flow C1 : qo = M+(h)
The rate of change of the height of fluid C2 : h́ = qi − qo

TABLE III
THE QUALITATIVE MODEL OF THE SINGLE TANK SYSTEM

Normal Faulty Fault type
C1 : qo = M+(h) C1F1 : qo = M+(h) Partial failure

M+(h) of the pump.
C2 : h

′
= qi − qo C2F1 : h

′
= −qo Failure in

the input flow.
C2F2 : h

′
= Leakage of the

qi − (qo + qL) tank.
Where: qL is the
additional flow due
to the leakage.

TABLE IV
THE FAULT MODES OF THE SINGLE TANK SYSTEM.

As mentioned earlier, our approach to achieve this is to
find out how the parameter encapsulated in the model of a
candidate component changes in the event of a fault. For
example, for a fault in the pump of the single tank system
we are challenged to identify whether the fault is caused
by an increase/decrease of the parameter in the outflow
model. In particular, is M+

f > M+
n or M+

f < M+
n where

M+
n /M+

f represent the normal/faulty operation of the pump
respectively. To clarify our methodology we first demonstrate
on paper the principle of the qualitative parameter estimation
using the single tank system more specifically the refinement
phase for the faulty state of the pump. Next, we present the
approach followed by DQPE.

The measurements of the state variable h when the pump is
faulty is:
ht0 = (+, 0)
ht1 = (+,+)
The fault model for the candidate set [C1] is C1F1, C2.
The results of executing this model is:
C1 : qot0 = M+(ht0) = (+ 0)
C1 : qot1 = M+(ht1) = (+ +)
C2 : h′t0 = Sub(qit0, qot0) = (+ 0)− (+ 0) = (? 0)
C2 : h′t1 = Sub(qit1, qot1) = (+ 0)− (+ +) = (? −)

The fault model predicts the values of the derivatives of the
state variable, h, as an unknown qualitative value {?} which
is acceptable as it qualitatively includes all other possible
values. Therefore, the fault model matches the observations.
Next, we will qualitatively estimate parameters involved in
the constraint C1 by identifying whether they have been
increased (M+

t0 > M+
t1) or decreased (M+

t0 < M+
t1) by

the malfunction. This means we need to derive the ordinal
relationship between the qot0 and qot1. Using the assumption
and the observations we derive the relationships in table V

Knowing that qot0 > qot1 implies that (M+
t0 > M+

t1)
which achieves our objectives and serves as a proof of the

Derived relationships Justifications
qit0 = qit1 Assumption.
qit0 = qot0 C2 : h′t0 = Sub(qit0, qot0),

and observing that h′t0 = (0, ?)
qit1 > qot1 C2 : h′t1 = Sub(qit1, qot1),

and observing that h′t1 = (+, ?)
qit0 > qot1 qit0 = qit1 and qit1 > qot1
qot0 > qot1 qit0 = qot0 and qit0 > qot1

TABLE V
DERIVED RELATIONSHIPS FOR THE SINGLE TANK SYSTEM.

possibility of performing qualitative parameter estimation
using the sign domain only.

DQPE was able to achieve the same conclusion. That is,
for the failure in the pump of the single tank system DQPE
was able to identify the fault and qualitatively estimate the
parameter in the component model. The output of DQPE is
organized into three stages:

Fig. 3. The QL before the propagation through the model of the diagnostic
set [C1].

• The QL just before the start of the propagation through
the fault model of the single tank system is displayed in
Fig. 3. It contains all relationships inferred so far from
available knowledge (mainly from observations and
assumptions). For example, from the assumption that
the input flow is constant, the relationship qit0 = qit1
is asserted. The QL1 is displayed in the layout produced
by DQPE. The first column lists the model quantities
and the second column associates with each quantity
a numeric label. A column and a row with same label
means that they refer to the same quantity. This is a
design option chosen to organize the way the content
of the QL is displayed to the user. A slot in the QL
specifies the relationship that exists between the two
quantities specified by the label of the row and the
column. In this case note that the relationship between
qot0 and qot1 which allows the involved parameter to

1The last two variables in the lattice (c2htBtempt0 and c2htBtempt1) are
used to break down the fault model of constraint C2 as constraints in this
work are binary.
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be estimated is not yet derived. This slot is surrounded
by a circle in Fig. 3 so that the reader can locate it
easily.

• All inferences derived by the inference engine during
the model execution are shown in Table VI. The Ta-
ble displays the various inferences deduced during the
evaluation of those constraints. The table is divided into
four columns as described below:

– Constraints: lists the constraints to be executed by
the IE.

– Effects: shows the result of solving constraints.
– Inferred relationships: lists the various relation-

ships derived during execution.
– Justifications: specifies the reason(s) for each de-

rived inference.

Constraints Effects Inferred Justifications
relationships

C1 : qot0 = qot0 = (+ 0) (qot0, h
′t0 :>) qot0 : (+ 0) ,

h′t0 : (0 0)

PM+(ht0) (qot0, qLt0 :>) (qot0, h
′t0 :>),

(h′t0, qLt0 :=)

C1 : qot1 = qot1 = (+ +) (qot1, h
′t0 :>) qot1 : (+ +),

h′
1t0 : (0 0)

PM+(ht1) (qot1, qLt0 :>) (qot1, h
′t0 :>),

(h′t0, qLt0 :=)

C2 : h′t0 = h′t0 = (+ 0)− (h′t0, qit0 :<) h′t0 = (0 0)

Sub(qit0, qot0) (+ 0) = (? 0) (h′t0, qot0 :<)

(qit0, qot0 :=)

(qit1, qot0 :=) (qit1, qit0 :=),
(qit0, qot0 :=)

C2 : h′t1 = h′t1 = (+ 0)− (qit1, qot1 :>) h′t1 = (+ ?)

Sub(qit1, qot1) (+ +) = (? −) (h′t1, qit1 :<)

(qit0, qot1 :>) (qit0, qit1 :=),
(qit1, qot1 :>)

=⇒ (qot0, qot1 :>) (qot0, qit0 :=),
(qit0, qot1 :>)

(h′t1, qit0 :<) (h′t1, qit1 :<),
(qit1, qit0 :=)

(h′t1, qot0 :<) (h′t1, qit1 :<),
(qit1, qot0 :=)

TABLE VI
INFERENCES DERIVED FROM REFINING [C1] (ONE TANK, FAILURE IN

THE PUMP).

• Fig. 4 displays the QL with all relationships inferred
throughout the refinement phase of the candidate set
[C1]. We can see that the relationship between qot0
and qot1 is derived (again the target slot in the QL is
surrounded by a circle). At this stage it is clear that
DQPE is able to derive the same conclusion as the one
reached by the the paper-based demonstration of the
concept of performing qualitative parameter estimation.
That is, qot0 > qot1 implies that the parameter in the
pump model is estimated to be less in the faulty state
of the plant than its value in the normal operation.

This experiment shows that based on the sign domain only
the lack of discriminatory power of the qualitative domain
can be alleviated which allows diagnosis of partial failure of
a component and can indicate the way it failed.

Fig. 4. The QL at the end of refining the candidate set [C1].

IV. CONCLUSION

This work shows the possibility of estimating parameters
in a pure qualitative diagnosis framework; in particular,
in the refinement phase of diagnosis where fault models
are used and failures could be structural. Our approach to
estimate parameter qualitatively is to find out whether the
malfunction caused by an increase/decrease of the parameter
encapsulated in the model of a candidate component. The
approach followed by DQPE is to infer and maintain the
various relationships that exist among model quantities. This
is achieved by applying axiom based inferences during
model propagation and by applying expression arithmetic
which finds out the relationships between same operator
expressions. For ease of explanation we have illustrated the
approach by means of a trivial first order system. However,
the approach has been successfully applied to diagnosis of
faults in larger scale systems such as an Ammonia Washer
System and a laboratory scale PID controlled three-tank
system [16].

We believe that our methodology has the following unique
features:

• It provides high level of abstraction to the process
modeller by estimating qualitative quantities which im-
plicitly consist of process parameters as detailed below.
This is in contrast to TRANSCEND and QPID which
require heuristic knowledge to specify a sufficient num-
ber of physical parameters to be included in the process
model. Therefore, faults associated with parameters that
are not part of the model can be detected but not
isolated [17]. Additional heuristic knowledge is needed
by QPID to specify the quantity spaces for involved
model parameters.

• It shows how the parameter of a fault candidate changes
after the onset of a fault rather than identifying its exact
value (which qualitatively may not add much value).

• It demonstrates that parameters can be qualitatively
estimated using the sign domain only.
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I. INTRODUCTION 

 

Abstract— Worst individuals have the least fitness and 
hence many evolutionary algorithms do not use this 
information and simply delete them from a population by 
using operators such as selection in genetic algorithms. In this 
work the worst individuals are incorporated into the mutation 
operation of Opt-aiNet, a well-known Artificial Immune 
System based multimodal optimizer. Opt-aiNet is good at 
identifying multiple optima and has many successful 
applications. A new algorithm, WIBE-NET, is proposed based 
upon improving the mutation operator of Opt-aiNet with the 
use of worst individual information. Numerical results show 
that the new variant improves the multiple peak capture and 
retention capability almost five-fold and reduces the function 
evaluation cost. 

 
Keyword: Artificial Immune System, multimodal, evolutionary 

computation, worst individual. 
 

Individuals are the candidate solutions of population-
based Evolutionary Algorithms. Individuals are termed 
chromosomes, particles, or antibodies, depending upon the 
technique they pertain to. 

In this paper, individuals are categorized into three 
categories: Best, Worst and Average. Best individuals are 
those with the highest fitness value while the worst have the 
least fitness. The remainder can be called average. The aim 
of this study is to demonstrate the usefulness and 
exploitation of worst individuals for multimodal 
optimization. 
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. 

Multimodal functions contain many optima out of which 
some may be global optima having similar and maximum 
fitness value, and many are local optima. Many complex 
real world problems are multimodal in nature. 

Any optimization algorithm proposed for these problems 
should be able to locate and retain many optimal solutions 
by maintaining sufficient diversity in the variable space. 
Solutions in the final population may represent global and 
local optima. 

Recent research has focused upon locating all optima 
whether they are global or local [2,3]. Retaining more 
optima, whether local or global, is advantageous as it 
enables the decision maker to choose another solution from 
the solution pool when one solution is no more feasible due 
to some input constraints imposed by changing problem 
environment[5]. Moreover it provides a summary of the 
shape of the problem terrain and also gives confidence to 
the decision maker. Although conventional evolutionary 
algorithms (EAs) use a population of individuals for 
searching global optima but, due to their architecture, they 
tend to converge to a single final solution [1]. This feature 
pushes EAs to come up with a solution that may be some 
times a local optimum. Hence traditional EAs research 
targets a class of problems in which only global optima are 
required and the algorithm is designed to escape from the 
local optima. Several techniques have been proposed to 
tailor EAs for simultaneously capturing many local and 
global optima. Some of these techniques use a single EA 
population iteratively in order to explore a different region 
of the search space in each iteration, for example sequential 
niche algorithm [6]. 

Other techniques divide the population into 
subpopulations/niches/species. Individuals in each niche 
evolve in parallel with other niches, in an assigned locality 
and are usually not affected by the fitness of other niches. 
These methods include fitness sharing [7], crowding [8,9], 
restricted tournament selection [10], species conservation 
[11,12] and Opt-aiNet which is inspired by Immune 
Network Interaction [13]. 

We propose a variant of Opt-aiNet, Worst Individual 
based Opt-aiNet (WIBE-NET). The only difference between 
Opt-aiNet and WIBE-Net is in the mutation operator. The 
new mutation operator mutates the offspring of a parent cell 
in line with a difference vector of the parent cell (vector) 
and parents’ worst sibling in the previous cloning iteration. 
Opt-aiNet mutates each clone randomly any direction. In 
this study a comparison is done between the conventional 

On the Usefulness of Worst Individuals in Multimodal 
Optimization 
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Opt-aiNet and WIBE-NET. 

II. MULTIMODAL OPTIMIZATION AND ARTIFICIAL IMMUNE 

SYSTEMS 

A. Clonal selection 
Immune algorithms can be categorized as clonal selection 

algorithms if they mimic the natural clonal selection  
principle, which is comprised of the three fundamental 
features of natural clonal selection, clonal expansion, and 
affinity maturation via somatic hyper-mutation. Clonal 
selection based optimizer for multimodal objective functions 
was CLONALG [14] proposed in 2002. This model uses a 
bit-string representation for solutions of an optimization 
problem. Each solution is termed an antibody and the 
fitness of these antibodies is termed as affinity. The peaks 
(in optimization) to be captured are analogous to the 
antigens in a natural immune system. CLONALG selects 
antibodies from memory (population) based upon their 
affinity and clones (reproduce). This cloning involves 
making identical copies of an antibody where the number of 
copies is proportional to the affinity of a parent antibody. 
Next, these newborn clones are subjected to hyper-mutation 
inversely proportional to their parents’ affinity. These 
mutated clones compete with predecessor generations of 
parents and the current population of clones based on 
affinity for the survival in next generation. In this 
competition, on one extreme any parent and all of its clones 
can survive the competition if all lie close to each other on 
the dome f global optima. On the other extreme some parent 
antibodies with their all clones may be discarded due to 
some very low fitness local optima. In the later case the rest 
of the antibodies in the memory, capturing high fitness 
optima, will win the competition. This property implies the 
bias of CLONALG between local and global optima. 

B. Artificial Immune Network 
An Artificial Immune Network (AIN) is inspired by 

immune network theory initially suggested by Jerne [15]. 
AIN mimics the network interaction among B-cells, which 
includes stimulation and suppression. Moreover, cloning 
and mutation are also applied to the artificial cells. AIN has 
been studied to address the problems in classification 
clustering, navigation, optimization and data analysis. 
The special feature of AIN is that it not only allows 
interaction between antibodies and antigens but also 
provides for the self-regulation of the antibody 
population(network). 
 

C. Opt-aiNet 
 
Opt-aiNet was specifically designed for continuous 

optimization problems in multimodal terrains. The 

objectives of design were to have a dynamically adjustable 
population size, exploration, and exploitation of the search 
space, retaining multiple peaks and the tendency to capture 
all local optima. 

 De Castro and Timmis [13] developed Opt-aiNet by 
taking inspiration from evolutionary properties of the 
human immune system. It is a mutation-based evolutionary 
optimization technique in which the population size 
dynamically changes according to the number of optima 
present in the landscape. Each individual of the population 
is a real coded vector and is analogous to a cell in the 
immune system. The population is called memory in 
accordance with the natural immune memory. Each cell 
spawns a constant number of clones (similar copies), which 
are mutated with a normal random noise with mutation rate 
inversely proportional to the normalized fitness of the 
parent cell [13]. After each iteration some random cells are 
created and added to the current population in the hope that 
they will survive if they were created in an unexplored 
region of the search space. At the end of each iteration, 
network suppression is performed which is similar to the 
concept of immune network interactions. For network 
suppression the affinity of every cell with each other, that is, 
the measure of how similar they are, is indirectly calculated 
based upon their Euclidean distance. Those that are too 
similar to each other, and hence redundantly represent the 
same optima, are left out of the next generation. 

The algorithm for Opt-aiNet is outlined below. 
 
 
1.Function[C]=Opt-iNet(Nc,range,σs,d,f)   
2.C = random(range)  
3.While NOT (stopping is criteria) do  
4.     fit = f(C)  
5.     C' = clone(C,Nc)  
6.     C' = mutate(C',fit*)  
7.     best_clone = best(C')  
8.   If(best_clone is better than c)   

then  
9.     c = best_clone  
        End If  
10.    Avg = average(f(C))  
 11.  If (the average error is still     

improving) then  
12.  return to the beginning of the     

loop  
13.    else  
14.     suppress(C)  
15.     C = [C; random(range,d)]  

    End If 
   End while 

Fig 1. Opt-aiNet algorithm. 

 
 
In Fig.1, line 1 shows the input parameters of the Opt-

aiNet: 
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Nc number of clones to be made for each cell, 
range represents the boundaries of the search space, 
σs     suppression threshold,  
d      determines how much is the random introduction. 
 
Line 2 initializes a random cell population. Lines 3 to 11 

is the code for locally improving the fitness of population 
cells through the operations of cloning and mutation. The 
control lies in this section of the code for iteratively 
improving the fitness of all cells until no improvement adds 
to the average fitness of the total population. In line 14 all 
the cells, with lesser distance than the suppression threshold 
σs

),1,0(' Ncc α+=

 in the search space, have to compete for survival. This is 
the suppression operator which deletes all the less fit cells 
which represent the same solution redundantly and only 
fittest cell out of them is let to survive. 

 
After suppression the population decreases dramatically. 

In line 15 some new cells will be generated randomly in the 
search space. This random introduction is d% of the 
survivors of the suppression operation. This step is 
responsible for network expansion and allows for the 
exploration of unexplored regions in the search space. 

A new clones will be produced by using the following 
mutation operator.  

 

                         (1) 

*),exp()/1( f−= βα                  (2) 

c’ is the mutant of cell c while N(0,1) is a Guassian 
random variable with zero mean and standard deviation 
equal to 1. β controls the decay of  the inverse exponential 
function, and f* is the fitness of an individual normalized in 
[0,1]. If a mutation step yields a c’ which is not in the domain of 
the function, the mutation step is repeated without going 
further. 

     A variant of Opt-aiNet, DOPT-AINET [16] was 
proposed in 2005 that was tailored for optimization in 
dynamic environments. The DOPT-AINET has a modified 
separate memory subpopulation in which the converged 
solutions are stored to avoid waste of computation effort. It 
also has an automatic line search mechanism for β 
adjustment. It incorporates two new mutation operators. 
The authors claimed the design of the DOPT-AINET to be 
targeted at escaping the local optima in favor of global 
optima.  

 
     Another variant Cooperative Artificial Immune 

Net(COAIN) [17] was proposed in 2008. Like CLONALG, 
COAIN incorporates affinity proportionate clonal expansion 
which enables the cells located on the dome of global 
optima to make more clones then those of the cells located 
on the dome of local(low fitness) optima. This feature 
allows for early convergence to the global optima but 
reduces the number of total optima captured in the end. 

III. WORST INDIVIDUALS BASED EVOLUTION AND OPT-AINET 

The evolutionary computation community has been 
obsessed with the informativeness of the fittest individuals. 
The ideas such as selective pressure [18] and survival of the 
fittest convinced the research community not only to believe 
in the usefulness of best individuals but also gave the 
impression of worst fit individuals as useless and a waste of 
computational resource. Average fit individuals on the other 
hand received some attention, were favored by techniques 
such as tournament selection [19], and were considered 
informative in the search process. A species conserving 
genetic algorithm (SCGA) [11] can keep a good diversity of 
populations by keeping species (some of them with less 
fitness), however, it did not claim to use worst individuals.  

 
The usefulness of worst individuals is advocated in this 

study and the concept of Worst Individual Based Evolution 
(WIBE) is proposed and introduced to develop evolutionary 
algorithms. To demonstrate their informativeness and 
usefulness, worst individuals are incorporated into the 
mutation operator of Opt-aiNet. This variant is called Worst 
Individual Based Evolutionary immune NETwork---(WIBE-
NET). For a fair comparison WIBE-NET is the same as 
Opt-aiNet but for the mutation operator. 

 
 
1.Function[C]=WIBE-NET(Nc,range,σs,d,f)  
2.C = random(range)  
3.While NOT (stopping is criteria) do  
4.     fit = f(C)  
5.     C' = clone(C,Nc)  
6.     C' = mutate(C', C'w0,fit*)  
7.     best_clone = best(C') 
7.1.   C'w

All steps are the same as explained in section II.C for Opt-
aiNet except that WIBE-NET stores the worst clone of each 
parent combined in an array so that they can be used for 
mutating the next generation of clones.  The mutation of 

= worst_of_each_parent(C') 
 
8.   If(best_clone is better than c)          

then 
9.     c = best_clone  
       End If 
10.    Avg = average(f(C))   
11.  If (the average error is still   

improving) then  
 12.     return to the beginning of the   

loop  
13.   else  
14.     suppress(C)  
15.     C = [C; random(range,d)]  
      End If 

   End While 
 

Fig  2. WIBE-NET algorithm. 

 

Proceedings of UKCI 2011

89



each clone is implemented according to the following 
equation, 
 

),'(*)1,0(' 0wccNcc −+= ζα                   (3) 
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Fig. 3.  3D plot of f1 . Observe that most of the high fitness optima lie at 

nine regularly spaced regions and the grid connecting these regions also 
consists of rows of local optima and valleys 

 
As in opt-aiNet, c’ is the mutated clone that is calculated by 
adding a Gaussian  random vector to the parent cell but this 
time the Gaussian distribution of the random number is 
stretched in the direction of the vector ζ(c-c’w0). ζ is the 
stretch coefficient of the Gaussian distribution and is 
calculated from an inverse exponential function of the 
improvement of the average fitness of all the cells according 
to Equ 4. In Equ 4 the scale of the exponential function is 
controlled by γ. α is calculated through Equ 2, already 
explained in section II.C. avgfit(C0) is the average fitness of 
cell memory in the previous iteration while avgfit

IV. EXPERIMENTS AND DISCUSSION 

(C) is the 
same for the current iteration. 
   The design objective for WIBE-NET is to add the ability 
to not waste function evaluations and to retain almost all 
local and global optima.  
 

A. Experimental setup 
 
Experiments are conducted to compare the performance 

of the proposed algorithm WIBE-NET with Opt-aiNet. 
Variants of Opt-aiNet such as CoAIN [167 were not 
considered for the comparison as they are tailored versions 
to avoid local optima, which is not the intent behind this 
study. Both methods are run repeatedly over the 
benchmarks 50 times and the average performance metrics 
are presented in Table 1. Both algorithms were run with an 
initial population of 10 and Nc equal to 5 i.e. each 
individual was cloned 5 times. γ and β are equal to 100. A 
stopping criteria is based upon function evaluations for 
which a variable ‘NFC’ is used in this code.   

 
As WIBE-NET and Opt-aiNet are strictly multimodal 

optimizers, the benchmark function selected to compare the 
performance is heavily multimodal. F1 [19] is given in Equ 
5 and is illustrated in Fig 3. It is a very complex terrain 
with nine densely peaked regions which are surrounded by 
local optima and valleys with different heights (fitness). F2 
in Equ. 6 is taken from the pioneering work of Opt-aiNet 
[13] and is also ‘multimodal’. It has 100 local and global 
optima. F3 in Equ.7 is the Rastrigin function [19] and is a 
famous benchmark. The suppression threshold, σs 
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Fig. 4.  A typical result of peak capture  over f1  by WIBE-NET (circle) and 
Opt-aiNET(triangle). 

 
 
Table I lists the results of WIBE-NET vs. Opt-aiNet run 

over each of the functions F1,F2 and F3.For each function 
both the algorithms are run with three different value of 
’NFC’ i.e. function evaluations. Hence for each function-
NFC combination the algorithms are run 50 times and the 
values presented are averages± standard deviations.  

 
 

TABLE I 
PERFORMANCE OF WIBE-NET V.S OPT-AINET 

 

 

B. Comparison of Power of multiple peak retention 
The results of Function F1 produced by both algorithms 

are illustrated in Fig. 4. Circles represent the solutions 
obtained by WIBE-NET and triangles are solutions from 
Opt-aiNet. Fig 4 shows that the proposed WIBE-NET can 
find more peaks than Opt-aiNet.  

     In order to analyze the performances, different 
function evaluations are applied. On F1 given the 

NFC=50000, WIBE-NET could track and retain 600% 
peaks of those of the Opt-aiNet. With double NFC, i.e. 
100000 the   proposed method  shows 400% improvement 
in peak retention over Opt-aiNet. For NFC 200000 WIBE-
NET catches 300% peaks of those of Opt-aiNet. On F2 our 
algorithm catches 180% of the peaks of Opt-aiNet. If NFC 
equals 50000, this lead falls to 150% for 70000 NFC. 
Furthermore for NFC of 100000 our algorithm catches 
135% of those caught by Opt-aiNet. On F3 the WIBE-NET 
has almost similar performance to Opt-aiNET. 

     As Fig. 3 shows F1 has a very complex terrain which 
causes the search to stagnate. This stagnation is  more 
intense in Opt-aiNet than that in WIBE-NET, due this 
complexity of F1, improves the peak capture by 600% 
compared to Opt-aiNet. 

C. Comparison of Number of Iterations 
One main iteration is completed when control passes 

through step 14 and 15 of Fig 1 or Fig 2. Number of 
Iterations during a constant number of function evaluations 
affects the growth of population as Opt-aiNet is a dynamic 
population based method. Every iteration introduces more 
random individuals. So the more the iterations (while 
keeping the NFC constant), the greater exploration of the 
search space is possible, hence resulting in more multiple 
peaks. Looking at table 1, our method gives the 300% and 
400% lead in iterations for 50000 and 100000 NFC 
respectively. WIBE-NET on F1 allows 500% lead of 
iterations for constant NFC of 200000. Similarly this lead of 
WIBE-NET in terms of iterations is at-most 800% for F2 
and 1000% on F3 in comparison to Opt-aiNet.  

 
     WIBE-NET has a lead in number of iterations due to 

its worst-individual-reuse and hence achieving guided 
mutations. Now the question is that how these guided 
mutations reduce function evaluation per iteration. If we 
have a look at any of the two algorithms, one main loop 
consists of a sub-loop (step3-step12) which iterates several 
times before one iteration of the main loop completes. This 
sub-loop consists of clone and mutate steps and iterates 
taking several function evaluations per sub-iteration. The 
purpose of these sub-iterations is to move the sub-optimal 
individuals to the position where fitness improvement 
stagnates. After stagnation step 14 and 15 are executed for 
suppression and further random introduction. Now in the 
case of WIBE-NET the number of sub-iterations per main 
iteration is very small due to the effectiveness of worst 
individual based mutation. As these mutations improve the 
fitness substantially after each single mutation step (hence 
cause fruitful consumption of function evaluations ). This 
economy of function evaluations results in more main 
iterations in a constant NFC. 

D. Repeatability of Performance 
Repeatability of performance means that “Is our 

algorithm consistent in its good performance”. To check the 
consistency we can analyze the standard deviation value in 

FID 

Number of peaks found 
(Averaged over 50 runs±st. dev.) 

Number of Iterations 
 

NFC 

 
WIBE-NET       Opt-aiNET 

 
WIBE-NET       Opt-aiNET 

F1 338.14±8.84 56.82±8.15 21.90±0.51 6.54±0.54 5× 104 
 

F1 387.28±7.29 92.94±8.78 30.70±0.54 8.26±0.44 1× 105 

F1 433.32±7.45 150.08±11.58 46.08±0.44 10.24±0.43 2× 105 

F2 90±2.88 51.38±4.04 47.26±1.24 8.12±0.52 5× 104 

F2 91.94±2.49 59±3.93 61.12±1.08 9.42±0.54 7× 104 

F2 93.84±2.12 68.18±3.72 81.74±1.52 11.08±0.56 1× 105 

F3 100.88±1.81 37.02±3.52 42.08±0.78 5.96±0.28 5× 104 

F3 101.60±1.29 56.5±4.65 73.34±0.79 8.02±0.37 1× 105 

F3 101.62±1.52 67.78±4.12 104.38±0.90 9.5±0.51 1.5× 
105 
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Table 1. The standard deviation of Number of peeks 
captured (in 50 runs) is always less for WIBE-NET than 
that of Opt-aiNet. On the other hand in number of iterations 
Opt-aiNet has less standard deviation. This is because Opt-
aiNet consumes more evaluations per iteration so, while 
NFC is constant, saving (wasting) some function 
evaluations does not increase(decrease) a full iteration. 
WIBE-NET has more fluctuation in iteration count in 
different runs. But that does not harm a lot as long as the 
number of peaks is consistent.  

 

V. CONCLUSIONS 

Worst individuals in population based evolutionary 
techniques are product of computational effort and must be 
in some way utilized in the process of evolution. 

Worst Individual Based Evolutionary immune NETwork 
(WIBE-NET) has been proposed by modifying the mutation 
operator of Opt-aiNet. Clones are produced along 
“gradient” direction from a worst individual to a fittest 
individual. 

Experiments have demonstrated the efficiency of the 
proposed algorithm in searching multiple solutions of 
complex optimization multimodal problems. The use of 
worst individuals has improved the multiple peak capture 
and retention capability to almost five times and also 
reduces the function evaluation consumption by one fourth 
to one tenth of the that of the state of the art method.  

In the view of our study, worst individuals can be useful 
in improving other evolutionary methods and we are 
working on devising such methods. Also, it should be 
interesting to apply the proposed WIBE-NET to solve some 
real world problems. 
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Abstract—This paper presents a comparative study of 

automatic classification of different types of heart beat 

arrhythmias. The heart beats are classified into normal, 

premature ventricular contraction, atrial premature, right 

bundle branch block and left bundle branch block classes. 

Different classifiers are used in this work, namely support 

vector machine, multilayer perceptron neural networks, and 

TreeBoost. We carried out several experiments using the MIT-

BIH arrhythmia database and obtained promising results. The 

computed average accuracy, sensitivity, and specificity are 

98.89%, 90.63%, and 98.71%, respectively. Results have 

demonstrated that TreeBoost and support vector machine have 

an edge over multilayer perceptron neural networks for 

arrhythmia classification. 

 
Keywords-component; Arrhythmia Classification; support 

vector machine; multilayer perceptron; TreeBoost; ECG signals. 

I. INTRODUCTION 

Classification of electrocardiogram signals (ECG) is 

important in biomedical signal processing and is used for 

detection and analysis of cardiac diseases. ECG is the 

graphical representation of the electrical activity generated 

by the heart [1]. The first stage of the heart beat begins with 

the spontaneous depolarization of the sino-atrial (SA) node. 

The SA node, located in the right atrium, is the pacemaker of 

the heart, depolarizing at regular time intervals to insure 

proper rhythmicity. The SA node depolarizes at a rate that is 

faster than the secondary pacemakers and, therefore, is the 

heart‟s pacemaker. The impulse is transmitted from the SA 

nodal tissue to the atrial muscle cells. Due to the presence of 

gap junctions between the muscle cells, the atrial 

myocardium acts as a functional syncytium. The impulse 

spreads throughout the atrium and into the atrio-ventricular 

(AV) node. The AV (His) bundle then penetrates the fibrous 

tissue separating the atrium from the ventricles. The AV 

node and bundle delay the impulse by approximately 0.12 

seconds. 5-15 mm towards the apex, the AV bundle 
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branches, at the interventricular septum, into left and right 

bundle branches. Each one travels on the respective side of 

the interventricular septum and progressively divides into 

smaller branches. These smaller branches course around 

each ventricular chamber toward the base of the heart. 

Therefore, the ventricular depolarization occurs from the 

apex to the base of the heart 

Arrhythmia refers to any disturbance of the normal 

rhythmic beating of the heart or myocardial contraction. 

Cardiac arrhythmias can be classified by abnormalities in 

heart rate, disorders of electrical impulse generation, or 

impulse conduction [2]. Impulses generated in the atrium, at 

sites other than the SA node, result in atrial premature beats. 

Atrial premature beats are commonly found during extended 

ECG monitoring and its incidence increases with age [3]. 

They should not be considered abnormal. Ventricular 

premature beats occur when the impulse is generated in the 

ventricles. Its detection is directly related to the duration of a 

measurement. Sobotka et al. analyzed 24-hour ambulatory 

ECG recordings in 50 young women without apparent heart 

disease. Thirty-two subjects (64%) had atrial premature 

beats, with only one subject (2%) having greater than 100 

beats/24 hrs. Twenty-seven subjects (54%) had ventricular 

premature beats, with only three subjects (6%) having 

greater than 50 beats/24 hrs [4]. 

Defective conduction of the impulse through the bundle 

branches leads to bundle branch block. The right bundle 

branch travels near the subendocardial surface making it 

vulnerable to stretch and trauma. Right bundle branch block 

complicates 5% of pulmonary artery catheterizations [5]. 

Left Bundle Branch Block (LBBB) most often occurs due to 

underlying heart disease, however, it can be found in healthy 

individuals. Rotman and Triebwasser studied 237,000 

airmen and found LBBB in 0.05% [6]. Bundle branch blocks 

can form a macro reentrant circuit which may progress to 

ventricular tachycardia. 

Using DTREG [7], we explore several methods viz. 

support vector machine, multilayer perceptron neural 

networks, and TreeBoost algorithms that may be used to 

perform cardiac Arrhythmia classification. DTREG accepts 

a dataset consisting of number of rows with a column for 

each variable. One of the variables must be identified as a 

“target variable” whose value is to be modeled and predicted 

as a function of “predictor variables”. DTREG analyzes the 

data and generates a model showing how to best predict the 

values of the target variable based on values of the predictor 

variables. In addition to generating the predictive model, 
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DTREG can perform validation tasks like cross-validation to 

evaluate the quality of the models. 

The rest of this paper is organized as follows. Section II 

discusses related work. The database we used is described in 

section III. In section IV, a brief description is given for the 

experimented algorithms. Section V describes ECG 

extracted features and arrhythmia classes. Experiments‟ 

results are discussed in section VI. Finally, a conclusion is 

drawn in section VII. 

II. RELATED WORK 

Several algorithms have been proposed in the literature 

for classification of ECG beats. Sayadi et al. presented an 

algorithm for classification of premature ventricular 

contractions (PVCs) verses normal beats [8]. They used an 

extended Kalman filter in their approach [9]. The authors 

evaluated their algorithm using 40 records – out of 48 

records – from MIT-BIH Arrhythmia Database [10]. They 

reported average detection accuracy of 99.10%, aggregate 

sensitivity of 98.77%, and aggregate positive predictivity of 

97.47%. 

Faezipour et al. proposed QRS complexes detection 

method and ECG profiling system [11]. The proposed 

profiling system is based on repetition-detection concept and 

can be used as a local ECG beat classifier. It was able to 

binary classify the ECG beats into normal and abnormal 

beats with an overall classification accuracy of 97.42% when 

tested against the entire MIT-BIH Arrhythmia Database 

[10]. 

Llamedo et al. proposed a heartbeat classification 

algorithm using quadratic discriminant, linear discriminant, 

and compensated linear classifiers [12]. The authors used 

interval and morphological features. Their algorithm 

identifies heart beats to be normal, supraventricular, and 

ventricular beats. They evaluated their approach using MIT-

BIH Arrhythmia, the MIT-BIH Supraventricular 

Arrhythmia, and the St. Petersburg Institute of Cardiological 

Technics (INCART) databases. All databases are freely 

available on PhysioNet [13]. Forty four records of the MIT-

BIH Arrhythmia Database were used. The authors reported 

93% as a global accuracy rate, 95% and 98% as normal 

beats‟ sensitivity and positive predictive value, respectively, 

and 77% and 39% as supraventricular beats‟ sensitivity and 

positive predictive value, respectively. 

Jadhav et al. proposed the use of Generalized 

Feedforward Neural Network (GFNN) classifier in the 

classification of cardiac arrhythmia [14]. Static 

backpropagation algorithm is used to train the GFNN 

classifier to classify arrhythmias into normal and abnormal 

classes. The authors evaluated their approach using the UCI 

cardiac arrhythmia database [15] which contains 452 normal 

and abnormal instances. They reported 82.35% as the best 

classification accuracy using 85% of data for training and 

the rest for testing. 

The UCI database is also used in [16] for binary 

classification of ECG signals. Fuzzy Support Vector 

Machine (FSVM) is used with different membership 

functions. The best reported accuracy rate is 83.33% with 

Distance to Class Mean membership function in which 

representativeness of an input can be measured according to 

its distance to class mean. 

III. MIT-BIH ARRHYTHMIA DATABASE 

We conducted the experiments using ECG data from the 

MIT–BIH Hospital Arrhythmia Database [10] to classify 

different types of heart beats. The MIT-BIH Arrhythmia 

Database contains 48 half-hour excerpts of two-channel 

ambulatory ECG recordings, obtained from 47 subjects 

studied by the BIH Arrhythmia Laboratory. Twenty-three 

recordings were chosen at random from a set of 4000 24-

hour ambulatory ECG recordings collected at Boston‟s BIH 

Hospital; the remaining 25 recordings were selected from 

the same set to include less common but clinically 

significant arrhythmias that would not be well-represented in 

a small random sample. The database contains 

approximately 109,000 beats and corresponding labels. Fig. 

1 shows a typical one-cycle ECG beat and its components. 

IV. CLASSIFICATION METHODS 

In this paper, different classifiers were trained to classify 

different types of cardiac arrhythmia. Those classifiers are 

support vector machines (SVM), multilayer perceptron 

neural networks (MLP), and TreeBoost. SVM was proposed 

by Vapinik, and is based on strong foundations from 

statistical learning theory [17]. SVMs are a set of related 

supervised learning methods used for classification and 

regression. A support vector machine constructs a 

hyperplane or set of hyperplanes in a high-dimensional 

space. Intuitively, a good separation is achieved by the 

hyperplane that has the largest distance to the nearest 

training data points of any class. SVM has been chosen by 

researchers for several real-world classification problems, 

 
 

Fig. 1.  A typical one-cycle ECG beat tracing 
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such as object recognition [18], handwritten character 

recognition [19], and bioinformatics [20]. This is because 

SVM offers many advantages that are typically not available 

in other classifiers. SVM performs well in higher 

dimensional spaces, copes with the problem of lacking 

training data, and is robust with noisy data. In this work, the 

SVM model is built with RBF kernel function.  

A MLP is a model developed to mimic the function of 

neurons in a human nervous system. It is composed of layers 

of nodes, each of which performs a relatively simple 

operation using its own inputs. The first layer consists of one 

node for each of the components of the input data. The 

nodes in this layer have a transfer function of unity, and their 

only function is to distribute the inputs to the nodes in the 

second layer. The outputs of first layer are connected to the 

inputs of the second layer. The outputs of the second layer 

are, in turn, connected to the inputs of the third layer, and so 

on. The final layer generates the output values of the MLP. 

In this scheme, the layers between the first and last are not 

visible from outside the network, and are hence referred to 

as „hidden layers‟ [21]. In this work, MLP is trained with 

backpropagation algorithm in which the network adjusts the 

weight of neurons according to the error occurred on the 

output layer [22]. We used three layers with one hidden 

layer. Deciding on how many neurons to use for the hidden 

layer is one of the challenges in building multilayer 

perceptron neural networks. However, DTREG has a choice 

of automatically optimizing hidden layer 1 by building 

multiple networks with different numbers of neurons in 

hidden layer 1 and evaluate how well they fit. In this 

experiment, DTREG is given a range from 1 to 50 neurons. 

The optimal size computed is 33 neurons. The logistic 

activation function is chosen for the hidden layer and the 

output layer. 

TreeBoost algorithm was developed by Friedman for 

improving the accuracy of models built on decision trees 

[23]. TreeBoost is also known as Stochastic Gradient 

Boosting and Multiple Additive Regression Trees (MART). 

Its model can be described mathematically as in equation 

(1): 

 

(X) TB(X) + … + T(X) + BT + BV = F MM22110
(1) 

 

Where V is the target value, F0 is the starting value for the 

series, X is a vector of “pseudo-residual” values, T1(X), T2(X) 

are trees fitted to the pseudo-residuals and B1, B2, etc. are 

coefficients of the tree node predicted values that are 

computed by the TreeBoost algorithm [25]. 

TreeBoost consists of ensembles of many trees. The 

residual from the first tree is fed into the next tree which 

attempts to reduce the error fed by the first tree. The process 

is repeated through a series of successive trees. The final 

predicted value is formed by adding the weighted 

contribution of each tree. TreeBoost does not require pre-

selecting or transforming predictor variables and it is robust 

against outliers [24]. A full TreeBoost series may consist of 

hundreds of trees. In this work, the series has 400 trees, and 

the maximum depth used for any tree in the series is 5. This 

work demonstrates a new application to the TreeBoost 

algorithm, using ECG-based arrhythmia classification. 

V. ECG FEATURES AND ARRHYTHMIA CLASSES 

Similar to our previous work [26], we extracted the time-

domain diagnostic and morphologic features from a pre-

processed data of 108,232 heartbeats. The used samples 

represent 99.3% of the whole data. We extracted eleven 

features from the ECG data records, namely, widths of PR, 

QRS, QT and RR waves‟ intervals; the amplitude of the 

QRS; and the mean and standard deviation of the amplitudes 

in the range of the QRS complex, the QT interval and the 

RR interval. 

In addition to the normal beats class, we classify four 

types of MIT-classified arrhythmias, namely, Premature 

Ventricular Contraction (PVC), Atrial Premature beat 

(APB), Right Bundle Branch Block (RBBB) and Left 

Bundle Branch Block (LBBB). It is worth mentioning that 

some samples in the data have other types of arrhythmia but 

they represent only a small fraction of the data. However, 

those samples are included and considered as outliers and 

they are treated as a sixth class. Table I shows the 

distribution of number of samples for each class. In all of the 

conducted experiments, only 50% of randomly chosen 

samples from the whole data are chosen for training the 

classifiers, whereas the remaining samples are used for 

testing. 

VI. RESULTS AND DISCUSSION 

We used three classifiers to classify heart beats into 

normal beats class and five abnormal classes that include the 

“outliers” class. Classifiers‟ performance is measured by 

computing the accuracy, sensitivity, and specificity. 

Accuracy measures the overall effectiveness of a classifier 

and is computed by taking the ratio of correctly classified 

examples to the total number of examples available. 

Sensitivity measures the effectiveness of a classifier to 

identify a desired label. Specificity is used to measure a 

classifier‟s ability to detect negative labels [27].  

For example, Table II shows the confusion matrix of the 

tested samples using TreeBoost classifier.  

Tables III, IV, and V exhibit experiments‟ results for 

 

TABLE I  

SUMMARY OF THE EXTRACTED DATA 

Class Number of Samples 

Normal 74385 

PVC 6730 

APB 2356 

RBBB 7205 

LBBB 8033 

Other 9523 
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TABLE VI 

SUMMARY OF PERFORMANCE RESULTS 

Measure SVM MLP TreeBoost Average 

Accuracy % 99.12 98.31 99.25 98.89 

Sensitivity % 93.01 84.90 93.98 90.63 

Specificity % 99.01 97.99 99.14 98.71 

 

 

SVM, MLP, and TreeBoost. As we can see from these 

tables, TreeBoost classifier computes the best results for all 

classes except in 2 cases. Considering APB class, SVM and 

MLP compute a specificity rate of 99.86% that is higher than 

that of TreeBoost. For LBBB class, SVM computes a 

sensitivity result of 96.94% which is the highest. 

Table VI shows classifiers‟ overall performance with 

regard to accuracy, sensitivity, and specificity. It is clear 

from Table VI that TreeBoost achieves the highest accuracy, 

sensitivity, and specificity. In addition, accuracy values are 

comparable for all classifiers with a 98.89% average. 

Specificity results are close to accuracy with an average of 

98.71%. Considering sensitivity, an average result of 

90.63% was computed. Fig. 2 further illustrates these results. 

Table VII compares our results to the literature discussed 

in section II. 

VII. CONCLUSION 

In this paper, we have presented a comparative study of 

automatic classification of heart beat arrhythmias using ECG 

signals. Feature vectors contain time-domain diagnostic and 

morphologic extracted feature values. Six different classes 

of ECG signals are classified using the MIT-BIH 

Arrhythmia Database for training and testing. Average 

accuracy, sensitivity, and specificity of 98.89%, 90.63%, and 

98.71% are obtained using three classifiers; SVM, MLP and 

TreeBoost algorithms, respectively. TreeBoost and SVM 

obtained comparable results. MLP gives the lowest 

sensitivity result. All things considered, these results 

outperform the results in [11], [12], [14] and [16], 

considering that we have trained and tested classifiers using 

data for 6 classes. Sayadi et al. reported slightly higher 

accuracy and sensitivity results using only two classes, 

namely, PVC and normal classes. 

Table VI shows that Treeboost computed the best results 

since it considers samples that were incorrectly classified by 

TABLE III 

SVM PERFORMANCE RESULTS 

Measure Accuracy Sensitivity Specificity 

Normal 97.90 99.07 95.34 

PVC 99.26 93.25 99.66 

APB 99.42 79.54 99.86 

RBBB 99.74 97.81 99.88 

LBBB 99.55 96.94 99.76 

Other 98.86 91.45 99.57 

 

 

TABLE V 

TREEBOOST PERFORMANCE RESULTS 

Measure Accuracy Sensitivity Specificity 

Normal 98.18 99.24 95.85 

PVC 99.46 95.42 99.73 

APB 99.45 82.34 99.83 

RBBB 99.75 97.92 99.89 

LBBB 99.62 96.89 99.84 

Other 99.02 92.08 99.69 

 

 

TABLE IV 

MLP PERFORMANCE RESULTS 

Measure Accuracy Sensitivity Specificity 

Normal 95.93 98.63 89.98 

PVC 98.75 89.66 99.35 

APB 98.79 50.59 99.86 

RBBB 99.43 95.36 99.71 

LBBB 98.94 92.98 99.42 

Other 98.05 82.15 99.58 

 

 

 

TABLE II 

THE CONFUSION MATRIX OF THE TESTED SAMPLES USING 

TREEBOOST CLASSIFIER 

Actual 

Category 

Predicted Category 

Normal PVC APB RBBB LBBB other 

Normal 36908 52 67 30 50 85 

PVC 84 3211 5 4 18 43 

APB 179 9 970 8 1 11 

RBBB 54 4 8 3528 5 4 

LBBB 102 10 2 1 3891 10 

Other 284 63 8 15 7 4385 

 

 

TABLE VII 

PERFORMANCE COMPARISON TO RECENT LITERATURE 

Work Reference 
No. of 

classes 
Accuracy % 

Sayadi et al. [8] 2 99.10 

Faezipour et al. [11] 2 97.42 

Llamedo et al. [12] 3 93.00 

Jadhav et al. [14] 2 82.35 

Özcan et al. [11] 2 83.33 

Bellegdi et al. 6 98.89 

 

 

 
Fig. 2.  Classifiers‟ performance results 
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previously trained tree(s). This could be viewed as an 

advantage over the other two applied methods. However, the 

other methods achieved comparable results that may initiate 

an interest in building an SVMBoost and ANNBoost to 

analyze their performance over ECG signals. 

Based on the obtained results, we recommend further 

experimentation with TreeBoost and SVM classifiers for the 

classification of heart beat arrhythmias. 

For future work, we intend to improve the classification 

results by using a mutual information-based approach. Also, 

we will explore the effect of signals‟ noise on classification 

results. Furthermore, we will experiment with other ECG 

databases and consider different classes of arrhythmias. 
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A study on temporal segmentation strategies for extracting common
spatial patterns for brain computer interfacing

Javier Asensio-Cubero, John Q. Gan, Ramaswamy Palaniappan

Abstract— Brain computer interfaces (BCI) create a new
approach to human computer communication, allowing the user
to control a system simply by performing mental tasks such
as motor imagery. This paper proposes and analyses different
strategies for time segmentation in extracting common spatial
patterns of the brain signals associated to these tasks leading
to an improvement of BCI performance.

I. INTRODUCTION

Brain Computer Interfaces (BCI) are communication sys-
tems that use human thoughts as a control signal [1]. These
systems are particularly valuable for paralysed users who
may not be able to interact with computers in any other
manner. From a non-disabled user’s point of view, BCIs can
enrich the human computer interaction where aspects from
their mental state, such as emotions and error related activity,
can be taken into account. Regular users suffering from an
induced disability (situations where the user concentration
or attention may be compromised, such as surgeons or
pilots) may also benefit from this kind of human-computer
interaction [2].

BCIs are classified into several paradigms depending on
which mental state or signal type is utilised [3]. In this
study, we focused on motor imagery (MI) using electroen-
cephalography (EEG) as a method of recording the signals.
When a subject performs a limb movement, several areas
on the brain cortex are activated due to different neuron
populations’ firing signals. Some of these populations show
activity even if the subject does not perform movement at all,
just imagining the limb movement is sufficient to produce
changes of state in the motor cortex [4].

Limb movement imagery is characterised by short lasting
amplitude attenuations/amplifications in the EEG signals
known as even related desynchronisation (ERD) and event
related synchronisation (ERS) [5][6]. Many BCI designs rely
on ERD/ERS to discriminate MI movements (such as hands,
feet, fingers, tongue, etc) [7],[8]. ERD/ERS components
can be found in temporal, spatial and spectral domains.
Different researches use different techniques to find the most
discriminant features in each domain. For example, many
studies focus on spatial components such as common spatial
patterns (CSP) [9]. Some researches try to extract relevant
information from the ERD/ERS time course using techniques
like local discriminant bases (LDB) [10]. Many studies com-
bine elements from two or three different domains, such as
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PARAFAC based methods [11][12], common sparse spectral
spatial pattern (CSSSP) [13], filter bank common spatial
pattern (FBCSP) [14] and wavelet common spacial pattern
(WCSP) [15].

The time duration given to the subject for imagining
the limb moment is called a trial, and it is where the
ERD/ERS occurs. Depending on the experiment protocol,
the trial duration may vary from four to eight seconds. The
classification of the data obtained from the feature extraction
can be performed sample by sample, giving a classification
result for every sample in the input data, or trial by trial,
where only a single prediction is given for the trial sample
set.

CSP has been popularly used in the literature for feature
extraction for BCI due to its ability of locating the active
sources while maximising the variance among two or more
classes. Usually CSP is applied for trial by trial classification.
This paper applies CSP using various segments of the trial
aiming to capture both spatial and temporal features from
EEG signals for BCI applications.

This paper is organised as follows: Section II explains
the methodology: data acquisition (Section II-A), feature
extraction methods (Section II-B), classification techniques
(Section II-C) and time segmentation strategies (Section II-
D). Section III describes the obtained results and conclusions
are drawn in Section IV.

II. METHODS

A. Data Acquisition

The data used for this study is obtained from the BCI
competition IV (data set 2a [16]) which is publicly available,
allowing us to place our outcomes with the best ranked
methods. The data contains four different classes: imaginary
movement of right hand, left hand, feet and tongue, from nine
different subjects. The subjects sat in an arm-chair facing
a computer screen with 22 electrodes placed on the scalp
following the international 10-20 location system (as shown
in Figure 1). Initially, at t = 0, a fixation cross was printed on
the screen, after two seconds t = 2 an arrow was displayed
indicating which imaginary class to perform and this cue
was shown until t = 3.25. The fixation cross disappeared at
t = 6 and denoted the end of the trial. The EEG data was
recorded at 250Hz and band pass filtered between 0.5 and
100 Hz. During preprocessing, an elliptic band pass filter
was applied to filter the data in pass band range of 8 to 30
Hz.

Two sessions of EEG data were recorded from each
subject, 288 trials (72 for each class) were acquired per
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Fig. 1. Using 22 electrodes placed according to the 10-20 international
standard [16]

session. The first session dataset is used as training data while
the second session is used for evaluation in our experiments.

B. Common Spatial Patterns

Methods like Principal Component Analysis (PCA) [17]
and Independent Component Analysis (ICA) [18] rely on
statistical relationships to extract the most relevant features
from a data set and have been extensively applied in domains
such as video compression or image processing. CSP is based
on PCA decomposition and can be regarded as a supervised
blind source separation technique [19] which maximises the
variance between two different classes. As this is the method
that we are using for feature extraction stage, an introduction
to its basics is given next.

Let us consider a matrix Xi of EEG data captured during
an interval of length T , namely a trial. The dimension
of Xi will be N × T as the signal is captured from N
different electrodes. Consider Xi centred and scaled Xi =
1√
T
Xorig

i (It − 1t1
T
t ) where It is the T × T identity matrix

and 1t is a T dimensional vector with ones in it [9]. Now
we estimate the covariance matrix for all the Xi samples as:

Σ = X̄X̄T

where X̄ is the mean of the Xi samples.
As Σ is symmetric, the eigenvalue decomposition results

in:

Σ = WΛWT

with W being a matrix containing the eigenvectors of Σ
and Λ a diagonal matrix with its eigenvalues. Now we choose
the eigenvectors associated with the highest eigenvalues to
build W̃ , which contains the set of principal components.

From an intuitive point of view, this process is simply
the projection of a sample against a subspace built upon
the covariance of the whole sample set of X . The new
orthogonal base built on the eigenvectors assures that only
those components with more variance will survive allowing
us to discard redundant components which contain less
information.

CSP is an extension to PCA where two different classes of
data are taken into account (e.g. left hand motor imagery vs
right hand motor imagery). Therefore, the set of samples X

is divided into X(+) and X(−), their simultaneous estimated
covariance matrix decomposition is given by [9][20]:

Σ(+) = WΛ(+)WT

Σ(−) = WΛ(−)WT

where W is determined in such a way that Λ(+) +Λ(−) =

I . Large values of λ(+)
j mean that the corresponding wj

obtains high variance in the positive class and low variance in
the negative one (and vice-versa). Now it remains to choose
those eigenvectors wj that maximises the variance for both
classes. This discrimination can be performed based on the
discriminative activity Sd and the common activity Sc:

Sd = Σ(+) + Σ(−)

Sc = Σ(+) − Σ(−)

The eigenvectors are selected by solving the following
maximisation problem:

max
w∈R

=
wTSdw

wTScw

From the previous steps, we obtain a set of spatial patterns
W that can be used to extract the most important features
from EEG signals for BCI applications.

C. Classification
In this study, Linear Discriminant Analysis (LDA) is used

as the classifier. In spite of its simplicity, this model has
proved to achieve comparable results to other approaches
such as support vector machines and artificial neural net-
works [21]. The main benefit comes from its low compu-
tational resource consumption, being much faster than the
other mentioned methods. The linear discrimination is based
on the discrimination function:

g(X) = WTX + w0

where X is the sample to discriminate, W is the weight
matrix and w0 is the bias or threshold whose values are de-
termined by the training data using the Fisher’s criterion [22]
. The classification is performed simply by deciding that
X ∈ C1 if g(X) > 0 or X ∈ C2 otherwise [23].

LDA only allows to discriminate between two different
classes, this problem can be solved using different discrim-
inant functions, one per class. The discriminant function
gi(X) will classify the unseen input X as Ci if gi(X) < 0 or
as the meta-class MCi if gi(X) > 0, MCi = {Cj}Nj=0,j 6=i

having N different classes in the training set. Therefore, the
final label for X is given by :

LDA label = arg min
i∈N

gi(X)

In oder to measure the classifier performance the
kappa [24] value is used along with the classification ac-
curacy. The kappa value is defined as κ = po−pc

1−pc
, where

po is the proportion of units on which the judgement agrees
(output from the classifier and the actual label), and pc is the
proportion of units for which the agreement is expected by
chance ( 0.25 for four classes).
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D. Time Segmentation and Classification Strategies

As already mentioned, we are going to discuss different
strategies of time segmentation within the trial from the
instant t = 2 to the instant t = 7 while extracting
common spatial patterns. Three different strategies of time
segmentation are applied as depicted in Figure 2. The aim is
to investigate the performances of the common approach of
applying one single CSP transformation to the whole trial as
compared to applying CSP to each segmented trial:
(a) No segmentation is performed by applying CSP directly

to the whole trial;
(b) Uniform segmentation (all segments with the same size)

without overlapping;
(c) Segmentation with overlapping or sliding window; this

approach requires two parameters, the segment length
and the overlapping size. In this case the segmentation
is performed sliding the first segment a given number of
samples as shown in Figure 2;

In every case we will obtain a set of independent features
using CSP for each segment.

We will explore two different variants in terms of how the
patterns are built for the LDA classification:
(a) One pattern per segment using the features extracted with

CSP;
(b) Feature fusion (FF) by joining the different features after

applying CSP to every segment. In order to avoid over-
fitting the classifier, this strategy is only tested with a
small number of segments and features;

When it comes to classification, we are going to test two
different approaches:
(a) One LDA is applied for all the segments;
(b) One LDA is applied for each segment in the trial;
From these experiments, we will be able to understand
whether it is better to have one model for specific parts of
the trial or one model that classifies all the segments in the
trial.

The last strategy is to apply a voting window to every
segment, such that the classification of a segment will
depend on the K − 1 previous outputs from the classi-
fier. Thus, the label for the instant ti will be labelti =
mode({LDA labelti−k

}K−1k=0 ) .We expect to assess whether
the output for given point can be improved using previous
neighbouring data.

For all the experiments, the training set is divided for a
ten-fold cross-validation classification, from which the best
number of features to select from CSP is obtained. Based on
this, a classifier is trained using the whole training set and
tested on the evaluation set.

III. RESULTS

In this section, we present the results obtained from
applying the strategies proposed in Section II-D. Obviously
we cannot explore all the possible combinations as some of
them are incompatible or may not make much sense, e.g.
applying majority voting on a segment of length three. In

Fig. 2. Different time segmentation strategies a) No segmentation b)
Segmentation without overlapping and c) Segmentation with overlapping

TABLE I
MEAN KAPPA AND ACCURACY FROM CSP OVER THE WHOLE TRIAL

Mean 1 2 3 4 5 6 7 8 9

CV
Kappa 0.52 0.62 0.50 0.83 0.34 0.21 0.32 0.55 0.77 0.52
Acc 0.64 0.72 0.62 0.87 0.50 0.41 0.50 0.67 0.83 0.64

Eval.
Kappa 0.42 0.54 0.38 0.67 0.32 0.13 0.22 0.65 0.55 0.38
Acc 0.57 0.65 0.54 0.75 0.49 0.35 0.41 0.73 0.66 0.53

Table I, the result of applying CSP over the whole trial is
shown and will be used as benchmark where CV stands for
cross-validation and Acc for accuracy. Regarding the kappa
values and accuracy measurements, we have followed the
competition procedure where only the segment with the best
kappa is taken as the trial output.

Once we have the whole trial data, we can compare it
against simple segmentation approaches without overlapping.
The numbers of segments in which the trial has been divided
are three, five, seven and nine. In this case we have tried
also the approach of having one pattern per segment and
applying feature fusion. The results shows that segmenting
the trial leads to a better performance than using the whole
trial (Table II).

Table III shows the performance of an analogous exper-
iment using simple overlapping. The number of segments
is again three, five, seven and nine, but the overlapping
was calculated in such a way that it maintains the even
distributions along the trial.

Our last experiment is configured to assess a more thor-
ough assessment of overlapping effects. For this purpose,
we set the segment length to be one second, the sliding
window overlap to be 0.8 seconds and a voting window of 3
seconds to update the output for each segment. The results
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TABLE II
MEAN KAPPA AND ACCURACY FROM CSP USING DIFFERENT

NON-OVERLAPPED SEGMENTATIONS

N. Segments Kappa CV Acc CV Kappa eval. Acc eval.

No FF
3 0.54±0.19 0.65±0.14 0.46±0.19 0.59±0.14
5 0.52±0.19 0.64±0.14 0.45±0.18 0.59±0.13
7 0.50±0.21 0.63±0.16 0.44±0.20 0.44±0.15
9 0.48±0.21 0.61±0.16 0.42±0.19 0.56±0.14

FF
3 0.57±0.19 0.68±0.15 0.50±0.17 0.62±0.13
5 0.57±0.19 0.68±0.15 0.50±0.17 0.62±0.13
7 0.56±0.21 0.67±0.16 0.48±0.19 0.61±0.15
9 0.55±0.20 0.66±0.15 0.47±0.21 0.60±0.16

TABLE III
MEAN KAPPA AND ACCURACY FROM CSP USING DIFFERENT

OVERLAPPED SEGMENTATIONS

N. Segments Kappa CV Acc CV Kappa eval. Acc eval.

No FF
3 0.57±0.21 0.68±0.16 0.50±0.19 0.62±0.14
5 0.57±0.22 0.68±0.16 0.50±0.20 0.62±0.15
7 0.56±0.21 0.67±0.16 0.48±0.20 0.61±0.15
9 0.55±0.21 0.66±0.16 0.47±0.19 0.60±0.14

FF
3 0.57±0.21 0.68±0.15 0.48±0.23 0.61±0.17
5 0.58±0.20 0.68±0.14 0.51±0.21 0.64±0.15
7 0.57±0.21 0.68±0.16 0.50±0.21 0.59±0.16
9 0.59±0.19 0.70±0.14 0.47±0.20 0.60±0.15

from this experiment are compared with the winner’s of the
competition (Table IV). This experiment also includes using
a LDA for each segment and one LDA for all the segments
within the trial respectively.

IV. CONCLUSIONS

After the evaluation of different time segmentation ap-
proaches we can conclude that segmenting the trial leads to a
better performance compared with the whole trial approach.
Although as we can see in Figure 3 when the segment
becomes too small the kappa value and accuracy decrease.
This is due to the fact that when we reduce too much the
segment size we are losing important temporal information
used by CSP to compute the correlation among the different
channels. Using feature fusion, which takes into account
different segments within the trial, this effect gets attenuated,

TABLE IV
MEAN KAPPA AND ACCURACY FROM CSP USING OVERLAPPING SLIDING

WINDOW AND COMPETITION WINNER’S RESULT

Kappa CV Acc CV Kappa eval. Acc eval

Winner N/A N/A 0.57±0.19 N/A

Multiple LDA 0.66±0.21 0.74±0.16 0.59±0.22 0.69±0.16

Single LDA 0.65±0.20 0.74±0.15 0.58±0.22 0.69±0.16

Fig. 3. Kappa and accuracy vs number of segments on the evaluation data

Fig. 4. Best subject’s time course with voting window

apart from an increase in the performance probably due to
the increase of temporal information within the patterns.

With the use of the overlapping and voting window, we
have obtained better results than the winner of the BCI
competition as shown in Table IV, even though the winner
used FBCSP which is technically much more complex than
our approach. In Figure 4 and Figure 5 we can observe
the evolution of the kappa value and classification accuracy
during the trial for the best subject, Figure 4 shows how the
voting window helps to increase the accuracy. Notice from
Table IV that the best result is obtained using one LDA per
segment, although in practice this approach may be difficult
to implement in on-line BCI and needs much more resources
than using just a single LDA.

The effect of using the voting window is noteworthy as it
boosts the classification accuracy; its effect may be similar
to the feature fusion as it adds more temporal information
to classifier and thereby makes it more accurate. This ap-
proach will be further investigated in the future in order to
fully assess its usefulness, including the optimisation of the
parameter settings.
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Fig. 5. Best subject’s time course without voting window
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Abstract— Surface Electromyography (sEMG), also known as  

myoelectric signal  is expected to play important role in 

prosthetic control, functional electric stimulation and assistive 

device control because of their non-invasive nature as well as 

ease of recording from the skin surface. The available control 

algorithms are able only to control hand gestures and 

movements. There is a current need for a dexterous hand with 

the proper myoelectric control that could be used skillfully with 

adroitness. It should provide movements with dexterity as well 

as ease of operation by the user with multi degree of freedom.  

This would require individual finger control, which is 

important for amputees since it provides them with the 

dexterity to perform highly precise movements with the fingers.   

In the paper, the use multi-channel sEMG to classify 9 

individual finger movements for dexterous myoelectric control 

was proposed.  Twelve sEMG channels for 8 class independent 

finger movements and rest class were recorded from 6 able 

body subjects and tested with two classification schemes.  

Feature extraction was performed by Time Domain-Auto 

Regression (TD-AR) features for both schemes. The first 

classification scheme consisted on Principle Component 

Analysis (PCA) for Dimensionality Reduction (DR) and Linear 

Discriminant Analysis (LDA) classifier. The second 

classification scheme consisted on Multi-Layer Perceptron 

(MLP) used for classification with no DR technique.  An overall 

accuracy of 97% was achieved with 8 channels only for the first 

scheme with training and testing sets. For the second scheme, 

the accuracy was 99.1% with training, validation and testing 

sets.  The results suggested that dexterous finger control is 

possible with reasonable number of EMG channels with TD-

AR features and MLP. 

Keywords- Myoelectric prosthesis, Finger movement 

classification, Surface EMG Signal, Pattern recognition, TD-

AR, LDA classifier and MLP. 

I. INTRODUCTION 

At the present time, there are many disabled people around 

the world who have lost a hand, through accidents or wars. It 

has been reported that surface EMG activity recorded from  
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the amputee forearm muscles after hand amputation are 

similar to EMG of healthy subjects [1, 2]. Therefore, there is  

still an EMG signal when the amputee intends to perform a 

movement.  This fact has inspired researchers to develop 

EMG signal processing algorithms for the control of a 

prosthetic hand. Amputees are able to control open-close 

movement with myoelectric signal recorded by sEMG 

electrodes on the residual muscle of the amputee [3].  These 

devices will improve the quality of life of amputees both 

physically and psychologically.  

Despite much research being performed on artificial 

prosthetic hands in recent years, the amputees have yet to 

benefit from developed artificial hands. Poor functionality 

and psychological problems are the main challenges that the 

scientists face.  There is a current need for a prosthetic hand 

that could mimic the human hand as closely as possible in 

both appearance and function. This would require multi-

finger dexterous control, which is unavailable today [4, 5]. 

Many researchers tried to classify finger movements for the 

dexterous control. Yet, there is not much investigation about 

how to classify individual finger movements with surface 

electrodes. 

 Identification of finger movements is a challenging task 

since it is very difficult to recognize finger flexions and 

extensions from a finite number of control signals [6].  There 

are two causes for this difficulty. The first one is that sEMG 

signals for finger movements are generally small in 

amplitude compared to hand movement EMG. The second 

cause is that the location of the muscles controlling the 

finger movements (flat muscles with finger specific 

compartment) lies in the intermediate and deep layer of the 

forearm.  Both causes will make it difficult and complicated 

to record high amplitude EMG with a good class separation. 

There are a few researches in the area of classification of 

finger movement discrimination and control.  An early 

reported research for finger movement identification was 

published by Uchida et al. [7] to identify five combinations 

of finger movements with two pairs of sEMG electrodes. 

The signals were classified with Fast Fourier Transform 

(FFT) features and Artificial Neural Network (ANN) trained 

with a Back-Propagation algorithm (BP). A recognition rate 

of 86% was achieved with the 2 pairs of electrodes used 

compared to 67% recognition rate when using only one pair 

of electrodes. In [6], they classified six finger movements by 

using two and four EMG electrodes. Wavelet Transform 

(WT) features and ANN were used. The results showed that 

a higher percentage of finger recognition accuracy could be 

achieved with the use of 4 electrodes rather than two 

electrodes. When using four electrodes, an average accuracy 
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of 87% of all six finger motions was obtained. However, for 

the case of two electrodes, an overall accuracy of 75% was 

obtained.  

Tenore et al. [8] reported  an accuracy of 98%  with the use 

of 32 bipolar electrodes to control 12 finger motions for one 

healthy subject.  Nevertheless, 32 electrodes is a very large 

number that requires a large surface area to fit them which is 

not suitable for amputees.  In addition, Tenore et. al [8, 9] 

placed  4 electrodes on  the arm which might be redundant 

and anatomically proven that there is no need for those 

electrodes. Since all the muscles controlling the fingers lie in 

the forearm only [10]. The previous studies seem interesting, 

however, low accuracy values as well as small number of 

finger movements classified are the main drawbacks, 

improving the drawbacks is an outstanding challenge. 

This paper proposes pattern recognition based myoelectric 

control for classification of 9-class finger movements based 

on multi-channel surface recordings. This will help to derive 

many movements with high dexterity from a minimum set of 

surface electrodes for dexterous prosthetic control. This 

paper is organized as follows. In Section II, a brief 

background on Pattern Recognition Based Myoelectric 

Control will be explained. Section III, materials and methods 

will be presented. Subsequently, in Section IV, the results 

and discussion are presented, followed by the conclusions in 

Section V. 

II. BACKGROUND ON PATTERN RECOGNITION BASED 

MYOELECTRIC CONTROL 

The process of EMG classification for prosthetic control 

includes recording of the EMG for a particular movement in 

which EMG amplitude gives an idea about the strength of 

the movement. Electrode configuration plays an important 

role in the classification accuracy of myoelectirc signals [11] 

since the muscle location of a particular hand movement lies 

in different  layers of the forearm. For instance, wrist 

movements are performed by the contraction of muscles in 

the superficial layer of the forearm which make it easy to 

acquire high selectivity EMG signals with surface 

electrodes. On the other hand, achieving high selectivity 

with surface electrodes for finger movements is difficult 

task. As mentioned in an earlier section, the majority of the 

muscles controlling the fingers lie either in the intermediate 

or the deep layer of the forearm. 

Different number of electrodes was used to classify hand and 

finger movements. For instance, one electrode [12],  two 

electrodes [13], four electrodes [14], eight electrodes [15], 

eleven electrodes [16] and sixteen electrodes [17]. Those 

active measurements were measured with a reference 

electrode that placed on different places in the body such as 

wrist and clavicle.  

The block diagram of pattern based myoelectric control is 

shown in Fig.1. Firstly, signal is conditioned with the proper 

EMG amplifier. Afterwards, pre-processing such as filtering, 

rectification and normalization are needed to enhance the 

signal and to prepare it to the next step of classification 

process.   

Analysis of short energy windows from the whole EMG 

recording (usually 256 ms length with 32 ms overlap) is the 

main goal of windowing step. Due to large amount of the 

recorded EMG samples for a particular movement, feature 

extraction techniques are needed to extract a new highly 

efficient feature set from the EMG. Many Feature extraction 

algorithms have been proposed by other researchers such as 

TD-AR features [18], higher order statistics [19], short time 

Fourier transform [14] and wavelet transform [14]. 

Dimensionality reduction is used to reduce feature vector 

size in some occasions. The most commonly algorithm used 

for dimensionality reduction is Principal component analysis 

(PCA) [14].  

Finally, the reduced-dimension feature set of the EMG 

movement is classified into specific movements. Different 

types of classifier have been used in the literature for 

achieving high classification accuracy for instance, Linear 

discernment Analysis (LDA) [14], Multi-layer perceptron 

[15, 20], Self Organization Maps (SOM) [21], Support 

Vector Machines (SVM) [22, 23]. 

 

 

 

 

 

 

 

 

 
 

 

Figure 1  Block diagram of myoelectrcic pattern recognition  
 

 

III. MATERIALS AND METHODS 

A. Data Acquisition and Hardware 

The EMG signals was recorded from the right forearm of six 

subjects (5 males and one female) aged 21-35, volunteered 

for the study. None of the volunteers had any training on 

EMG recording before the time of the experiment. 

The subjects were asked to read the participant information 

sheet and to give their written consent for the agreement to 

perform the experiment. The study was approved by the 

Human Ethics Committee of the Faculty of Science and 

Technology at the University of Plymouth.  

It is difficult to place surface electrodes over any muscle 

unless dissected. To the best surface location that could be 

achieved, the electrodes was placed on the forearm locations 

that lay above the location flexor and extensor muscles 

according to the European recommendations for sEMG [24]. 

Twelve bipolar EMG electrodes (Tyco healthcare) were 

placed on the upper part of the forearm as shown in Fig. 2.  

Whereas the ground reference electrode was placed on the 

wrist. 

The signals were acquired by custom-build 16 channels 

EMG amplifier. The data were samples at a rate of 2000 

sample/s with 16-bit data acquisition USB 6210 (National 

Instruments). A Labview Virtual Instrument (VI) has been 

developed for acquiring, displaying the EMG in real time, 

and storing them in a known file format for the further 

processing. 
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Figure 2 Electrode locations [4] 

 

There are 9 classes of the finger movement in the current 

study. These are summarized here as: little finger flexion 

(f1), ring finger flexion (f2), middle finger flexion (f3), 

index finger flexion (f4), rest, little finger extension (e1), 

ring  finger extension (e2), middle finger extension (e3) and 

index finger extension (e4). Note that the rest is considered 

as a class in this study. 

The subject sat in front of the lab view screen to see the raw 

EMG channel and asked to produce each of the nine class 

finger movements with a moderate, constant force and hold 

the movement for a period of 10s in each trial. Five trials 

were recorded for each movement therefore generating a 

reasonable amount of data to test generalization capability of 

the system. Fig. 3 shows the fourth subject performing index 

finger flexion in front of computer screen showing the raw 

EMG signals. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B. Pattern Recognition based Myoelectic Control 

Two classification schemes were used in this study (Fig. 4).  

The analysis window size for both schemes was 250 ms with 

a step size of 45 ms for the training and testing data set 

which is under the 300 ms controller delay described in the 

literature.  

The first classification scheme consisted of feature 

extraction performed by TD-AR features. PCA  was used for 

DR [25] and LDA for classification. Hargrove et al. [18] 

showed that TDAR features achieved the highest 

performance compared to other feature extraction methods 

such as FFT transform and WT. Moreover, time-frequency 

features require much more complicated processing than TD 

features to compute [26].  

TD-AR features consisted of 6
th

-order AR models, root 

mean square value, zero crossings, integral absolute value 

and slop sign changes. The number of features to be reduced 

with PCA was set to be 10 features. Classification is 

performed with an LDA classifier since the problem of 

training iteratively could be avoided with the use of LDA 

giving a low chance for under and over training. The training 

sets consisted of half of the data while the testing set 

consisted of the other half. 

For the second scheme, the same TD-AR features were also 

used with no dimensionality DR technique. MLP trained 

with scaled conjugate gradient back propagation algorithm 

was used for classification.  

Generalization, adaptive learning and non-linear mapping 

are the main reasons for using MLP for the classification of 

EMG with high accuracy [27]. 

The data were divided into three sets, training set (40% of 

the data) validation set (30% of the data) and testing set 

(30%). The input layer consisted of 10 features multiplied by 

the number of channels.  The number of the hidden neurons 

was 18 neurons and the output layer corresponds to the 

desired output class which either five (5 class finger 

movements) or nine neurons (nine class finger movements). 

 

 

 

 

 

 

 

 

 

 

 
Figure 4  Schematic diagram of the classification schemes proposed in the 

current study. 

 

IV.  RESULTS AND DISCUSSION 

 

Fig. 5  shows classification accuracy (%) of all subjects for 

both classification schemes for 9 and 12 EMG channels. It 

can be clearly seen that using the second classification 

scheme (TD-AR, no DR and MLP) achieves better 

performance than the second scheme (TD-AR, PCA and 

LDA) for all subjects. Subject 1 achieved the lowest 

accuracy of (96.6%) with the 1
st
 scheme while subject 6 

achieved the lowest accuracy (98.7%) with the second 

scheme. Still, for all subjects, the accuracy with the 2
nd

 

scheme was higher than that obtained with the 1
st
 scheme. 

Fig. 6 illustrates an example of the classification output for 

the 4th subject for classification scheme 1 for 9 class 

movement with 12 channels. The overall accuracy for the 

particular subject is 98.6%. It could be noticed that the 
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Figure3 Subject performing index finger flexion infront of the  Labview 
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Figure 5 Performance for 9 movements with 12 channels across 6 subjects 

for classification schemes 1 (PCA-LDA) and 2 (no DR-MLP)  

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
 

 

 
Figure 6 Example of classification output for subject 4 the 12 channel 9 –

class problem for the first classification scheme 

 

To investigate the constituency of the results, five class 

problem (f1, f2, f3, f4 and rest) and 9 class problem (f1, f2, 

f3, f4, rest, e1, e2, e3, and e4) were analyzed. Moreover, 

channel numbers were varied to illustrate the effect of 

number of channels on the performance.  The first 

combination was when eight channels were used for the 

classification (the first eight channels). The second group of 

channels consisted of all the 12 channels recorded in the 

experiment. 

Fig. 7 displays the classification errors obtained with both 

schemes from intact-limbed subjects. Five and nine finger 

classes were analyzed with 2 channel combination (eight and 

twelve). Standard deviation of the inter-subject variability is 

shown with error bars. It could be noticed that error rates for 

the second classification scheme are much lower than that of 

the first one for both channel combinations and number of 

movements classified.  

 
 

Figure 7. The average classification accuracy for both schemes across 6 

intact limbed subjects   

 

Additionally, Fig. 8 and Fig. 9 show the confusion matrix for 

9 movements of subject 1 using 254 ms data analysis 

windows for classification scheme 1 and 2 respectively. In 

Fig. 7, f1 and f2 movements are misclassified as f3 

movement. Moreover, e3 movement is misclassified as e2 

movement. We could notice that those error 

misclassifications were removed when using the second 

classification scheme (Fig. 9). 

From the results, a high accuracy for 9 movement-class 

problem (99%) across 6 subjects could be achieved with 8 

electrodes placed around the circumference of the forearm 

processed with the second classification scheme. 

The results could be compared with Jiang et. al [6] who 

obtained an accuracy of 87%  for 6 motions. In addition, we 

achieved a similar accuracy with eight channel only to that 

in [9] where they used a 32 bipolar channels to obtain of 

98% 12 for movements . These results suggest that it is 

possible to achieve high accuracy in the finger classification 

with 8 sEMG channels only.  

From the results, scheme 2 outperformed scheme 1. In 

scheme 1, PCA was used for DR while no DR was used in 

scheme 2. From the literature, the assumption for PCA is 

that the variance in the data relates to a good clustering of 

the features. This might not necessarily means that PCA 

yield a good features [28].  

Further work is needed for additional data collection from 

more subjects to take in to account the inter-subject 

variability on a large. In addition, collection of amputees’ 

EMG is being done to test the proposed signal processing 

system on amputee’s EMG signals. 

 

V. CONCLUSIONS 

The use multi- channel EMG to classify 9 individual 

finger movements for dexterous myoelectric control was 

proposed.  Twelve EMG channels for 9 class independent 

finger movements were recorded from 6 able body subjects 

and tested with two classification schemes with 254 ms 

window length.  

The classification schemes consisted of FE performed by 

Time Domain-Auto Regression (TD-AR) features (a 
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commonly used approach in the Literature) for the first 

scheme with PCA and LDA classifier. The second 

classification scheme with the same TD-AR features in the 

1st scheme, no DR and MLP for classification.  

An overall accuracy of 97% was achieved for the first 

scheme whereas 99.1% of accuracy was obtained for the 

second scheme with the use of 8 EMG channel only. 

The results suggested that dexterous finger control is 

possible with reasonable number of EMG channels, TD-AR 

features and MLP.  
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Figure 8  Confusion matrix showing the error distribution for the first 

subject for the 1st classification scheme with 8 EMG channels  

 

 
 

Figure 9  Confusion matrix showing the error distribution for the first 

subject for the 2st classification scheme with 8 EMG channels  
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Abstract— Sequence alignment is a technique that helps to 

analyze biological systems. The aligned sequences are important 

as they are used in applications including predicting protein 

structures, characterizing protein families, and constructing 

phylogenetic trees. This paper presents Ant Colony 

Optimization (ACO) by performing an iterative parallel 

stochastic search to seek an optimal pairwise sequence 

alignment in the vicinity of the best alignment. The accuracy of 

ACO is compared with well-known methods on several pairwise 

test references from PREFAB 4.0 which is a benchmark 

database that contains manually refined reference alignments. 

The accuracy of alignments is assessed by a measure known as 

quality score, or  Q-score in an abbreviated form. ACO achieves 

encouraging results on each of these references. 

I. INTRODUCTION 

Biological molecules like nucleotides and proteins play a 

vital role in the processes of life. Sequence alignment has 

been an essential task for biologists to analyze biological 

sequences of nucleotides and proteins. Alignment task is 

mostly performed by alignment algorithms for efficiency. 

The goal of these algorithms is to find accurate alignments in 

a reasonable time. Conserved regions obtained at the end of 

the alignment process can further be analyzed to find out 

evolutionary relationships between those sequences.  

Alignments can be used in the determination of phylogenetic 

trees as well as in the prediction of the protein structures and 

characterization of the protein families. We have recently 

reviewed sequence alignment methods from the perspective 

of stochastic optimization and swarm intelligence in a brief 

survey [10]. 

For decades, dynamic programming has been the 

prominent method for pairwise alignment methods. 

Needleman-Wunsch algorithm was the first example of 

dynamic programming applied to biological sequence 

alignment problem. In a similar vein, Smith and Waterman 

proposed the local alignment of sequences using the dynamic 

programming method for determining similar regions 

between two biological sequences [2]. Needleman-Wunsch 

method was then utilized to align more than two biological 

residues [3]. 

Feng and Doolittle implemented the Needleman-Wunsch 

method for each pair of sequences in a pairwise library and 

assigned a score to each group. This was one of the first 

examples of progressive alignment methods. Therefore, a 
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group of sequences were progressively aligned in order to 

accomplish multiple alignments as based on the assigned 

scores [4]. The rule “once a gap, always a gap” is the 

fundamental idea that this method supports. Progressive 

alignment aligns closely related sequences at first, and the 

other remaining sequences are added to the alignment 

progressively in the order of edit distances. Pairwise 

sequence alignment is a fundamental process in ClustalW 

[5], MUSCLE [6], Probalign [7] and DIALIGN [8]. In order 

to generate an efficient alignment, all of these methods 

utilize a progressive algorithm for building up the  multiple 

sequence alignment. Progressive methods provide a high 

quality alignment, especially in closely-related homologous 

sequences with more than 40% percent identity. However, 

poor quality alignments would be obtained with low identity 

ranges [9].  

There are still some drawbacks with the dynamic 

programming approach. The optimal  alignment can only be 

achieved with an exponential time and space complexity in 

terms of length and number of sequences. Optimization 

methods would be an alternative to the dynamic 

programming. A stochastic optimization method, simulated 

annealing which is related to physics, was applied for the 

sequence alignment problem in comparison to dynamic 

programming [19].   

Swarm intelligence is an extremely promising field of 

research where several methods have come up recently. The 

prominent methods of swarm  intelligence are ant colony 

optimization [11] and particle swarm optimization [12].  In 

this paper, we have applied ACO to iteratively seek an 

optimal global pairwise sequence alignment by using a 

scoring scheme.  

This paper is organized as follows. Section I is the 

introduction. Section II presents the basic concepts and 

definitions. In Section III, experimantal results have been 

provided. Section IV is the conclusion. 

II. MATERIALS AND METHODS 

A. Biological Fundamentals 

Genetic sequence is a string that consists of four-alphabet 

{Adenine (A), Thymine (T), Guanine (G), and Cytosine 

(C)}. These are the biological macromolecules known as the 

deoxyribose nucleic acid (DNA) bases. The two nucleotide 

chains constitute a double helix structure of the DNA [22]. 

Proteins are constructed from genes. Genes are the genetic 

sequences and contain necessary information to build a 

protein. The central dogma of molecular biology is the 

transfer of biological sequential information from nucleic 

acids to protein in living organisms. Once the process is 
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completed, the process can’t flow back. In other words, 

“Information cannot be transferred from protein to either 

protein or nucleic acid” as Francis Crick stated [23]. Amino 

acid symbols {A, R, N, D, C, E, Q, G, H, I, L, K, M, F, P, S, 

T, W, Y, V} constitute the 20-letter alphabet for the protein.  

The genes come together and form the genome. Genome 

holds the information needed to construct the proteins that 

form an organism’s cells. Each cell produced by an organism 

receives a copy of the genome. The copy process may result 

a number of changes into the sequences of many genes. 

These changes are usually known as point mutations. Point 

mutations are the substitution of one base for another and the 

deletion of a substring of bases. Hence, point mutations 

cause the closely-related organisms to slightly differ from 

each other although they have the same gene sequence. 

B. Pairwise Sequence Alignment 

 A pair of biological residues aligned by matching 

characters from the two residues.  Gaps that indicate 

insertions or deletions into sequences are also used in the 

alignment process. Sequence alignment task helps to  

observe the similarities between biological sequences. If the 

similarity between sequences is high, then they will probably 

have similar structure or share similar function [13].   

 Pairwise sequence alignment can be used to produce a 

pairwise library which is essential for progressive alignment 

of multiple sequences. There exists n(n −1)/2 pairwise 

alignments in a data set containing n sequences. In most 

multiple alignment programs, dynamic programming was 

employed to compute pairwise library as it provides exact 

solutions. However as the sequence size increases, dynamic 

programming becomes inefficient and intractable in terms of 

computation time and memory consumption.  

C. Q-Score 

 Q-Score is a quality scoring program that compares two 

multiple sequence alignments [6].  In this paper, it has been 

used as a metric to assess the output alignment in the 

experimental results section. Quality score compares the 

aligned sequences between manually refined alignment and 

the alignment produced by the sequence alignment method. 

It evaluates the alignment process and returns an alignment 

score between zero (bad alignment) and one (good 

alignment).  

D. Computing Environment 

All experimental runs have been conducted on a standard 

workstation with a 2.20 GHz Intel Core2 Duo CPU, 2 GB of 

RAM, running Windows7.  

Reference sequences that have been used in experiments 

have been selected from a benchmark database, PREFAB 4.0 

[6]. Experiments have been separately conducted for each of 

the selected reference sets. 

III. ANT COLONY OPTIMIZATION 

 Ant Colony Optimization is a recent swarm intelligence 

technique inspired by the foreaging behaviour of the 

biological ants. Biological ants are capable of finding a 

shortest path from a food source to the nest [14], [15] as 

shown in Fig. 1. Traveling Salesman Problem was the first 

combinatorial optimization problem that suggested a 

heuristic solution using ACO [16].  

 

 

 
Fig. 1 The foraging behaviour of a real ant colony to find the 

shortest path for the food to the nest (Image Courtesy of [17]). 

 

 During the travel, ants deposit pheromone on the visited 

edges. When all the ants complete their tours, a global 

pheromone deposit trail takes place indicated by the shortest 

tour. ACO mathematically models the behavior of the 

artifical colony that is capable of finding the shortest path for 

the food source by Equations (1) through (4). Equations (1) 

and (2) together represent the state transition rules and help 

the decision of the ant k to select the next city s from city r.  

Specifically, Eq. (1) represents exploitation of the ants as 

they just decide the next city to move by the cities closest, 

and the richest in terms of the deposited pheromone on the 

edges. Eq. (2) represents exploration of the ants as they 

probabilistically decide the next city to move amongst the 

possible cities to be visited. 
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If q is defined as a uniformly distributed random 

parameter over [0, 1] during the ant’s move, and q0 as a 

predefined parameter between 0 and 1, then the ant moves 

either by Equation (1) or Equation (2) as the result of the 

randomly produced value. In other words, if q is less than or 

equal to q0, then the ant uses Equation 1, otherwise it uses 

Equation 2. Ants tend to make more random choices as q0 

gets smaller. Uk(r) denotes the unvisited cities of the ant k 

which is located at city r during its travel. The relative 

importance of the deposited pheromone and the closeness 

between cities are denoted by parameter α, and by parameter 

β respectively. Ant’s heuristic is denoted by η which is the 

inverse of the distance between cities r and s. The amount of 

the deposited pheromone is denoted by τ. A local update rule 

is given by Eq. (3) which modifies the pheromone level on 

the edges by the visit of each ant as follows:  
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The amount of pheromone on the edges is evaporated 

during time. The parameter denoted by ρ is a predefined 

parameter with a value between 0 and 1. 

Global update rule takes place once all the ants complete 

their tours. The shortest tour so far is chosen from the 

completed tours of ants. Edges of this tour are rewarded with 

an increase in their pheromone level as expressed in Eq. (4).  

Dmin denotes the global shortest distance found since the 

beginning. 

minD
srsr

1
),()1(),(                                 (4)  

 

In this paper, ACO which is a prominent swarm 

intelligence approach has been employed for solving the 

global pairwise sequence alignment problem. The optimal 

parameter set for ACO has been chosen as shown in Table 1.  

 
Table 1. Parameter settings that have been used in our algorithm. 

 

Parameter Value 

ant size 100 

α 1 

β 1 

ρ 0.1 

τ0 10 

 

The preferred alignment is the alignment in which the best 

ant deposits its pheromone. In each iteration, the ants will 

see the regions of the best alignment highly desirable and 

tend to choose those regions with a high probability. In time, 

the pheromone amount deposited on the regions evaporates 

with the local updating rule especially when the ants 

preferred to explore. Lowering the amount of the pheromone 

on the visited alignment regions allows for the search of 

possibly better new alignments in the vicinity of the previous 

best alignment. In other words, ACO performs a parallel 

stochastic search in the vicinity of the best alignment 

iteratively. Fig. 2 depicts an example path that is traveled by 

an ant in the colony. 

IV. EXPERIMENTAL RESULTS 

The sequences used in this study have been obtained from 

PREFAB 4.0 database. Our algorithm has been tested with 7 

pairs of sequences from this database. As the sequence size 

increased, ACO has behaved almost in a linear way. On the 

other hand, the results obtained from the dynamic 

programming behaved exponentially as sequence size 

increases. Figures 3 and 4 demonstrate the computational 

behaviour of these methods. Since ants’ pheromone deposit 

calculations require matrix operations, the graph is not an 

exact linear growth, but as it can clearly be seen from Fig. 3 

the behaviour of ACO as sequence size increases is almost 

linearly.  

 

 

 

 
 

Fig. 2 An example alignment path that is traveled by an ant in the 

colony. (Image Courtesy of [19]). 

 

 
 
Fig. 3 ACO behaves almost linearly as sequence size increase. 

 

 
 
Fig. 4 Dynamic programming behaves exponentially as sequence 

size increases. 

 

Nevertheless, computation time of ACO seems slower but 

as the size increases the gap becomes closer. The sequence 

size is kept in limits of 0 and 2000 for computational 

simplicity. On an environment where high computational 

capacity is available, the computational increase would be 

more observable.  Moreover the dynamic programming 

algorithm used here is a highly optimized one. 
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ACO has led to a significant increase in the alignment 

accuracy regardless of the identity ranges of the reference 

sequences. ACO has a different calculation cost as compared 

to other pairwise methods. Particularly dynamic 

programming has a calculation cost of O(mn) for the two 

input sequences with lengths of m and n. Our ACO approach 

calculates the pairwise alignment in a linear fashion. That is, 

the number of the ants and the iteration count affect the 

calculation cost linearly. Our accuracy results are almost 

similar with the other methods. Pairwise sequence alignment 

is one of the most important utility when performing 

biological sequence analysis. Multiple sequence alignment is 

constructed progressively from the aligned pairwise 

sequences. Thus, the quality of the pairwise alignment 

considerably affects the quality of multiple alignment results. 

Hence, we have targeted to attain high quality pairwise 

alignments. Therefore, we have significantly improved our 

ACO algorithm to achieve a satisfactory accuracy level. 

All pairwise sequence reference sets that have been used 

in experiments are from PREFAB benchmark database. 

These reference sets as shown in Table 2, are chosen to 

represent different identity ranges. Percent identity value 

quantifies the similarity of sequence pair. Identity range into 

which the pair of sequence falls, is also shown in the table. 

Quality score values of reference sets that have been 

obtained using different methods, namely ClustalW, 

MUSCLE, Probalign and DIALIGN, have been presented in 

Table 3. ClustalW is a common and widely used alignment 

method for sequence alignment and employs the neighbor 

joining weighting method to assign weights that are heavier 

to divergent sequences than more redundant ones. MUSCLE 

is fast and accurate method for multiple sequence alignment 

that involves large number of sequences. Probalign uses 

partition function posterior probability estimates and 

calculates the highest expected accuracy sequence 

alignments. DIALIGN performs alignment by comparing 

entire segments of the sequences and the gap penalty is not 

used in the alignment process.   
 

Table 2. Pairwise reference sets with different identity ranges. 

Identity range and percent identity columns give the similarity of 

sequence pairs. 

 

 
 

The similarity or dissimilarity between protein sequences 

are assessed with the use of substitution matrices. PAM 

(Point Accepted Mutation) [20] , BLOSUM (BLOcks 

SUbstitution Matrix) [18] and GONNET [21] are the most 

known substitution matrices. In this study, the similarity 

between sequence pairs has been calculated using the 

BLOSUM. BLOSUM is a substitution matrix and developed 

by estimating the occurrence of each possible pairwise 

substitution of amino acids. 
 

Table 3. Quality scores of ACO and the other sequence alignment 

methods. 

 
 

Quality scores of the sequence alignments for different 

methods and our algorithm would  also be viewed clearly by 

a bar graph as shown in Fig. 5. The x axis of this bar graph 

shows the reference sets with different identity ranges. 

Quality scores of each reference sets obtained by the 

sequence alignment methods are shown on the y axis. It may 

be seen on the figure that, for all reference sets, ACO and the 

other sequence alignment methods have produced similar 

results. 

 
Fig. 5  The comparison of chosen sequence alignment methods 

with ACO. 
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V. CONCLUSIONS 

 In this paper a swarm intelligence strategy for the global 

pairwise alignment of sequences has been presented. The 

aim in developing ACO was to achieve more optimum 

results where long length sequences available. Efficiency and 

accuracy are the main concern in the implementation of 

sequence alignment methods. A comparative assessment of 

the accuracy of ACO with well-known sequence alignment 

tools show that results obtained with ACO is encouraging for 

the pairwise alignment of sequences. 
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Abstract— Time series classification is a supervised learning 

problem used in many vital applications. Classification of data 

varying with time is considered an important and challenging 

pattern recognition task. The temporal aspect and lack of 

features in time series data makes the learning process different 

from traditional classification problems. In this paper we 

propose a multiple classifier system approach for time series 

classification. The proposed approach adaptively integrates 

extracted local and global features together with distance 

similarity based methods. A feature extraction process is 

performed, followed by training of base classifiers using 

different features and then decision fusion of single classifiers. 

Also in this study, an evaluation of single and multiple 

classifiers is performed on different combinations of extracted 

features. Dynamic and static methods for decision fusion are 

explored. We investigate character and sign language 

recognition applications. Our proposed method is tested against 

various single and multiple classifiers trained using different 

feature spaces. The results for the different training schemes 

are presented. We demonstrate that the proposed model 

produces better accuracy in most cases. 

I. INTRODUCTION 

Time series data is a sequence of observation values 

ordered with respect to time in ascending order. Time series 

analysis studies the structural dependencies between the 

observation data of a certain problem. To gain a better 

understanding of the process that generates the data, the 

internal structure of data must be analyzed. Developing 

machine learning models to capture the underlying patterns 

in data has become an interest among researchers. Among 

the challenging tasks in time series analysis is time series 

classification. 

Time series classification is a supervised problem, where 

time series examples with known classes are given during 

the training phase. Using a training set, the task is to learn 

patterns and classify future unlabeled time series into known 

classes. 

Areas that involve time series data include a wide range of 

pattern recognition applications like handwriting recognition 

or word spotting [1], speech processing [2] and gesture 

recognition [3]. Moreover, health care applications like: 

classification of medical time series such as 
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electrocardiographs (ECG - the time series of heart rates) 

and electroencephalograms (EEG - the recording of the 

brain's activity) [4] [5] [6] are also popular. 

Due to the sequential characteristic in time series data, 

building a classification model differs from conventional 

classification problems. Also, since there are no explicit 

features in data, training a classifier is not a trivial task. 

Furthermore, the high dimensionality of the data and the 

interdependency between variables makes the feature 

selection process a challenging one [7]. 

Two main approaches are used along the literature for 

time series classification; distance based methods and 

feature extraction then classification methods.  

In the distance based method approach a distance function is 

used to define the similarity between time series data. Series 

are considered similar when the distance between them is 

minimal. Euclidean distance is used widely in performing 

data mining tasks on time series data [8] [9] [10]. However, 

it is sensitive to distortions in time dimension [11] and 

requires two time series that have the same length. Dynamic 

time warping (DTW) is a distance function that handles this 

problem and measures the similarity among time series data. 

The algorithm computes the best alignment between two 

sequences of time series. It was originally used for the 

purpose of speech [2] and word recognition [12]. DTW 

overcomes the problems of Euclidean distance [13] and 

investigations show that DTW is among the best distance 

measures for time series [14]. On the other hand, DTW is of 

quadratic complexity. As an attempt to improve DTW’s 

speed and performance, a new framework is proposed in 

[15] that learns arbitrary constraints on the warping path of 

the DTW calculation. 

The second approach to classify time series data 

transforms the set of observations into a number of attributes 

using feature extraction techniques. The series is 

transformed into a feature vector, thus allowing the usage of 

a conventional pattern recognition scheme [16] [17]. 

Different approaches have been proposed to extract features 

from time series data.  

Extracting global and local features from time series data 

is used for classification. Global features are those defined 

for the whole time series data. They are useful in 

classification because they capture the global characteristics 

of a series. Alternatively, local features are extracted from 

parts of the time series only and take into consideration the 

temporal aspect of the time series data. The study in [16] 

distinguishes between local and global features extracted 

from sound pattern of crickets for classifying different
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species. Their findings are that the local features are very 

useful for time series classification, and produce better 

results than when using the global features alone. This study 

also reports that simple combination of local and global 

feature vectors does not improve classification results. In [4] 

global attributes are considered important for classification. 

The maximum, minimum and mean of each series are 

extracted. Furthermore, for ECG data: age, height, weight 

and gender are extracted. 

The field of multiple classifier systems (MCS) has 

attracted great interest in pattern recognition research. The 

objective is to combine learners to improve the performance 

of single classifiers. When designing ensembles, the choice 

of competitive individual classifiers is essential to achieve 

better classification accuracy [18]. Different fixed and 

trainable rules [19] have been proposed for combining the 

outputs of several classifiers. 

Many multiple classifier systems have been developed for 

the classification of time series data. The study in [4] 

proposes a method for classifying multivariate time series 

data using a feature based method. This method requires 

prior knowledge about the classification problem. From each 

data set a set of user defined features are constructed. These 

features are used along with extracted global attributes for 

classification. The results show 98% accuracy for classifying 

95 classes in the sign language dataset. 

Dietrich et al. [20] propose three MCS architectures 

(FCT, CFT and CTF) using integration of classifier 

decisions over time and feature spaces. The architectures 

extract local features of time series data and introduce them 

to base classifiers. The work is further extended in [21] 

where the combination of local classifier decisions using 

static and adaptable fusion schemes is investigated. For the 

static fusion rule the CDT architecture is used, and for the 

adaptable fusion scheme decision templates are used. The 

experiments aim to classify the sound patterns of 22 

different species. The study denotes that the decision 

template approach improves the classifier performance in 

comparison to the combination of multiple classifiers with 

averaging. 

The work in [22] proposes the Static Minimization – 

Maximization (SMM) approach, which is again a multiple 

classifiers approach for handling time series data. The 

approach consists of two steps: First, the model attempts to 

reduce the training error by classifier selection from a pool 

of specified base classifiers. Then, SMM maximizes the 

expected testing accuracy. The classification approach is 

tested on four data sets; the technique outperforms several 

popular techniques in two data sets, but fails to show 

significant difference in the other two. 

 Rodriguez et al. in [23] propose a multivariate time 

series classification method based on stacking of univariate 

components of the time series. The method uses a K-nearest 

Neighbor classifier with DTW as a base classifier. A 

classifier is used for each feature (univariate time series). 

The study concludes that the stacking method performs well 

when the univariate DTW classifiers perform well and the 

multivariate classifier does not produce good results. On the 

other hand, when the multivariate classifier result is 

accurate, the proposed method is not effective. 

 In this paper we propose a new architecture to solve the 

problem of time varying data in pattern recognition 

applications. Local and global features are extracted, then an 

ensemble of classifiers is used to combine distance and 

feature extraction based methods. The proposed model is 

tested using a sign language and character recognition data 

sets. 

The main objective of this study is to investigate the 

different classifier integration methods for time series 

classification. In particular we compare between fusing 

classifiers using fixed and adaptable combination rules and 

contrast this approach to the single classifier method. We 

also explore using different types of features like local 

features, global features and DTW methods and exploit their 

possible combination to produce efficient results.  

Two data sets are used for the experiments; the 

Australian Sign Language data set and the Character 

Trajectories data sets. We experimentally show that our 

architecture captures the different representations well 

enough to produce good results. The accuracy of the 

proposed model is tested against different models. 

The paper is organized as follows: In the following 

section we introduce our proposed ensemble architecture, 

explain its components and how feature extraction is 

performed. Section 3 explains the experimental setup and the 

data sets used. Section 4 presents our results and discusses 

the findings. The final section concludes the paper and 

discusses future work. 

II. PROPOSED ENSEMBLE ARCHITECTURE 

We propose a new architecture for time series 

classification that combines distance based methods and 

feature extraction methods. The ensemble consists of three 

base classifiers: a classifier that operates on local features, a 

classifier that uses global features, and a K Nearest Neighbor 

classifier with Dynamic Time Warping similarity distance 

function. The architecture is shown in fig. 1. Each of the 

three classifiers is trained independently with a different set 

of features. The three classifiers are then combined using an 

adaptive fusion method. Here we use a fourth classifier to 

learn the best combination for the base classifiers’ decisions. 

The outputs of the three base classifiers are used as training 

data for the fusion classifier to make an improved estimate 

of the class labels. We argue that introducing different 

feature space representations provide complementary and 

diverse information required to produce accurate and reliable 

results. This is because the classifiers exhibit different 

performances when trained differently. Moreover, the 

adaptability of the approach allows the model to be flexible 

enough to learn the outputs of distance based methods and 

feature extraction methods to produce the class label.  

As follows we describe in more details how local and 

global features are obtained, the process of dynamic time 

warping and finally how the fusion is learned.  
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A. Local Features 

 Local features are features that are extracted from interval 

regions of the time series. These features are determined 

using sliding time windows from subsets of the time series. 

A sliding window covers a small portion and moves along 

the series, extracting a set of features from each window 

[21]. The number of windows varies from a time series to 

another. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For time series T, a sliding window    is moved along 

the series dividing the series into parts        
  for each 

window          . Starting from the first observation, 

the sliding window extracts the features until the whole time 

series is covered. In this study the local features extracted 

are the average of the raw values in the interval specified by 

the sliding window, the minimum and maximum values in 

an interval, the deviation of the values from the mean of an 

interval and the amplitude 

B. Global Features 

Global features are features based on global 

characteristics or information of the whole time series [16]. 

We extract global features to take into account the global 

properties of time series; this gives valuable information that 

helps determining the class label of a particular time series.  

The global features we extract are the total distance 

covered by each time series, the Euclidean distance between 

each pair of series, the minimum and maximum for each 

attribute in each series and the mean for each series. 

C. Dynamic Time Warping 

Dynamic time warping (DTW) [2] is an algorithm that 

measures the similarity among time series data. The method 

computes the best alignment between two sequences of time 

series that can be of different length. Fig. 2. shows two 

similar time series patterns P1 and P2. The sequences exhibit 

similar behavior along time, but the two patterns are not 

exactly timely aligned. Fig. 2.a shows the alignment strategy 

using one to one comparison. In contrast Fig. 2.b illustrates 

the DTW method. Using the DTW method (Fig. 2.b) the 

optimal alignment path between sequences can be found 

independent of non linear variations in the time dimension. 

Multiple successive values of one sequence are aligned to a 

single value in the other sequence. 

The DTW can be formulated as follows: 

Given two sequences X and Y of length m and n 

respectively: 

             

             

The goal is to find a path which minimizes the total 

distance between the two sequences. 

 

 

 
Fig. 2.  Dynamic time warping alignment 

The sequences are used to form a matrix M of size [m, n]. 

Each cell in M denotes an alignment between elements     

and   where: 

                     
We need to find the optimal distance path W between the 

two sequences. 

             

The method uses dynamic programming technique to 

divide the problem into sub problems, and use the solutions 

repeatedly to solve the original problem. 

Where each   corresponds to a (i, j) point in the matrix 

M. To find the minimum path W: 

                   

 

   

  

Where d(wk) is the distance between elements of time 

series. Any classifier that is based on distance functions can 

be used. Among these classifiers are K-nearest neighbor and 

Fig. 1.   Proposed ensemble architecture 
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SVM. In our proposed architecture, we use K Nearest 

Neighbor classifier with DTW algorithm applied as the 

distance similarity measure. When minimal distance is found 

between a given sequence and a class label, the pattern is 

assigned to this particular label. We benefit from the fact 

that the discrepancy in the alignment of the series will not 

affect the classifier’s decision. The output label of this 

classifier is augmented with the two other decisions to form 

the input for the combiner classifier. 

D. Dynamic Fusion 

The fusion layer for the architecture is a classifier which 

dynamically combines the outputs of the three classifiers to 

produce the final class label. The fusion classifier is trained 

on a separate data set that has not been used to train the base 

classifiers. In particular this data set is used to produce 

outputs from the 3 base classifiers. These outputs together 

with the actual labels are used as the training data for the 

fusion classifier. This two layered ensemble architecture 

allows the combiner classifier to learn the mapping between 

the labels produced from the base classifiers and the desired 

class labels. Since the base classifiers are trained with 

different feature spaces, each classifier makes different 

mistakes and produces independent errors. Thus the dynamic 

fusion of the weak base classifiers using another classifier 

that learns the different outputs of each classifier assumingly 

should result in higher accuracy than when using single 

classifiers. 

III. DATA AND EXPERIMENTS 

A. Data sets 

We use two data sets for the experiments: The Australian 

Sign Language data set and the character trajectories data 

set. The two data can be found at the UCI Machine Learning 

Repository [24]. 

1) Character Trajectories Data set: The Character 

Trajectories dataset contains 2858 character samples 

captured form 20 different character classes.  Samples are 

captured by the same person using WACOM tablet. The 3 

features captured for each sample character are the pen tip 

velocity trajectory: x, y and pen tip force. 

2) Auslan Data set: The Auslan data set represents a 

sample of the Australian Sign Language. Data is captured 

from a native signer using gloves and magnetic position 

trackers [25]. The data set contains 95 classes representing 

different signs, with 27 examples captured for each sign. The 

data set contains 22 attributes (obtained from 11 sensors per 

hand). In this study we use 20 classes from the data set in 

our experimentation. A subset of the 95 classes is used 

because of DTWs complexity. 

B. Experimental Setup 

Experiments are performed using features extracted from 

each time series. Local and global features are used for 

training different combinations of classifiers.  

We investigate concatenating the local and global 

features together. This data fusion is done before any 

learning process. Local and global features from each series 

are combined to form the final feature vector.  

For each data set a number of single and multiple 

classifiers are tested. The following single classifiers are 

used: support vector machines, decision trees, K Nearest 

Neighbor and naïve bayes classifiers. As for the multiple 

classifiers, we use bagging [26], boosting [27] and random 

subspace methods [28]. We use WEKA [29] (Waikato 

Environment for Knowledge Analysis) data mining toolbox 

(Witten 2005) for our implementation. All experiments are 

conducted using 10 folds cross validation, and the 

improvement in classification accuracy is calculated using 

the corrected t-test. 

For the proposed ensemble architecture (which combines 

a classifier trained using local features, a classifier trained 

using global features and a distance based classifier using 

DTW), we use a support vector machine classifier (SVM) 

for fusion for its generalization capability. Training the SVM 

classifier is performed on a separate validation set that has 

not been used in training the base classifiers. For the base 

classifiers that use local and global features in the proposed 

ensemble we choose the classifiers with best results as single 

classifiers. We use K Nearest Neighbor as the distance based 

classifier with DTW as the dissimilarity measure. 

     We also explore multiple classifiers’ static fusion 

techniques. In this experiment we combine the decisions 

from the classifiers trained on the local, global features and 

KNN classifier using fixed combination methods to produce 

the final classification result. The decision outputs are 

combined using the following rules: average, product, 

majority vote, minimum and maximum rules. Also, the best 

performing classifiers on the local and global feature vectors 

are used when training the base classifiers for this 

experiment. As follows we present the experimental results 

for both the Character Trajectory data set and the Auslan 

data set. 

IV. RESULTS 

A. Character Recognition Experimental Results 

(Character Trajectory Data Set) 

Table I and Table II present results for classification using 

local, global and concatenated features. The tables show the 

mean and standard deviation for the different classification 

accuracy of single and multiple classifiers. Experiments are 

performed using 10 folds cross validation. As indicated in 

the tables the best performance is achieved using local 

features. The Support Vector Machine and boosting 

performed the best when training the classifiers using local 

features. The error rates are significantly large when global 

feature vector is used separately. For the global features, the 

Nearest Neighbor classifier and bagging yield highest 

accuracy rates for single and multiple classifiers 

respectively. The concatenated features produce results very 

similar to when classifying using local features only. Table 

III presents the results of the static fusion rules used for 

combination. The average, product and maximum rules 

produce the best results. Table IV shows the accuracy of the 

proposed ensemble architecture. We compare the best 
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classifier results from the experiments in table I, II and III. 

The table summarizes the improvement achieved through the 

proposed model over other wining techniques. In addition 

we calculate the statistical significance using the t-test as 

explained previously. In table IV the symbol * depicts that 

the proposed model produces statistically significant 

improvement. 
TABLE I 

PERCENTAGE ACCURACY FOR SINGLE CLASSIFIERS TRAINED USING 

DIFFERENT FEATURES - CHARACTER DATA SET 

Single 

Classifiers 

Local Features Global 

Features 

Concatenated 

Features 

Naïve Bayes 73.17% ±2.17 65.13% ±2.43 75.65% ±2.13 

Decision Tree 80.41% ±2.12 63.50% ±2.64 79.27% ±2.9 

KNN 80.86% ±2.02 69.49% ±1.97 80.78% ±2.01 

SVM 81.80% ±1.45 64.37% ±2.54 81.51% ±1.46 

 

TABLE II 

PERCENTAGE ACCURACY FOR MULTIPLE CLASSIFIERS TRAINED USING 

DIFFERENT FEATURES - CHARACTER DATA SET 

Multiple 
Classifiers 

Local 
Features 

Global 
Features 

Concatenated 

Features 

Bagging 80.54% ±2.09 65.5% ±2.13 79.27% ±2.9 

Boosting 81.51% ±1.47 65.13 % ±2.43 80.69% ±2.06 

Random 
Subspace 

80.86% ±2.02 65.35% ±2.24 78.02% ±2.11 

 
TABLE III 

PERCENTAGE ACCURACY FOR STATIC RULES - CHARACTER DATA SET 

Combination Method Mean (Deviation) 

Average of probabilities 86.30% ±2.04 

Product of probabilities 86.30% ±2.04 

Majority vote 85.62% ±1.82 

Minimum Probability 75.97% ±2.12 

Maximum Probability 86.30% ±2.04 

 
TABLE IV 

PERCENTAGE ACCURACY FOR THE PROPOSED ENSEMBLE AND PERCENTAGE 

OF IMPROVEMENT OVER OTHER METHODS - CHARACTER DATA SET 

Proposed 

Ensemble 

Local -

SVM 

Global -

KNN 

Concatenate 

-SVM 

Static 

Ensemble 

94.50% ±1.22 15.52 %* 35.99 % * 15.93 %* 9.50 %* 

B. Sign Language Experimental Results (Auslan Data 

Set) 

Auslan is a large data set that contains 95 classes, so we 

perform the experiments a number of times using different 

number of classes. The results presented here are when using 

20 classes only. Classification results using local, global and 

concatenated feature vectors are listed in table V and VI for 

single and multiple classifiers respectively. Similar to the 

character data set, training classifiers using local features 

shows significant improvement over the classification using 

global features alone. The concatenated features also 

produce similar results as when using the local features. 

Support vector machine outperforms other models when 

trained with local or concatenated features, while decision 

tree classifier produces better results for the global features. 

For the multiple classifiers the results for bagging, boosting 

and random subspace methods are very similar to each other. 

Table VII presents the percentage of accuracy when using 

the average, product, majority vote, minimum and maximum 

static fusion techniques. The minimum fusion rule does not 

yield good results. However, generally most combination 

techniques seem to produce similar results. Finally, table 

VIII shows the result of applying the proposed ensemble 

architecture. The proposed method achieves 98.94 % 

accuracy. The model achieves statistically significant 

improvement over most techniques, but produces close 

results to the local features classifier. 

  
TABLE V 

PERCENTAGE ACCURACY FOR SINGLE CLASSIFIERS TRAINED USING 

DIFFERENT FEATURES - AUSLAN DATA SET 

Single 

Classifiers 

Local 

Features 

Global 

Features 

Concatenated 

Features 

Naïve Bayes 71.76 % ±6.31 60.38% ±3.77     69.44% ±6.01 

Decision Tree 94.61% ±3.62 62.48% ±3.69   94.61% ±2.65 

KNN 76.93% ±5.46 59.18% ±3.20 73.73% ±5.17 

SVM 98.35%±1.54 60.40% ±3.12        98.24% ±1.44 

 
TABLE VI 

PERCENTAGE ACCURACY FOR MULTIPLE CLASSIFIERS TRAINED USING 

DIFFERENT FEATURES - AUSLAN DATA SET 

Multiple 

Classifiers 

Local 

Features 

Global 

Features 

Concatenated 

Features 

Bagging 94.90 % ±3.28 58.55% ±3.24 94.97% ±3.28 

Boosting 94.92% ±3.48 61.39 % ±3.72           95.46% ±2.64 

Random 

Subspace  

95.14% ±3.30 61.54% ±3.70          94.03% ±2.42 

 
TABLE VII 

PERCENTAGE ACCURACY FOR STATIC RULES - AUSLAN DATA SET 

Combination Method Mean (Deviation) 

Average of probabilities 90.20% ±2.62 

Product of probabilities 90.14% ±2.98 

Majority vote 91.13% ±3.19 

Minimum Probability 82.33% ±3.58 

Maximum Probability 92.95% ±2.76 

 

TABLE VIII 

PERCENTAGE ACCURACY FOR THE PROPOSED ENSEMBLE AND PERCENTAGE 

OF IMPROVEMENT OVER OTHER METHODS - AUSLAN DATA SET 

Proposed 

Ensemble 

Local-

SVM 

Global - 

DT 

Concatenate 

 -SVM 

Static 

Ensemble 

98.94% ±1.33 0.6 % 58.35 % * 0.71 % 6.4 % * 

 

C. Discussion 

The previous experimental study shows that when using 

local features only, the classifiers perform well compared to 

other schemes. But using global features alone is not 

sufficient to yield good results; the error percentage is large 

since the temporal aspect is not maintained in the time series 

data. In addition, simple data fusion for local and global 

features into a single feature vector does not improve the 

performance. The results are very much similar to when 

using the local features only; the global attributes do not add 

useful information to the local features using data 

concatenation. This matches the findings by Dietrich et. al 

[16]. 

    The proposed ensemble architecture outperforms the other 

used classification methods in case of the character 

trajectories data set. The classification is improved by 

combining the feature and distance based techniques and 

introducing the dynamic fusion layer. According to the 

statistical t - test, the proposed method is statistically better 

Proceedings of UKCI 2011

118



  

than classification using local features for the characters data 

set. For the sign language data set, the accuracy is improved; 

however the results do not show statistical significant 

improvement over the local features alone. 

    Finally, it is observed that using adaptive combination 

methods produces better results than using static fusion 

techniques. This matches the expectation, since the outputs 

of the base classifiers exhibit different performances because 

of the different feature representation. 

V. CONCLUSION 

In this paper we introduce various ways for combining 

classifiers trained using local and global features for time 

series classification. Different data concatenation and 

decision fusion schemes for time series data are explored.  

We investigate applying static and adaptive fusion 

techniques for combining the outputs of different classifiers.  

   We show that local features extracted from time series are 

very effective during classification. Global features alone do 

not produce accurate results. Training classifiers using both 

local and global features concatenated together is similar to 

using local features alone. Moreover, we propose a multiple 

classifier architecture that combines distance similarity 

measures and feature extracted methods. The proposed 

ensemble is fused adaptively by introducing another 

classifier. We compare the proposed architecture to different 

combinations of single and multiple classifiers. We train the 

classifiers using various feature spaces. We show that the 

proposed ensemble produces significant improvement in 

most cases.  

For future work, more local and global features need to be 

tested. In addition we intend to analyze the effect of each 

feature on classification accuracy. We will also extend the 

applications to include a wider field, such as gesture 

recognition applications. We will investigate other dynamic 

fusion methods for combining the base classifiers. 
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Abstract—Echo state networks (ESNs) are a recent develop-
ment in the field of artificial neural networks specifically designed
for time series data. They contain a random but fixed network
of recurrent neurons and a trainable set of output weights. We
have previously used the neuroscale algorithm to train the output
weights so that a 2 dimensional projection of time series data can
be found. However this is very much a black box approach and
questions remain about the factors which contribute to its success.
In this paper, we investigate three such factors and show that
size is the crucial parameter.

I. INTRODUCTION

We discuss the problem of visualising time dependent data
sets using artificial neural networks. The standard methods e.g.
[5], [1], [2], [3] are fine for static data but, in their basic form
at least, do not have any method for incorporating temporal
information. We have recently [13] created just such a method
and this paper continues to investigate aspects of this method.

Multidimensional scaling is a standard statistical method for
uncovering structure in data by projecting the data onto a 2
dimensional manifold so that the human researcher can view
the structure in the manifold by eye. It does this by making
the distance between projected points, yi and yj , as close
as possible to the distance between the original samples, xi

and xj . One disadvantage of the method is that there is one
projected point for every data sample and so if new data arrive,
we must re-calculate the whole mapping again.

The neuroscale algorithm [12], [9] is designed to overcome
this disadvantage: it creates a layer of radial basis functions
and updates the weights from the basis functions to the output
by using the same criterion as multidimensional scaling i.e. the
weights are updated in order to make the distances between
the output projections of different samples as close as possible
to the distances between the original samples. This training
algorithm has been called in the literature relative supervision.

II. ECHO STATE NETWORKS

Echo state networks (ESNs) consist of three layers of
’neurons’: an input layer which is connected with random and
fixed weights to the next layer which forms the reservoir. The

neurons of the reservoir are connected to other neurons in
the reservoir with a fixed, random, sparse matrix of weights.
Typically only about 10% of the weights in the reservoir are
non-zero. The reservoir is connected to the output neurons
using weights which are trained using error descent. We em-
phasise that only the reservoir to output weights are trainable;
the other sets of weights are fixed. It is this feature which gives
the ESN the property of being easily and efficiently trained.

We first formalise the idea of reservoir. Win denotes the
weights from the Nu inputs u to the Nx reservoir units x,
W denotes the Nx × Nx reservoir weight matrix, and Wout

denotes the (Nx+1)×Ny weight matrix linking the reservoir
units to the output units, denoted y. Typically Nx � Nu.
Win is fully connected and fixed (i.e. the weights are non-
trainable). In the standard echo state network W is fixed but
provides sparse connections: typically only 10% of the weights
in W are non-zero. Wout is a fully connected set of trainable
weights (the “readout weights”). The W weights are such that
the spectral radius (its greatest eigenvalue) is less than 1 which
ensures stability in the reservoir. The larger it is the more
memory of previous values can be retained.

The network’s dynamics are governed by

x(t) = f(Winu(t) +Wx(t− 1)) (1)

where typically f(.) = tanh(.) and t is the time index. The
feed forward stage is given by

y = Woutx (2)

We have created a reservoir method for visualisation of time
series data by adapting the output weights in a manner similar
to the neuroscale algorithm [12], [9].

III. THE MDS-RESERVOIR MODEL

Classical MDS minimises a “stress” or objective function
given by

ECMDS =
∑
i,j

(Lij −Dij)
2 (3)

where Dij is the distance, often Euclidean, between two data
samples, xi and xj , and Lij is the distance between their
respective projections, yi and yj .
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We have previously [13] combined an echo state machine
with the first two sets of weights in the standard format
with changing the reservoir to output weights using the MDS
criterion (3). Since we are interested in using the resulting
algorithm for visualisation, we will have two dimensional
outputs, Ny = 2 There exist two possibilities for calculating
Dij :

1) Dij =‖ ui − uj ‖. This is in line with the original
neuroscale algorithm [12] and simply substitutes the
non-linearity of the radial basis functions with that of
the reservoir. This method has the advantage that the
Dij values need only be calculated once before training
commences since they will not subsequently change.

2) Dij =‖ xi−xj ‖. This has the advantage that Dij then
takes into account the history of the time series which
is echoing in the reservoir. This is something that the
first formulation would not allow.

We investigated both of these possibilities and found the
second to be, indeed, much more powerful.

IV. STRUCTURE

We compare reservoirs with 4 different structures:
• Random. This is the standard network [4], [8]. The

reservoir weights W are randomly created but note that
there are two constraints on this randomness:

1) Sparsity: the non-zero network weights should be
sparse in number. Typically (as in the current work)
90 % of the weights are zero with the remainder
taking random values.

2) Amplitude: the maximum eigenvalue of the reser-
voir should be less than 1 to ensure stability within
the reservoir. Typically we use values close to 1 so
that the reservoir has as long a memory as possible
while remaining stable.

• Cyclic [10]. An extremely sparse reservoir in that each
neuron is only connected to the next i.e. neuron i has
only one non-zero weight and that is to neuron i + 1.
We use wrap-around so that neuron Nx is connected to
neuron 1.

• Scale Free. The scale free property [6] is such that
the probability that a neuron is connected to k other
neurons follows a power law distribution, P (k) ∝ k−α.
Again the magnitude of the non-zero weights is random,
typically drawn from a uniform distribution in [-1,1]. This
gives a network in which most neurons are connected to
very few others while a few neurons have many non-
zero connections. The scale free property is said to be
exhibited by academic collaborators and the world wide
web.

• Small world. This type of network is defined in terms of
its average path length between neurons and gives rise to
a clustering coefficient. This type of network is closely
linked to the scale free network and again it has been
suggested that academic collaborators form a small world
network as well as showing the famous “six degrees of
separation”.
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Fig. 1. Top: Projecton of the Lorenz data using a sparse random reservoir of
20 neurons. Bottom: projection of the same data using a small world reservoir
with 20 neurons and 50 non-zero weights.

We investigate these architectures experimentally first with
the Lorenz manifold [7] since we have found it to be much the
most difficult data to apply this technique to. The manifold is
created from samples from the differential equations

∂u1

∂t
= σ(u2 − u1)

∂u2

∂t
= u1(ρ− u3)− u2 (4)

∂u3

∂t
= u1u2 − βu3

for inputs u = (u1, u2, u3). We use the standard values of
σ, ρ, β which lead to a chaotic map.

Results on the same samples using the random reservoir
(top) and the small world reservoir (bottom) each with 20
neurons and approximately 40 non-zero weights are shown in
Figure 1. There are two obvious comments to make:

1) Neither projection is very useful.
2) The small world projection is less useless than the ran-

dom projection: the projection from the random reservoir
gives no intuition about the shape of the attractor at
all whereas that from the small world reservoir at least
shows how one wing of the attractor looks.

The projection from the small world reservoir is more typical
of the projections we get with the other types of reservoirs:
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none give both wings but all give some intuition about one
wing of the attractor.

V. SPARSITY

The standard reservoir has a sparsity of about 10% and
we can apply this level of sparsity to scale free and small
world reservoirs (of course the cyclic reservoir is inherently
very sparse having simply Nx weights). We now investigate
whether the sparsity of the network affects the results: a priori,
we might suspect that the reservoirs of the last section were
not powerful enough to give a good representation of the data
and that what is needed is more parameters (and therefore
more power) i.e. less sparsity.

Thus in Figure 2 we show the projections of the Lorenz
data set from a small world reservoir of 100 neurons. The
top diagram shows the projection of the training data when
we allow 3000 non-zero weights in the reservoir i.e. approx-
imately 2

3 of the weights are non-zero; the middle diagram
shows the projection of the same data set when we allow only
200 non-zero weights in the reservoir i.e. approximately 1

25
of the weights are non-zero. We see that not only is the latter
not worse than the former but that the latter is actually better
than the former.

Therefore in the bottom diagram of Figure 2, we show the
projection of the test data set (the continuation of the training
data set) on the same projection as found in the middle diagram
i.e. from the reservoir with 200 weights. We see that this also
reveals the presence of two wings with equal clarity to the
training set diagram.

Therefore we see that sparsity is not a bad feature for the
mappings to have. Also the projections in this section are
better than those in the previous section which suggests how
to improve the projection for a better mapping.

VI. SIZE OF RESERVOIR

Therefore in this section we consider larger reservoirs.
Figure 3 shows the projections of reservoirs with 300 neurons.
The top diagram shows a projection with a small world
reservoir with 600 non-zero weights (approximately 1.5 %
of the weights are non-zero). The middle diagram shows a
scale free reservoir with densityparameter 1:516 weights are
non-zero (1.14 %). The bottom diagram shows the projection
of the test data from the scale free reservoir which gave the
middle diagram. All three diagrams show both wings of the
butterfly.

Thus we see that the larger the reservoir, the clearer the
projection of the attractor. However these diagrams were all
from sparse reservoirs. The question arises as to whether
sparsity is also a pre-condition of an informative projection.
In Figure 4, we show the projections from random reservoirs
with 300 neurons. In the top diagram, we use a sparse reservoir
with approximately 10% non-zero connectivity. The middle
diagram shows the projection using a fully connected random
reservoir. We see that this projection is no worse than the
sparse network. However this might be at the expense of
overfitting so in the bottom diagram we show the projection
of the test data set from the fully connected random network.
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Fig. 2. The projection from small world reservoirs with 100 neuron
reservoirs. Top: with 3000 non-zero weights in the hidden layer. Middle: with
200 non-zero weights in the hidden layer. Bottom: the same projection as the
middle diagram but a projection of the test data set not seen in training.
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Fig. 3. Projections of the Lorenz attractor from reservoirs of 300 neurons.
Top: a small world reservoir with 600 weights. Middle: a scale free network
with density parameter 1. Bottom: the same projection as the middle diagram
but of the test data set.
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Fig. 4. Projections from random networks with 300 neurons. Top: from a
sparse network with approximately 10% non-zero weights. Middle: from a
fully connected random reservoir. Bottom: the test projections from the fully
connected reservoir.

Again we can identify both wings of the butterfly. The test data
set was constructed by continuing the mapping at the point at
which the training data finished.

Thus while sparseness may be useful and certainly is a
property which can allow us computational speedups, it is less
important than having a reservoir which is large enough to
represent the dynamics of the time series appropriately.

Proceedings of UKCI 2011

123



5

VII. APPLICATION TO FINANCIAL DATA

We used the data from the book [11]: this data set is
composed of the closing price at the start of each month
of the S & P Composite market. We have used this closing
price, the dividend, earnings, consumer price index and the
long term interest rate to form a 5 dimensional data set. We
have taken the first 1000 samples as the training data and the
last 640 samples as the test data. This is not good practice
for financial data sets since the typical financial data set is
non-stationary, however it provides a good starting point for
the financial data investigation and will be used to illustrate
the weakening caused by the cyclic reservoir.

The top diagram of Figure 5 shows the projections from
a sparse random reservoir with 300 neurons: there is a clear
time line in the structure of the projection. This structure is
also visible in the projections from the scale free reservoir with
300 neurons (top diagram in Figure 7) which, though rotated,
is very similar to the projection from the sparse reservoir. In
the second diagram of Figure 5, we show the projections of the
January values so that the reader can identify individual years
by eye. The base year (year 0) is 1871 and each subsequent
year is counted from that: thus e.g. year 40 is equivalent
to 1911. Again the corresponding diagram (the bottom one
in Figure 7) for the scale free reservoir is very similar. We
have experimented with the other architectures and found
qualitatively similar results with all.

The last diagram in Figure 5 shows the projection when
we select test data from within the training data; we use
the method of removing every fifth sample and we see that
the structure of the network is completely changed. This is
presumed to be because the removal of some data sample is
creating discontinuities however this effect must be further
studied.

VIII. CONCLUSION

The standard echo state machine uses random fixed weights
in its reservoir, yet, almost by definition, random weights
need not be optimal. Our use of a multidimensional scaling
stress function as the criterion for training the output weights
continued with this structure. This paper has discussed an
empirical investigation of three of the factors which may
contribute to the success or otherwise of an ESN trained to
visualise time series data.

We used the Lorenz mapping for our initial investigation
since it has proved to be the most difficult of our standard data
sets to map successfully and found that structure and sparsity
play a much less important role than size in determining the
projection which the ESN finds. Subsequently, we showed
on a real financial time series that size again plays the most
important role in determining the projection.
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Differential Evolution Algorithm Aided MBER Beamforming
Receiver for Quadrature Amplitude Modulation Systems

Jiankang Zhang, Sheng Chen, Xiaomin Mu and Lajos Hanzo

Abstract— Evolutionary computational intelligence methods
have found wide-ranging application in communication and
other walks of engineering. The main attraction of adopting
evolutionary computational intelligence algorithms is that they
may facilitate global or near global optimal designs with
affordable computational costs. This contribution considers
the beamforming assisted multiple-antenna receiver for multi-
user quadrature amplitude modulation systems. The bit error
rate (BER) expression as the function of the beamformer’s
weight vector is derived explicitly. The minimum BER (MBER)
beamforming receiver can then be obtained as the solution of the
resulting optimisation problem that minimises the MBER cri-
terion. We propose to employ a differential evolution algorithm
to solve the MBER optimisation by its virtue of computational
efficiency and ability to locate a global minimum quickly.

I. INTRODUCTION

Evolutionary or bio-inspired computational intelligence
methods, such as the generic algorithm (GA), ant colony
optimisation (ACO), particle swarm optimisation (PSO),
and differential evolution (DE) algorithm have found ever-
increasing applications in all walks of engineering, especially
communication signal processing, where attaining global or
near global optimal solutions at affordable computational
costs are critical. The Communication Research Group at
the University of Southampton has a long and successful
record in applying the GA, ACO and PSO in communica-
tion system design applications [1]–[12]. Recently, DE has
become popular and has been applied to a variety of engi-
neering applications. The DE algorithm [13]–[16] constitutes
a random guided population-based search method, which em-
ploys repeated cycles of candidate-solution re-combination
and selection operations for guiding the population towards
the vicinity of a global optimum. Supported by extensive
empirical results, it is believed that the DE algorithm is
capable of arriving at a globally optimal solution very
efficiently. The effectiveness of DE in tackling challenging
optimisation problems have now widely been recognised by
the computational intelligence community. This contribution
reports an application of the DE algorithm to multiple-
antenna communication receiver design.

The ever-increasing demand for mobile communication
capacity has motivated the employment of space-division
multiple access (SDMA) for the sake of improving the
achievable spectral efficiency. A particular approach that
has shown real promise in achieving substantial capacity

J. Zhang, S. Chen and L. Hanzo are with School of Electronics and Com-
puter Science, University of Southampton, Southampton SO17 1BJ, UK (E-
mails: jz09v@ecs.soton.ac.uk, sqc@ecs.soton.ac.uk, lh@ecs.soton.ac.uk).

X. MU is with School of Information Engineering, Zhengzhou University,
Zhengzhou, China (E-mail: iexmmu@zzu.edu.cn).

enhancements is the use of adaptive beamforming receiver
with antenna arrays [17]–[19]. Classically, beamforming de-
sign is based on minimising the mean square error (MSE)
criterion. For a communication system, however, it is the
bit error rate (BER), not the MSE, that really matters, the
minimum BER (MBER) beamforming has been derived for
binary phase shift keying (BPSK) systems [20], which has
a bandwidth efficiency of 1 bit per symbol, and quadrature
phase shift keying (QPSK) systems [21], which enables a
bandwidth efficiency of 2 bits per symbol. Note that a QPSK
system basically consists of two BPSK systems. Quadrature
amplitude modulation (QAM) schemes [22], which offers
much higher bandwidth efficiency, have become popular in
numerous wireless standards by virtue of providing a high
throughput. Minimum symbol error rate (MSER) beamform-
ing receiver has been conceived for QAM systems [23].

To the best of our knowledge, however, no direct MBER
solution has been derived for QAM systems to date. We
explicitly derive the BER expression as the function of the
beamformer’s weight vector, and formulate the MBER beam-
forming for QAM systems as the solution of the resulting
optimisation problem that minimises the MBER criterion.
In principle, the MBER beamforming design for the QAM
system can be obtained by minimising the BER criterion
based on a gradient-descent algorithm [20], [21], [24]. How-
ever, there are some potential drawbacks associated with the
gradient-descent approach. The calculation of the gradient
for the BER cost function of the QAM beamforming design
imposes high computational complexity, and the gradient-
descent algorithm converges slowly owing to the fact that the
BER cost function is a highly complex nonlinear function
of the beamformer’s weight vector. The initial choice of
the weight vector also significantly influences the solution
obtained by the gradient-based optimisation. To overcome
these difficulties, we adopt a DE algorithm [13]–[16] to
this challenging MBER optimisation. The DE algorithm has
the capability to arrive at a globally optimal solution very
efficiently, and this makes the DE algorithm aided MBER
design computationally attractive.

II. SYSTEM MODEL

Consider the SDMA system that employs the L-element
receive antenna array to support M QAM users. The receive
signal vector x(k) = [x1(k) x2(k) · · ·xL(k)]T can be
expressed as [19], [23]

x(k) = Pb(k) + n(k) = x̄(k) + n(k), (1)
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where k denotes the symbol index, the Gaussian white noise
vector n(k) = [n1(k) n2(k) · · · nL(k)]T has a covariance
matrix E[n(k)nH(k)] = 2σ2

nIL with IL denoting the L ×
L identity matrix, b(k) = [b1(k) b2(k) · · · bM (k)]T is the
transmitted symbol vector of the M users, and the system
matrix P is given by

P = [A1s1 A2s2 · · ·AMsM ] = [p1 p2 · · ·pM ], (2)

with Ai being the ith channel coefficient and the steering
vector for user i given by

si =
[
ejωct1(θi) ejωct2(θi) · · · ejωctL(θi)

]T
. (3)

In (3), tl(θi) is the relative time delay at array element l for
user i, θi is the direction of arrival for user i, and ωc = 2πfc
is the angular carrier frequency. We define the system’s signal
to noise ratio as SNR = Eb/No = Eb/2σ2

n, where Eb is the
average energy per bit of the QAM symbol.

For notational simplicity, we assume the 16-QAM modu-
lation. Therefore, the kth transmitted symbol of user i

bi(k) ∈ {±1± j, ± 1± 3j, ± 3± j, ± 3± 3j}, (4)

where j =
√
−1. The approach adopted in this study,

however, can be extended to higher-order QAM schemes.
Without loss of generality, user 1 is assumed to be the desired
user and the rest of the sources are the interfering users. A
linear beamformer is employed, whose output is given by

y(k) = wHx(k) = wHx̄(k) + wHn(k) = ȳ(k) + e(k), (5)

where w = [w1 w2 · · ·wL]T is the complex-valued beam-
former weight vector, and e(k) is Gaussian distributed with
zero mean and E[|e(k)|2] = 2σ2

nw
Hw. Define the com-

bined impulse response of the beamformer and the system
as wHP = [c1 c2 · · · cM ]. The beamformer’s output can
alternatively be expressed as

y(k) = c1b1(k) +
M∑

i=2

cibi(k) + e(k), (6)

where the first term is the desired signal and the second term
represents the residual interfering signal. Denote yR(k) =
<[y(k)] and yI(k) = =[y(k)]. Provided that c1 is real-valued
and positive, the decisions regarding the two in-phase bits
and two quadrature bits can be made separately based on
yR(k) and yI(k), respectively. If c1 = wHp1 is complex-
valued, the rotating operation wnew = cold

1
|cold

1 |
wold can be used

to ensure a real and positive c1. This rotation is a linear
transformation and does not alter the system’s BER [23].

The in-phase bit combinations that map to the symbols
bR1(k) = <[b1(k)] = −3,−1, 1, 3 are 11, 10, 00, 01.
The two in-phase bits that form the real part of 16-QAM
symbol are known as the class 1 (C1) and class 2 (C2) bits,
respectively [22]. The decision for the in-phase C1 bit is
given by {

C1 bit = 0, if yR(k) > 0,
C1 bit = 1, if yR(k) ≤ 0, (7)

and the decision regarding the in-phase C2 bit is given by
{

C2 bit = 0, if − 2c1 < yR(k) < 2c1,
C2 bit = 1, if yR(k) ≤ −2c1 or yR(k) ≥ 2c1.

(8)

The decision rules for the quadrature C1 and C2 bits are
given similarly based on yI(k).

Traditionally, the beamformer’s weight vector is deter-
mined by minimising the MSE metric of E[|b1(k)−y(k)|2],
which leads to the following minimum MSE (MMSE) solu-
tion [25]

wMMSE =
(
PPH +

2σ2
n

σ2
b

IL

)−1

p1, (9)

where σ2
b is the average QAM symbol energy. The previous

work [23] has derived the beamforming solution based on
minimising the system’s achievable SER. One of the contri-
butions of this study is to derive the MBER beamforming
solution for SDMA based QAM systems. As we will see,
the derivation of the BER expression as a function of the
beamformer’s weight vector is much more complicated than
the SER expression given in [23].

III. MINIMUM BIT ERROR RATE BEAMFORMING

The noise-free part of the beamformer input takes values
from the finite set given by x̄(k) ∈ X

a

= {x̄(q) = Pb(q), 1 ≤
q ≤ Nb}, where Nb = 16M and b(q), 1 ≤ q ≤ Nb, are all the
legitimate equiprobable sequences of b(k). Thus, the noise-
free part of the beamformer output only takes values from
the finite set given by ȳ(k) ∈ Y

a

= {ȳ(q) = wHx̄(q), 1 ≤
q ≤ Nb}. The real and imaginary parts of the set Y are
respectively

{
YR

a

= {ȳ(q)
R = <[ȳ(q)], ȳ(q) ∈ Y},

YI
a

= {ȳ(q)
I = =[ȳ(q)], ȳ(q) ∈ Y}.

(10)

The set YR can be divided into the four conditioned subsets
{

Y(±1)
R

a

= {ȳ(q)
R ∈ YR : bR1(k) = ±1},

Y(±3)
R

a

= {ȳ(q)
R ∈ YR : bR1(k) = ±3}.

(11)

Similarly, YI can be partitioned into the four subsets Y(±1)
I

and Y(±3)
I , depending on the values of bI1(k). The number

of the points in each of these subsets is Nsb = Nb/4.
The conditional PDF of yR(k) given bR1(k) = +i is

p(yR|+ i) =
1
Nsb

∑

ȳ
(q)
R ∈Y(+i)

R

1√
2πσ2

nwHw
e
− (yR−ȳ(q)

R )2

2σ2
nwHw , (12)

where i = 1, 3. Taking into account the symmetric distribu-
tion of Y(+i)

R and Y(−i)
R with respect to the decision boundary

yR = 0 [23], the in-phase C1 bit error probability can be
found to be

PER,C1(w) =
1

2Nsb

∑

ȳ
(q)
R ∈Y(+)

R

Q
(
g

(q)
R,C1(w)

)
, (13)
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where Y(+)
R = Y(+1)

R

⋃
Y(+3)
R , Q(u) = 1√

2π

∞∫
u

e−
v2
2 d v,

g
(q)
R,C1(w)=

sgn(<[b(q)1 ])ȳ(q)
R

σn
√

wHw
=

sgn(b(q)R1
)<[wHx̄(q)]

σn
√

wHw
, (14)

and b(q)1 denotes the first element of b(q), corresponding to
the desired user’s symbol b1(k). Similarly, the quadrature C1
bit error probability is given by

PEI ,C1(w) =
1

2Nsb

∑

ȳ
(q)
I ∈Y(+)

I

Q
(
g

(q)
I,C1(w)

)
, (15)

with Y(+)
I = Y(+1)

I

⋃
Y(+3)
I and

g
(q)
I,C1(w)=

sgn(=[b(q)1 ])ȳ(q)
I

σn
√

wHw
=

sgn(b(q)I1 )=[wHx̄(q)]

σn
√

wHw
, (16)

The C2 bit error rate is much more involved. After some
lengthy derivation, which is omitted here for space economy,
the conditional in-phase C2 BER given bR1(k) = +1 can be
shown to be

P
(+1)
ER,C2(w) =

1
Nsb

∑

ȳ
(q)
R ∈Y(+1)

R

(
Q
(
g

(q,a)
R,C2(w)

)
+Q
(
g

(q,b)
R,C2(w)

))
,

(17)
with

g
(q,a)
R,C2(w) =

2c1 + sgn(b(q)R1
)ȳ(q)
R

σn
√

wHw
, (18)

g
(q,b)
R,C2(w) =

2c1 − sgn(b(q)R1
)ȳ(q)
R

σn
√

wHw
, (19)

After a lengthy simplification, which we again omit here
for space economy, the conditional in-phase C2 BER given
bR1(k) = +3 can be expressed as

P
(+3)
ER,C2(w) =

1
Nsb

∑

ȳ
(q)
R ∈Y(+3)

R

(
Q
(
g

(q,c)
R,C2(w)

)
−Q
(
g

(q,a)
R,C2(w)

))
,

(20)
where

g
(q,c)
R,C2(w) =

sgn(b(q)R1
)ȳ(q)
R − 2c1

σn
√

wHw
. (21)

Thus, the in-phase C2 bit error probability is given by

PER,C2(w) =
1
2

(
P

(+1)
ER,C2(w) + P

(+3)
ER,C2(w)

)
. (22)

Similarly, the quadrature C2 bit error probability is given by

PEI ,C2(w) =
1
2

(
P

(+1)
EI ,C2(w) + P

(+3)
EI ,C2(w)

)
, (23)

where

P
(+1)
EI ,C2(w) =

1
Nsb

∑

ȳ
(q)
I ∈Y(+1)

I

(
Q
(
g

(q,a)
I,C2(w)

)
+Q

(
g

(q,b)
I,C2(w)

))
,

(24)

P
(+3)
EI ,C2(w) =

1
Nsb

∑

ȳ
(q)
I ∈Y(+3)

I

(
Q
(
g

(q,c)
I,C2(w)

)
−Q

(
g

(q,a)
I,C2(w)

))
,

(25)

while g
(q,a)
I,C2(w), g(q,b)

I,C2(w) and g
(q,c)
I,C2(w) are obtained by

substituting sgn(b(q)R1
) and ȳ

(q)
R with sgn(b(q)I1 ) and ȳ

(q)
I in

(18), (19) and (21), respectively.
The BER of the 16-QAM beamformer with weight vector

w is therefore given by

PE(w) =
1
4

(
PER,C1(w) + PEI ,C1(w) + PER,C2(w)

+ PEI ,C2(w)
)
, (26)

and the MBER beamformer solution is defined as

wMBER = arg min
w

PE(w). (27)

A MBER beamformer design may be obtained based on a
gradient-descent numerical optimisation. However, calculat-
ing the gradient of PE(w) may require extensive compu-
tation and, therefore, a gradient-based algorithm may not
be computationally efficient. Furthermore, the choice of the
initial weight value can significantly affect the convergence
speed and the quality of the final solution obtained.

IV. DIFFERENTIAL EVOLUTION ALGORITHM

As a relatively new member in the family of evolutionary
algorithms, the DE algorithm has its distinctive feature in
that it mutates candidate-solution vectors by adding weighted
random difference-vector to them, which makes it more
powerful and efficient in arriving at the globally optimal
solution. A typical DE algorithm [13]–[16] is characterised
with its initialisation, mutation, re-combination and selection
operations invoked for exploring the search space in an
iterative procedure, until some termination criteria are met.
We employ the DE algorithm, as illustrated in Fig. 1, to find
an MBER solution of the optimisation problem defined in
(27). The algorithm is detailed as follows.
1) Initialization. DE algorithm commences its search from
a population of Ps L-dimensional complex-valued solution
vectors. The ps-th vector of the population in the first
generation of g = 1 may be readily expressed as

ŵ1,ps = [ŵ1,ps,1 ŵ1,ps,2 · · · ŵ1,ps,L]T , (28)

where L is the number of antenna elements. The initial
population {ŵ1,ps}Psps=1 is randomly generated within the
search space, and one of the initial candidate-solution vectors
may be set to the MMSE solution given in (9).
2) Mutation. The mutation operation allows DE to maintain
the diversity of the population, while insightfully steering the
optimisation. The appropriate choice of the mutation parame-
ters allows DE to prevent “premature convergence” to a local
minimum without thoroughly exploring the entire solution
space. Mutation is one of the distinctive features of the DE
algorithm, which does not use a predefined probability den-
sity function for generating the perturbed solutions. Instead,
it relies upon the population itself in perturbing the candidate
solutions by adding an appropriately scaled and randomly
selected difference-vector to a base population vector. More
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Randomly and uniformly generate the initial population
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Mutation









Crossover





Selection

}
Termination

PE(ûg,3)
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ŵg,ps , otherwise
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PE(v̂g,1)

ŵMBER = ŵg,best

ûg,1,1

v̂g,2v̂g,1 v̂g,3

Fig. 1. Flowchart of the differential evolution algorithm for solving the MBER beamforming design.

specifically, a mutant vector is created by combining three
different, randomly chosen vectors according to

v̂g,i = ŵg,r1 + γ (ŵg,r2 − ŵg,r3) , (29)

where γ ∈ (0, 1] is a real positive number that controls the
rate at which the population evolves. A larger value of γ
results in a higher diversity in the population, while a lower
value promotes faster convergence.
3) Crossover. The crossover generates a trial vector by

replacing certain parameters of the target vector with the
corresponding parameters of a randomly selected donor vec-
tor. As a significant complementarity to the above-mentioned
differential mutation, the crossover operation increases the
potential diversity of the population vectors. There exist
diverse crossover mechanisms [13]–[16]. We opted for em-
ploying the uniform crossover algorithm, where each param-
eter, regardless of its location in the trial vector, has the
same probability of inheriting its value from a given vector.

Proceedings of UKCI 2011

129



More specifically, the l-th element of the i-th vector in the
population at the g-th generation, namely, ûg,i,l, is given by

ûg,i,l =
{
v̂g,i,l, randl(0, 1) ≤ Cr or l = lrand,
ŵg,i,l, otherwise, (30)

where Cr ∈ [0, 1] is the crossover probability, which rep-
resents the specific weight applied to the parameter values
that are copied from a previous vector to the mutant, and
randl(0, 1) denotes a random number uniformly distributed
in the range [0, 1), while lrand is a randomly and uniformly
drawn integer from the integer set {1, 2, · · · , L}. Note that
the crossover is guaranteed at least at one element, i.e. ûg,i
differs from ŵg,i at least at the (random) position l = lrand.
4) Selection. The selection operator determines whether
the target vector ŵg,ps or the trial vector ûg,ps survives
to the next generation. Unlike the GA, the DE algorithm
does not use fitness-based selection for the next generation.
Instead, the cost function (CF) of the trial vector ûg,ps ,
namely, PE(ûg,ps), is compared to that of ŵg,ps . If the trial
vector has lower or equal CF value in comparison to the
corresponding target vector, the trial vector replaces the target
vector to proceed to the next generation. Otherwise, the target
vector remains in the population for the next generation.
Specifically, the selection procedure is described by

ŵg+1,ps =
{

ûg,ps , PE(ûg,ps) ≤ PE(ŵg,ps),
ŵg,ps , otherwise. (31)

The selection operation also maintains a constant population
size Ps over all generations.

Once the new population is created, the above-mentioned
three processes, the mutation, crossover and selection, are
repeated, until the termination criterion described below is
met.
5) Termination. The ultimate stopping criterion would be
that the optimal MBER solution has indeed been found.
However, it is impossible in practice to glean any proof
of evidence to confirm this. Therefore, we opt to halt the
optimisation procedure, when any of the following two
stopping criteria are satisfied:
• The pre-defined maximum affordable number of gener-

ations Gmax has been exhausted.
• ∆gmax generations have been explored without a trial

vector being accepted.

V. SIMULATION STUDY

The simulated beamforming systems consisted of four
16-QAM user sources with a four-element linear uniform
antenna array, which represents a full-rank system of L ≥M ,
and a three-element linear uniform antenna array, which
renders the system into a rank-deficient one of L < M .
Conventional beamforming receiver based on the MMSE
design of (9) requires the system to be full rank. Previous
study [23] has demonstrated that the MSER design signif-
icantly outperforms the MMSE solution, particularly in the
rank-deficient case. The locations of the desired user and
the interfering users were graphically illustrated in Fig. 2.
All the four users were assumed to have an equal transmit

Interferer 3
Interferer 2

Interferer 4
Source 1 (Desired user)

λ
2

λ
2

λ
2

65◦

−θ

−70◦

Fig. 2. Locations of the four 16-QAM users with respective to the
four-element receive antenna array having λ/2 element spacing, where λ
represents the wavelength and θ denotes the minimum angular separation.

power, and the four channel taps, Ai for 1 ≤ i ≤ 4,
were identical. The interfering user 4 was assumed to be
the “heaviest” interferer, which had the minimum angular
separation with the desired user, that is, θ < 65◦. The three
basic algorithmic parameters of the DE algorithm, namely,
the population size, the scaling factor and the crossover
probability were empirically set to Ps = 100, λ = 0.4 and
Cr = 0.4, respectively. The maximum affordable number of
generations was set to Gmax = 200. In our simulation, the
perfect channel knowledge was assumed at the receiver. The
proposed MBER beamforming receiver was compared with
the classical MMSE beamforming receiver (9) as well as the
MSER beamforming receiver of [23]. It is expected that the
MBER and MSER beamforming solutions should achieve the
same performance in terms of BER.

Specifically, the BER performance of the MBER-based
beamforming for the full-rank scenario was shown in Fig. 3,
in comparison with those of the MSER-based beamforming
and MMSE-based beamforming. As expected, the MBER
beamforming had the same BER performance as the MSER
beamforming, and they outperformed the MMSE beamform-
ing with about 2 dB, 2.5 dB and 3.5 dB when the minimum
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Fig. 3. BER comparison of the three beamforming designs for the full-
rank scenario with the minimum separation angular θ = 40◦, 30◦ and 20◦,
respectively.
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Fig. 4. BER comparison of the three beamforming designs for the rank-
deficient scenario with the minimum separation angular θ = 40◦, 30◦ and
20◦, respectively.

separation angular θ = 40◦, 30◦ and 20◦, respectively.
For the challenging rank-deficient scenario of using three-

element receive antenna array to support the four 16-QAM
users, the BER performance comparison of the three beam-
forming solutions is depicted in Fig. 4, where it can be
seen again that the MBER and MSER solutions attained the
same performance which was significantly better than the
performance achievable by the MMSE solution.

VI. CONCLUSIONS

We have proposed an DE assisted MBER beamforming
receiver for multi-user SDMA based QAM systems. The
BER formula has been derived explicitly, and the optimal
MBER solution has been obtained by minimising the BER
cost function using an DE algorithm. Simulation results have
demonstrated the effectiveness of the DE assisted MBER-
based beamforming receiver. As expected, the results ob-
tained have confirmed that the MBER beamforming receiver
attains the same BER performance as the MSER beamform-
ing receiver, and the both solutions significantly outperform
the standard MMSE-based beamforming receiver, regardless
of the full-rank and rank-deficient scenarios.

This study has demonstrated the effectiveness of the DE
algorithm as a design tool for communication signal pro-
cessing applications. Our further work will compare a range
of evolutionary computational intelligence methods, includ-
ing the GA, ACO, PSA and DE algorithm, in benchmark
communication system design problems.
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Modelling Students’ Perception on Factors Influence Acceptance of
Research Related Software Using Multi-Criteria Decision Analysis

(MCDA) Methods

Noor Azizah K.S. Mohamadali and Jonathan M. Garibaldi

Abstract— This paper presents a case study of modeling user
acceptance of research related software using multi-criteria de-
cision analysis (MCDA) methods. Evaluation of user acceptance
is crucial because success or failure of any technology depends
on the acceptance by the users of the technology. Although
various models are available to address user acceptance factors,
none discuss the formal methodology to assign importance to
the factors. In this paper, we study the use of multi-criteria
decision analysis (MCDA) methods, which we believe may be
able to address this limitation. A case study is conducted to
achieve two objectives. Firstly, to model our proposed evaluation
framework of user acceptance using MCDA methods. Secondly,
to compare various MCDA methods used to rank the factors.
The results demonstrate that except for the FAHP (αλ) method,
all other methods produced similar ranking of the global user
acceptance factors. In terms of ranking of the sub-factors, all
methods produced the same results except for the ‘average’
method. We conclude that MCDA methods can successfully be
used in this context.

I. INTRODUCTION

Evaluation of factors that influence user acceptance of
software technology is a vital process in many organisa-
tions because success of technology largely depends on
its acceptance by the users [1], [2]. Evaluation contributes
towards understanding successful adoption of the software
as well as identification of appropriate tools and techniques
to measure these successes. Several significant models are
widely used for studying of user acceptance issues, such as
the Technology Acceptance Model [3], IS Success Model
[4], Task-technology fit model [5] and many more. Most of
these models identify and discuss those factors that influ-
ence user acceptance, but none discuss or provide a formal
methodology for how to determine the importance between
the factors. We believe that only identifying those factors
that influence user acceptances of the software technology is
insufficient in itself, and that in addition it is vital identify
which among these factors is the most influential. This
could help an organization to take necessary actions based
on the importance of the factors for which there exist an
indication of low acceptance among users. Multi-criteria
decision analysis (MCDA) is a discipline which aims to
support decision makers when they are faced with various
conflicting evaluation items. Although AHP could be used
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Garibaldi is Associate Professor at the Intelligent Modelling and Analy-
sis (IMA) Research Group, School of Computer Science, University of
Nottingham, United Kingdom (phone: +44 115 951 4229/4216; email:
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to solve problems which involve multiple decision criteria,
many people have favoured the Fuzzy AHP approach, believ-
ing it to offer more precision in assigning weights between
evaluation items [6], [7], [8].

In our previous work, we have proposed a framework to
evaluate user acceptance of software technology [9], [10].
Once the framework was developed, we assessed various
MCDA methods and their applications [11]. We now conduct
a case study into the use of MCDA methods to rate students’
perception of factors that may influence their acceptance of
research software. This case study was conducted to achieve
two objectives. The first objective is to test if it is possible
to model our proposed evaluation framework using MCDA
methods in the context of research related software. The
second objective is to compare classical AHP techniques,
Fuzzy AHP techniques and the conventional average weight
techniques in terms of the weights each method provides.
Although there are articles on user acceptance issues [12],
[13], [14], user acceptance of research related software has
received very little attention. Furthermore modelling user ac-
ceptance factors using MCDA methods has not been widely
addressed [15]. In our study we try to address these two
limitations.

II. AN OVERVIEW OF SELECTED MCDA METHODS

This section gives an overview of the approaches used in
our case study. Within the Fuzzy AHP approach itself there
exist variations in deriving weights between evaluation items
[16], [17].

A. Approach 1 — Analytical Hierarchy Process (AHP)

The AHP technique was developed by Saaty as a “theory
of prioritized hierarchies” [18]. It is used to rank decision
alternatives and select the best one when decision makers are
faced with multiple criteria. With AHP, the decision maker
selects the alternatives that best match their decision criteria
by developing a score to rank each decision alternative
through comparison ratios. The basic steps involved in this
methodology are as follows [19]:
• Step 1: Set up the hierarchy structure by breaking down

the decision problem. The overall goal is placed at the
top with the main attributes on the level below.

• Step 2: Collect the input data by pairwise comparisons
of the decision elements according to a given ratio scale.

• Step 3: Use the ‘eigenvalue’ method to estimate the
relative weights of the decision elements.
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• Step 4: Aggregate the relative weights of decision
elements to arrive at a set of ratings for the decision
alternative. Synthesize them for the final measurement
of given decision alternatives.

B. Approach 2 — Fuzzy AHP: Chang’s extent analysis
method

The fuzzy AHP (FAHP) technique can be viewed as
a more advanced analytical method developed from the
classical AHP. Fuzzy AHP incorporate fuzzy values into the
AHP method. There are several variations of fuzzy AHP.
One approach is known as Chang’s extent analysis on fuzzy
AHP [20]. Let X = {x1, x2, x3, ..xn} an object set, and
G = {g1, g2, g3, ..., gn} be a goal set. According to Chang’s
extent analysis, each object is taken and extent analysis for
each goal, gi, is performed respectively. Therefore, m extent
analysis values for each object can be obtained with the
following notation:

M1
gi
,M2

gi
, ...,Mm

gi
, i = 1, 2, ..., n (1)

where M j
gi

(j = 1, 2, ...m) are triangular fuzzy numbers
(TFNs).

The steps of Chang’s extent analysis are as follows:

Step 1: The value of fuzzy synthetic extent with respect
to the ith object is first defined as

Si =
m∑
j=1

M j
gi
⊗

 n∑
i=1

m∑
j=1

M j
gi

−1

(2)

To obtain
∑m
j=1M

j
gi

, the fuzzy addition operation of m
extent analysis values for a particular matrix is performed
such as

m∑
j=1

M j
gi

=

 m∑
j=1

lj ,
m∑
j=1

mj ,
m∑
j=1

uj

 (3)

and to obtain
[∑n

j=1

∑m
j=1M

j
gi

]−1

, the fuzzy addition op-
eration of M j

gi
(j = 1, 2, ...m) is performed such as

n∑
i=1

m∑
j=1

M j
gi

=

 m∑
j=1

lj ,
m∑
j=1

mj ,
m∑
j=1

uj

 (4)

then the inverse of the vector above is computed, such as

 n∑
i=1

m∑
j=1

M j
gi

−1

=
(

1∑n
i=1 ui

,
1∑n

n=1mi
,

1∑n
i=1 lj

)
(5)

Step 2: The degree of possibility of M2 = (a2, b2, c2) ≥
M1 = (a1, b1, c1) is defined as

V (M2 ≥M1) = sup
y≥x

[min(µM1(x)), µM2(y))] (6)

and can be expressed as follows:

V (M2 ≥M1) = hgt(M1 ∩M2) = µM2(d) (7)

=


1 if M2 ≥M1

0 if l1 ≥ u2

l1−u2
(m2−u2)−(m1−l1) otherwise

(8)

To compare M1 and M2 we need both the value of V (M1 ≥
M2).

Step 3: The degree of possibility for a convex fuzzy
number to be greater than the convex fuzzy number Mi(i =
1, 2, ..., k) can be defined by V (M ≥ M1,M2, ...,Mk) =
V (M ≥ M1) and (M ≥ M2 ... and (M ≥ Mk) =
minV (M ≥Mi),

i = 1, 2, 3, ...k. (9)

Assume that

d′(Ai) = minV (Si ≥ Sk) (10)

For k = 1, 2, ..., n; k 6= i. The weight vector is given by

W
′

= (d′(A1), d′(A2), ..., d′(Ai))T (11)

where Ai(i = 1, 2, ..., n) are n elements.

Step 4: Via normalization, the normalized weight vectors

W = (d(A− i), d(A2), ...d(An))T (12)

where W is a non-fuzzy number.

C. Approach 3 — Fuzzy AHP: α and λ method

The third method used in this study is derived from [21],
[7]. Similar to Chang’s method, this method also explicitly
expresses fuzzy perceptions. As stated by [6], this method is
differentiated from others through the use of a preference α
and a risk tolerance λ of the decision maker. In our study,
we assigned 0.5 for α which represents that environmental
uncertainty is steady and λ = 0.5 which represents that future
attitude is fair [22], [23]. Relative weights of the factors are
calculated as follows:

Step 1: Establishment of triangular fuzzy numbers.
According to [22], each number in the pair-wise comparison
matrix represents the subjective opinion of decision makers
and is an ambiguous concept, thus fuzzy numbers work
best to consolidate fragmented expert opinion. The triangular
fuzzy numbers ũij are established as follows:

ũij = (Lij ,Mij , Uij) (13)

Lij ≤Mij ≤ Uijand

Lij ,Mij , Uij ∈ [1/9, 1] ∪ [1, 9]

Lijmin(Bijk) (14)

Proceedings of UKCI 2011

133



Mij = n

√√√√ n∏
k=1

Bijk (15)

Uij = max(Bijk) (16)

where Bijk represents a judgment of expert k for the relative
importance of two criteria i and j.

Step 2: Establishment of fuzzy pair-wise comparison ma-
trix

Ã = [ãij ] =


1 ã12 ... ã1n
1
ã12

1 ... ã2n

. . . .

. . . .
1
ã1n

1
ã2n

... 1


(17)

where ã12 denotes a triangular fuzzy matrix for the relative
of importance of two criteria Ci and C2.

Step 3: Defuzzification.
This method explicitly displays the preference (α) and risk
tolerance (λ) of decision makers [7]. α can be viewed as a
stable or fluctuating condition. The range of uncertainty in
decision making is the greatest when α = 0 and the value
of α can be any number between 0 and 1.

(aαij)
λ =

[
λ.Lαij + (1− λ).Uαij

]
, 0 ≤ α ≤ 1, 0 ≤ α ≤ 1

(18)

where Lαij = (Mij − Lij).α + Lij, represents the left-end
value of α-cup for aij .Uαij = Uij−(Uij−Mij).α, represents
the right-end value of α-cup and for α-cup for aij .

Step 4: Eigenvalue and eigenvector λ̄ is assumed to be the
eigenvalue of the single pair comparison matrix (Aα)λ

(Aα)λ.W = λ̄max.W (19)[
(Aα)λ − λ̄max

]
.W. (20)

where w denotes the eigenvector of (Aα)λ, 0 ≤ λ ≤ 1, 0 ≤
λ ≤ 1

D. Approach 4 — The Conventional Average Weight Method
In this study we also adopted the conventional ‘average

weight’ method to obtain weights for each of the fac-
tors. Most previous studies have either adopted AHP or
FAHP methods, or compared these two methods in assigning
weights between factors [24], [8], [25]. To indicate the
importance of the factors, MCDA methods require one to
make comparisons between one factor and another, hence it
is called pairwise comparison method. On the other hand, the
average method does not require one to make comparison
between the factors. Rather, each is evaluated individually
according to user’s perception on how important the factor
is in influencing their acceptance of the software. We assess
this method for providing the ranking in comparison with the
other MCDA methods studied.
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Fig. 1. An AHP Hierarchy Structure of the Proposed User Acceptance
Framework

III. RESEARCH METHODOLOGIES

This study had three phases as described below:

A. Phase 1: Structuring a Hierarchy Model of User Accep-
tance Factor

Based on our previous work [9], [10], we modeled our
decision problem according to MCDA approach. We decom-
posed the problem of user acceptance into a model with
hierarchical structure as shown in Figure 1. Level 1 shows the
goal of the problem, level 2 comprises the user acceptance
factors (ind, tech and org) and level 3 comprises the nine sub-
factors of user acceptance.To our knowledge, two of these
sub-factors, ISE and MS, are newly defined sub-factor which
have not been explicitly identified individually in previous
studies. We believe this is a valuable effort because number
of studies addresses the issues of differences in perception
of the success of information systems between users and
software experts or developers [26], [27], [28].

B. Phase 2: Measuring and Collecting data

An online questionnaire was distributed through the mail-
ing list of research students in the University of Notting-
ham from December 2010 until February 2011. 62 users
responded to the questionnaire. Among these, 35 are male
and 27 are female. 39 of the respondents were within 20-29
years old, 16 were between 30-39 years old, two were less
than 20 years old and five were above 40 years old. In terms
of respondents’ status or role, 60 of them were postgraduate
student, one was research assistant and one was under ’other’
category. Among the software indicated by the students that
are used in research work are (for example) NVivo, SPSS,
R, Matlab, Endnote, STATA, LabSpec, Weasel, GenStat, and
many more. Respondents were asked to indicate the extent to
which they felt the influence of various factors towards their
acceptance of research software through pairwise comparison
methods using linguistic variables (ranging from 1 = equally
important to 9 = Absolutely More Important) as shown in
Table I. When applying Fuzzy AHP for computation of the
weights among the factors we use fuzzy triangular numbers
(TFN) instead of crisp values.The process of assigning the
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TABLE I
SAATY’S NINE-POINT SCALE AND ASSOCIATED TRIANGULAR FUZZY

NUMBER (TFNS)

Intensity Definition TFNij

9 Absolutely More Important (7,9,9)
7 Much More Important (5,7,9)
5 More Important (3,5,7)
3 Slightly More Important (1,3,5)
1 Equally Important (1,1,3)

2,4,6,8 Intermediate value

TABLE II
THE AHP PAIRWISE COMPARISON MATRIX OF THE FACTORS

Factor Ind Tech Org
Individual 1.000 0.980 3.473

Technology 1.020 1.000 3.439
Organization 0.288 0.291 1.000

degree of importance continued for each level, until eventu-
ally we obtained a series of judgment matrices for the factors
and sub-factors.

C. Phase 3: Determining the Normalized weights

All the responses were recorded in an Excel file. In order
to determine the relative importance of the factors and sub-
factors, the judgment matrices are translated into largest
eigenvalue problems, and then the normalized and unique
priority vectors of weights for each of the factor and sub-
factor are computed using each of the approaches discussed
above. As all the experts opinions were considered to be of
same importance [6], [16], we used the geometric mean as
the aggregation method for the calculation of average local
and global weights.

IV. RESULTS

We used the same data sets to determine the local and
global weights of each factor and sub-factor. However, the
calculation of the weights are handled according to the
methodology given by each of the approaches described
above.

A. Classical AHP Approach

Table II shows the AHP pairwise comparison matrix of
the factors for the 62 respondents. By applying steps 3 and 4
described in Approach 1, we computed the normalised value
followed by local weights for each of the factor shown in
Table III. Using the classical AHP method, we found that the
technology factor is the most influential factor in students’
acceptance of the research related software, followed by
the individual factor and finally the organisation factor. A
consistency check was done for all the normalised matrices
and was found to be less than 0.1, which is within the
acceptable level [18]. Local weights of the sub-factors are
also determined using the same procedure.

B. Fuzzy AHP: Chang’s Method

The weights of the factors and sub-factors are re-calculated
according to the Fuzzy AHP methodology using the same
data set. Using the fuzzy AHP approach, we established

TABLE III
THE AHP NORMALIZED AND LOCAL WEIGHT OF EACH FACTOR

Factor Ind Tech Org Local Weight
Individual 0.433 0.432 0.439 0.435

Technology 0.442 0.440 0.435 0.439
Organization 0.125 0.128 0.126 0.126

TABLE IV
THE FUZZY AHP PAIRWISE COMPARISON MATRIX OF THE FACTORS

Factor Ind Tech Org
Ind (1.000,1.000,1.000) (0.636,0.980,1.548) (2.244,3.473,4.892)

Tech (0.646,1.020,1.573) (1.000,1.000,1.000) (2.274,3.439,4.952)
Org (0.204,0.288,0.446) (0.202,0.291,0.440) (1.000,1.000,1.000)

fuzzy pairwise comparison matrix as shown in Table IV.
By applying formula (2), we calculated the fuzzy synthetic
extent value of each factor, ind (i), tech (t) and org (o), as
follows:

Si = (3.879, 5.453, 7.439)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.230, 0.437, 0.808)

St = (3.920, 5.459, 7.525)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.233, 0.437, 0.817)

So = (1.406, 1.579, 1.886)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.084, 0.126, 0.205)

Using these vector, and formula (8), we calculate the
following values:

V (Si ≥ St) = 0.9809, V (Si ≥ So) = 1.000,

V (St ≥ Si) = 1.000, V (St ≥ So) = 1.000,

V (So ≥ Si) = 0.000, V (So ≥ St) = 0.000.

Finally, by using formula (9) we obtained the following
weights:

D′(Si) = V (Si ≥ St, So) = min(0.981, 1.000) = 0.981

D′(St) = V (St ≥ Si, So) = min(1.000, 1.000) = 1.000

D′(So) = V (So ≥ Si, St) = min(0.000, 1.000) = 0.000

The resultant weight vector is W ′ = (0.981,1.000,0.000)T.
After normalisation, the normalised weight vector of each
objective with respect to the ind, tech and org factors is
obtained as Wgoal = (0.495, 0.505, 0.000). Using Chang’s
method, we can see that technology factors scored the highest
weight of 0.505, followed by individual factors (0.4095) and
finally organisation factors (0.000). This result suggests the
same ranking of the factors which influence user acceptance
of research related software as suggested by the classical
AHP approach.
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TABLE V
THE AGGREGATE PAIR WISE COMPARISON MATRIX OF THE FACTOR

Factor Ind Tech Org
Ind 1.000 1.036 3.520
Tech 0.965 1.000 3.526
Org 0.284 0.284 1.000

TABLE VI
THE EIGENVECTORS FOR EACH FACTOR

Factor Weight
Ind 0.443

Tech 0.433
Org 0.124

C. Fuzzy AHP α and λ Method

Using the same data as shown in Table IV, we apply the
alternative FAHP method to compute the weights for each of
the decision elements. Here we show one example of how we
performed the defuzzification using formula (17),to obtain
the aggregate pair-wise comparison matrix:

L0.5
12 = (0.980− 0.636) ∗ 0.5 + 0.636 = 0.808

U 0.5
12 = 1.548− (1.548− 0.980) ∗ 0.5 = 1.264

(a0.5
12 )0.5 = (0.5 ∗ 0.808 + (1− 0.5) ∗ 1.264) = 1.036

The aggregate pair-wise comparison matrix of each of
the factor is shown in Table V. Using this matrix, we then
calculated the eigenvectors for the factors using formula (18)
and (19).Table VI summarises the results of eigenvectors for
each factor. This result shows that this approach produced
slightly different rankings of the factors compared to classical
AHP and Chang’s extent analysis method. This approach
suggests the individual factor as the most influential factor
of user acceptance followed by technology factor and lastly
by organisation factor.

D. A Conventional Average Weight Method

In order to compute the weights of the factors and sub-
factors directly (without an MCDA approach), we asked the
students to indicate the level of importance of each factor
and sub-factors in a scale of ‘not important’ to ‘extremely
important’. To calculate the average of each factor and sub-
factor we assigned a value of 1 for ‘not important’, up to 9 for
‘extremely important’. We sum the total of each factor and
divide the sum with number of respondents to obtain average
weight of each factor as well as sub-factors. Table VII shows
the average weight of the sub-factors.

V. ANALYSIS AND DISCUSSION

Table VIII presents both global weights and local weights
of factors and sub-factors using various approaches discussed
above. Global weights are calculated by multiplying the
local weights of the factor with the local weights of the
sub-factors. Table IX shows the ranking comparison using
various approaches. Except for the FAHP (αλ) method,
all other methods produced similar ranking of the user
acceptance factors. In terms of ranking of the sub-factors,

TABLE VII
THE AVERAGE WEIGHTS FOR THE SUB-FACTOR

Sub-Factor Average Weight
PE 7.436
EE 6.194
SI 3.710

ISE 4.484
SWQ 7.032
SERQ 4.452

IQ 6.903
FC 4.839
MS 4.097

almost all methods produced the same results for the sub-
factor with slight variation. However, this variation is not a
major difference in our opinion because the differences of the
ranking of the factors are still within the same category. For
example, AHP, Chang’s FAHP extent analysis method and
Fuzzy AHP (αλ) method suggest information quality (IQ) as
the second most influential user acceptance factor followed
by software quality (SWQ). On the other hand, the average
weight method identifies SWQ as the second most influential
user acceptance factor followed by IQ. Although the rankings
are different, these two sub-factors (IQ and SWQ) are still
within the same category which is the technology factor.

The same can be observed with regard to the least influ-
ential factor. AHP and two other FAHP suggest management
support (MS) as the lowest influential factor after social
influence (SI). The conventional average weight method
suggests the opposite ranking; MS followed by SI. Again,
although the ranking is different, these two sub-factors are
still within the same category, organizational factor.

Reviewing the ranks across all the dimensions in this table,
we can see that sub-factors performance expectancy (PE),
information quality (IQ) and software quality (SWQ) are
the first three most influential factors of user acceptance
of research related software. This implies that if the users
(i.e. students) believe that using the software will increase
and improve their research related work, they will be likely
to use the software. Except for the results obtained using
the average weight method, all other methods ranked man-
agement support as the lowest sub-factors in influencing
user acceptance of the software technology. As long as the
users believe that particular software is easy to use and will
improve their research related work, management support
appears to have very little influence in their acceptance.

VI. CONCLUSIONS AND FUTURE WORK

Multi-criteria decision analysis (MCDA) provide a plat-
form to model user acceptance which involves various sub-
factors. Several approaches are used in this study to produce
the weights between factors and sub-factors, and to compare
the results obtained. A clearer understanding of various
available methods can aid an organization to adopt those
methods than can better address the problems that involve
multi-attribute decision making. This study shows some of
the available approaches that can be used by such decision
makers. The approaches presented in this study are not
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TABLE VIII
LOCAL WEIGHTS AND GLOBAL WEIGHT FOR EACH OF THE

SUB-FACTOR USING VARIOUS APPROACHES

Local Weight Global Weights
Sub-Factor AHP FAHP FAHP AHP FAHP FAHP

Chang αλ Chang αλ
PE 0.537 0.706 0.539 0.233 0.350 0.239
EE 0.231 0.294 0.231 0.100 0.146 0.102
SI 0.100 0.000 0.102 0.044 0.000 0.045

ISE 0.132 0.000 0.129 0.058 0.000 0.057
SWQ 0.403 0.481 0.422 0.176 0.243 0.183
SERQ 0.104 0.000 0.107 0.046 0.000 0.046

IQ 0.495 0.519 0.471 0.218 0.262 0.204
FC 0.702 0.889 0.714 0.089 0.000 0.089
MS 0.298 0.110 0.286 0.038 0.000 0.036

TABLE IX
COMPARISON OF RANKING OF THE SUB-FACTORS USING VARIOUS

APPROACHES

Rank AHP FAHP-Chang FAHP-αλ Average Weight
1 PE PE PE PE
2 IQ IQ IQ SWQ
3 SWQ SWQ SWQ IQ
4 EE EE EE EE
5 FC FC FC FC
6 ISE ISE ISE ISE
7 SERQ SERQ SERQ SERQ
8 SI SI SI MS
9 MS MS MS SI

intended to show which is the best techniques to evaluate user
acceptance but rather to show and discuss the various options
which are available to derive weights among evaluation items
and subsequently obtain the ranking. In future, we are going
to conduct another case study which is investigating user
acceptance of medically related software. Very few studies
have addressed modelling of user acceptance issues using
MCDA which is an added value of this study. Finally, we
also compared the MCDA methods with a simpler average
weight method. Overall, this study has achieved the identified
objectives.
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Comparing User Acceptance Factors between Research Software
and Medical Software using AHP and Fuzzy AHP

Noor Azizah K.S. Mohamadali and Jonathan M. Garibaldi

Abstract— This paper presents a comparison of factors which
influence user acceptance of two different types of software.
These are research related software and medically related
software. Evaluation of user acceptance is crucial because
success or failure of any technology depends on the acceptance
by the users of the technology. The case studies are conducted
to identify if there exist variations in the user acceptance of
the software technology factors. In order to assign weights
between the factor so that factors can be ranked according
to these weights, two multi-criteria decision analysis methods,
AHP and Fuzzy AHP, are used. The results demonstrate that
for research related software, performance expectancy is the
most influential factor of user acceptance. On the other hand,
for medical related software, information quality is the most
influential factor. We conclude that different types of software
technology have different factors that influence user acceptance.

I. INTRODUCTION

The term ‘evaluate’ is defined in the Cambridge Advanced
Learner’s Dictionary as “to judge or calculate the quality,
importance, amount or value of something”. Evaluation of
factors that influence user acceptance of software technology
is a vital process in many organisations because success of
technology largely depends on its acceptance by the users
[1], [2]. Effective evaluation of software implementation
is necessary to ensure software adequately meets the re-
quirements and information processing needs of users and
health care organizations. Evaluation contributes towards
understanding successful adoption of the software as well as
identification of appropriate tools and techniques to measure
these successes. Several significant models are widely used
for studying of user acceptance issues, such as the Tech-
nology Acceptance Model [3], IS Success Model [4], Task-
technology fit model [5] and many more.

Evaluation outcomes may also allow decision makers to
take appropriate courses of action. However, to be able
to take appropriate action, decision makers need to know
not only factors that contribute towards acceptance but also
which among these factors are the most crucial in influencing
user acceptance. This is important because, for example,
when implementation of the system goes wrong, manage-
ment needs to know which is the most influential factor(s)
that cause the problem. Knowing the level of importance
of each of the factor would help decision makers handle
the factors appropriately rather than focusing effort on all

Noor Azizah K.S. Mohamadali is a postgraduate student and Jon
Garibaldi is Associate Professor at the Intelligent Modelling and Analy-
sis (IMA) Research Group, School of Computer Science, University of
Nottingham, United Kingdom (phone: +44 115 951 4229/4216; email:
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the factors. Multi-criteria decision analysis (MCDA) is a
discipline which aims to support decision makers when they
are faced with various conflicting evaluation items. Various
MCDA methods are available, such as Analytic Hierarchy
Process (AHP), Goal Programming (GP), Fuzzy AHP, Data
Envelopment Analysis (DEA), Multi-attribute utility theory,
Scoring methods, Electra, and many more. All these decision
methodology approaches are differentiated by the way the
objectives and alternative weights are determined. Although
AHP could be used to solve problems which involve multiple
decision criteria, many people have favoured the Fuzzy AHP
approach, believing it to offer more precision in assigning
weights between evaluation items [6], [7], [8].

In our previous work, we have proposed a framework to
evaluate user acceptance of software technology [9], [10].
Once the framework was developed, we assessed various
MCDA methods and their applications [11]. To enhance our
knowledge of user acceptance issues, we further conducted
two different case studies, evaluating acceptance of two
types of software. These are research related software and
medically related software. We employ two MCDA methods
to rate students’ perception of factors that may influence their
acceptance of the software. The case study was conducted
with an objective to find out if there are differences in the
factors which influence user acceptance between different
types of software. Although there are articles on user ac-
ceptance issues [12], [13], [14], user acceptance of research
related software and medically related software have received
very little attention. Furthermore, modelling user acceptance
factors using MCDA methods has not been widely addressed
[15].

II. METHODOLOGY

A. Structuring a Hierarchy Model of User Acceptance Fac-
tors

Based on our previous work [9], [10], we modelled our
decision problem according to an MCDA approach. We
decomposed the problem of user acceptance into a model
with hierarchical structure as shown in Figure 1. Level
1 shows the goal of the problem, level 2 comprises the
user acceptance factors (‘ind’, ‘tech’ and ‘org’) and level
3 comprises the nine sub-factors of user acceptance. To the
best of our knowledge, two of these sub-factors, ISE and MS,
are newly defined sub-factors which have not been explicitly
identified individually in previous studies. At this stage of
analysis we do not assess more detailed issues on acceptance
of the research related software because our goal is to obtain
information on the students’ perception of the importance of
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Fig. 1. An AHP Hierarchy Structure of the Proposed User Acceptance
Framework

each factor and sub-factors in order to establish ranking of
the factors. This is because there may be differences between
users’ perception and software developers’ perception on
which factor contributes most toward acceptance. We believe
this is a valuable effort because there are no previous studies
addressing the issues of differences in perception of the
success of information systems between users and software
experts or developers [16], [17], [18].

B. Selected MCDA Methods

This section gives an overview of the approaches used in
our case study to assign weights between various factors that
influence user acceptance of software technology.

1) Approach 1 — Analytical Hierarchy Process (AHP):
The AHP technique was developed by Saaty as a “theory
of prioritized hierarchies” [19]. It is used to rank decision
alternatives and select the best one when decision makers are
faced with multiple criteria. With AHP, the decision maker
selects the alternatives that best match their decision criteria
by developing a score to rank each decision alternative
through comparison ratios. The basic steps involved in this
methodology are as follows [20]:
• Step 1: Set up the hierarchy structure by breaking down

the decision problem. The overall goal is placed at the
top with the main attributes on the level below.

• Step 2: Collect the input data by pairwise comparisons
of the decision elements according to a given ratio scale.

• Step 3: Use the ‘eigenvalue’ method to estimate the
relative weights of the decision elements.

• Step 4: Aggregate the relative weights of decision
elements to arrive at a set of ratings for the decision
alternative. Synthesize them for the final measurement
of given decision alternatives.

2) Approach 2 — Fuzzy AHP: Chang’s extent analysis
method: The fuzzy AHP (FAHP) technique can be viewed
as a more advanced analytical method developed from the
classical AHP. Fuzzy AHP incorporate fuzzy values into the
AHP method. There are several variations of fuzzy AHP.
One approach is known as Chang’s extent analysis on fuzzy
AHP [22]. Let X = {x1, x2, x3, ..xn} an object set, and

G = {g1, g2, g3, ..., gn} be a goal set. According to Chang’s
extent analysis, each object is taken and extent analysis for
each goal, gi, is performed respectively. Therefore, m extent
analysis values for each object can be obtained with the
following notation:

M1
gi
,M2

gi
, ...,Mm

gi
, i = 1, 2, ..., n (1)

where M j
gi

(j = 1, 2, ...m) are triangular fuzzy numbers
(TFNs).

The steps of Chang’s extent analysis are as follows:

Step 1: The value of fuzzy synthetic extent with respect
to the ith object is first defined as

Si =
m∑

j=1

M j
gi
⊗

 n∑
i=1

m∑
j=1

M j
gi

−1

(2)

To obtain
∑m

j=1M
j
gi

, the fuzzy addition operation of m
extent analysis values for a particular matrix is performed
such as

m∑
j=1

M j
gi

=

 m∑
j=1

lj ,
m∑

j=1

mj ,
m∑

j=1

uj

 (3)

and to obtain
[∑n

j=1

∑m
j=1M

j
gi

]−1

, the fuzzy addition op-
eration of M j

gi
(j = 1, 2, ...m) is performed such as

n∑
i=1

m∑
j=1

M j
gi

=

 m∑
j=1

lj ,
m∑

j=1

mj ,
m∑

j=1

uj

 (4)

then the inverse of the vector above is computed, such as

 n∑
i=1

m∑
j=1

M j
gi

−1

=
(

1∑n
i=1 ui

,
1∑n

n=1mi
,

1∑n
i=1 lj

)
(5)

Step 2: The degree of possibility of M2 = (a2, b2, c2) ≥
M1 = (a1, b1, c1) is defined as

V (M2 ≥M1) = sup
y≥x

[min(µM1(x)), µM2(y))] (6)

and can be expressed as follows:

V (M2 ≥M1) = hgt(M1 ∩M2) = µM2(d) (7)

=


1 if M2 ≥M1

0 if l1 ≥ u2

l1−u2
(m2−u2)−(m1−l1)

otherwise
(8)

To compare M1 and M2 we need both the value of V (M1 ≥
M2).

Step 3: The degree of possibility for a convex fuzzy
number to be greater than the convex fuzzy number Mi(i =
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TABLE I
SAATY’S NINE-POINT SCALE AND ASSOCIATED TRIANGULAR FUZZY

NUMBER (TFNS)

Intensity Definition TFNij

9 Absolutely More Important (7,9,9)
7 Much More Important (5,7,9)
5 More Important (3,5,7)
3 Slightly More Important (1,3,5)
1 Equally Important (1,1,3)

2,4,6,8 Intermediate value

1, 2, ..., k) can be defined by V (M ≥ M1,M2, ...,Mk) =
V (M ≥ M1) and (M ≥ M2 ... and (M ≥ Mk) =
minV (M ≥Mi),

i = 1, 2, 3, ...k. (9)

Assume that

d′(Ai) = minV (Si ≥ Sk) (10)

For k = 1, 2, ..., n; k 6= i. The weight vector is given by

W
′
= (d′(A1), d′(A2), ..., d′(Ai))T (11)

where Ai(i = 1, 2, ..., n) are n elements.

Step 4: Via normalization, the normalized weight vectors

W = (d(A− i), d(A2), ...d(An))T (12)

where W is a non-fuzzy number.

C. Case Study

1) Case Study 1 — Research Software: An online ques-
tionnaire was distributed through the mailing list of research
students in the University of Nottingham from December
2010 until February 2011. 62 users responded to the ques-
tionnaire. Table II lists the basic characteristics of these
respondents. Among the software indicated by the students
that are used in research work are (for example) NVivo,
SPSS, R, Matlab, Endnote, STATA, LabSpec, Weasel, Gen-
Stat, and many more. Respondents were asked to indicate
the extent to which they felt the influence of various factors
towards their acceptance of research software through pair-
wise comparison methods using linguistic variables, ranging
from 1 (= ‘equally important’) to 9 (= ‘absolutely more
important’), as shown in Table I. When applying Fuzzy AHP
for computation of the weights among the factors we use
fuzzy triangular numbers (TFN) instead of crisp values.The
process of assigning the degree of importance continued for
each level, until eventually we obtained a series of judgment
matrices for the factors and sub-factors.

2) Case Study 2 — Medically Related Software: An on-
line questionnaire was distributed to the medical schools
of various universities in the UK from January 2011 until
March 2011. 38 users responded to the questionnaire. Among
these, 14 of them are male and 24 are female. 29 of the
respondents were within 20-29 years old, 7 were between 30
to 49 years old, and two were above 50 years old. In terms
of respondents’ year of study, 1 was first year student, 10 of

TABLE II
BASIC CHARACTERISTICS OF THE RESPONDENTS

Basic Characteristics Classification Frequency
Gender Male 35

Female 27
Age Range less than 20years 2

20-29 years 39
30-39 years 16
40-49 years 4
50 years + 1

Status/Role Postgraduate Student 60
Research Assistant 1
Research Fellow 0
Other 1

them were second year students, 13 were third year students,
3 were fourth year students, 4 were fifth year students
and 3 were under ‘other’ category. Among the software
indicated by the students that are used or learned are (for
example) iSOFT, ICM, Patient Discharge System, SystmOne,
ETU, Patient Flow System, MedScape, NLE, CAL Packages,
EMIS-Access and PACS. Respondents were asked to indicate
the extent to which they felt the influence of various factors
towards their acceptance of research software through pair-
wise comparison methods using linguistic variables, ranging
from 1 (= ‘equally important’) to 9 (= ‘absolutely more
important’), as shown in Table I. When applying Fuzzy AHP
for computation of the weights among the factors we use
fuzzy triangular numbers (TFN) instead of crisp values. The
process of assigning the degree of importance continued for
each level, until eventually we obtained a series of judgment
matrices for the factors and sub-factors.

III. RESULTS

A. Determining the Normalized weights

All the responses were recorded in an Excel file. In order
to determine the relative importance of the factors and sub-
factors, the judgment matrices are translated into largest
eigenvalue problems, and then the normalized and unique
priority vectors of weights for each of the factor and sub-
factor are computed using each of the approaches discussed
above. As all the experts opinions were considered to be of
same importance [6], [23], we used the geometric mean as
the aggregation method for the calculation of average local
and global weights. We used the same data sets to determine
the local and global weights of each factor and sub-factor.
However, the calculation of the weights are handled accord-
ing to the methodology given by each of the approaches
described above.

B. Weights of the Factors using Classical AHP Approach

Table III shows the AHP pairwise comparison matrix
for both of the case studies. By applying steps 3 and 4
described in Approach 1, we computed the normalised value
followed by local weights for each of the factor shown in
Table IV. Using the classical AHP method, we found that the
technology factor is the most influential factor in students’
acceptance of the research related software, followed by
the individual factor and finally the organisation factor. The
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TABLE III
THE AHP PAIRWISE COMPARISON MATRIX OF THE FACTORS

Factor Research Software Medical Software
Ind Tech Org Ind Tech Org

Individual 1.000 0.980 3.473 1.000 0.810 1.327
Technology 1.020 1.000 3.439 1.234 1.000 1.746
Organization 0.288 0.291 1.000 0.754 0.573 1.000

TABLE IV
THE AHP NORMALIZED AND LOCAL WEIGHT OF EACH FACTOR

Software Factor Ind Tech Org Local Weight

Research
Ind 0.433 0.432 0.439 0.435

Tech 0.442 0.440 0.435 0.439
Org 0.125 0.128 0.126 0.126

Medical
Ind 0.335 0.340 0.326 0.334

Tech 0.413 0.420 0.429 0.421
Org 0.252 0.240 0.246 0.246

same results are obtained for medical related software. A
consistency check was done for all the normalised matrices
and was found to be less than 0.1, which is within the
acceptable level [19]. Local weights of the sub-factors are
also determined using the same procedure. Once we obtained
local weights for each of the factors and sub-factors, we then
computed the global weights for each of the individual sub-
factors. These global weights are computed by multiplying
the importance of each factor with those of the sub factors.
The results are shown in Table VI.

C. Weights of the factor using Fuzzy AHP: Chang’s Method

The weights of the factors and sub-factors are re-calculated
according to the Fuzzy AHP methodology using the same
data set. Using the fuzzy AHP approach, we established
the fuzzy pairwise comparison matrix as shown in Table V.
By applying formula (2), we calculated the fuzzy synthetic
extent value of each factor, ind (i), tech (t) and org (o), for
example for research related software, as follows:

Si = (3.879, 5.453, 7.439)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.230, 0.437, 0.808)

St = (3.920, 5.459, 7.525)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.233, 0.437, 0.817)

So = (1.406, 1.579, 1.886)⊗ (1/16.849, 1/12.491, 1/9.206)
= (0.084, 0.126, 0.205)

Using these vectors, and formula (8), we calculate the
following values:

V (Si ≥ St) = 0.9809, V (Si ≥ So) = 1.000,

V (St ≥ Si) = 1.000, V (St ≥ So) = 1.000,

V (So ≥ Si) = 0.000, V (So ≥ St) = 0.000.

Finally, by using formula (9) we obtained the following
weights:

D′(Si) = V (Si ≥ St, So) = min(0.981, 1.000) = 0.981

D′(St) = V (St ≥ Si, So) = min(1.000, 1.000) = 1.000

TABLE V
THE FUZZY AHP PAIRWISE COMPARISON MATRIX OF THE RESEARCH

RELATED SOFTWARE FACTORS

Factor Ind Tech Org
Ind (1.000,1.000,1.000) (0.636,0.980,1.548) (2.244,3.473,4.892)

Tech (0.646,1.020,1.573) (1.000,1.000,1.000) (2.274,3.439,4.952)
Org (0.204,0.288,0.446) (0.202,0.291,0.440) (1.000,1.000,1.000)

D′(So) = V (So ≥ Si, St) = min(0.000, 1.000) = 0.000

The resultant weight vector for research software is W ′ =
(0.981, 1.000, 0.000)T. After normalisation, the normalised
weight vector of each objective with respect to the ind, tech
and org factors is obtained as Wgoal = (0.495, 0.505, 0.000).
As for medical related software, the weight vector we ob-
tained is W ′ = (0.826, 1.000, 0.534)T. After normalisation,
the normalised weight vector of each objective with respect
to the ind, tech and org factors is obtained as Wgoal =
(0.350, 0.424, 0.226). Using Chang’s method, we can see
that for both type of software, technology factors scored the
highest weight of 0.505 and 1.000 respectively, followed by
individual factors, 0.4095 and 0.350, and finally organization
factors. These result suggests the same ranking of the factors
which influence user acceptance of research and medical
related software as suggested by the classical AHP approach.

D. Weights of the Sub-factors using Both Approaches

Once we obtained the weights of the factor, we then
calculated the local and global weights of the sub-factors
accordingly. Table VI presents both global weights and local
weights of factors and sub-factors for both type of software
using AHP and Fuzzy AHP approaches.

IV. ANALYSIS AND DISCUSSION

Table VII shows the ranking comparison using various
approaches. Reviewing the ranks across all the dimensions
in this table, we can see that sub-factors performance ex-
pectancy (PE), information quality (IQ) and software quality
(SWQ) are the first three most influential factors of user
acceptance of research related software. This implies that
if the users (i.e. students) believe that using the software
will increase and improve their research related work, they
will be likely to use the software. Both methods also ranked
management support as the lowest sub-factors in influencing
user acceptance of the software technology. As long as the
users believe that particular software is easy to use and will
improve their research related work, management support
appears to have very little influence in their acceptance.

As for medical related software, each method produces
slightly different results for the 6th, 7th and 9th factors.
Both AHP and Fuzzy AHP methods assigned the highest
weight to the information quality (IQ) factor. This means
that the quality of the information produced by the software
is a crucial aspect for medically related software. Given
that medical software deals with lots of confidential and
highly sensitive information, it is important that the software
developer produces software that fulfils this criteria. The first
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TABLE VI
LOCAL WEIGHTS AND GLOBAL WEIGHT FOR EACH OF THE

SUB-FACTOR USING VARIOUS APPROACHES

Software Sub-factor Local Weight Global Weights
AHP FAHP AHP FAHP

Chang Chang

Research

PE 0.537 0.706 0.233 0.350
EE 0.231 0.294 0.100 0.146
SI 0.100 0.000 0.044 0.000

ISE 0.132 0.000 0.058 0.000
SWQ 0.403 0.481 0.176 0.243
SERQ 0.104 0.000 0.046 0.000

IQ 0.495 0.519 0.218 0.262
FC 0.702 0.889 0.089 0.000
MS 0.298 0.110 0.038 0.000

Medical

PE 0.322 0.399 0.108 0.140
EE 0.163 0.148 0.055 0.052
SI 0.062 0.000 0.021 0.000

ISE 0.454 0.453 0.152 0.159
SWQ 0.273 0.455 0.153 0.195
SERQ 0.115 0.063 0.065 0.022

IQ 0.362 0.482 0.203 0.207
FC 0.693 0.844 0.171 0.200
MS 0.307 0.156 0.075 0.026

TABLE VII
COMPARISON OF RANKING OF THE SUB-FACTORS USING VARIOUS

APPROACHES

Rank Research Medical
AHP FAHP-Chang AHP FAHP-Chang

1 PE PE IQ IQ
2 IQ IQ FC FC
3 SWQ SWQ SWQ SWQ
4 EE EE ISE ISE
5 FC FC PE PE
6 ISE ISE MS EE
7 SERQ SERQ SERQ MS
8 SI SI EE SERQ
9 MS MS SI SI

three most important sub-factors that influence user accep-
tance of medical related software are information quality
(IQ), facilitating condition (FC) and software quality (SWQ).
Among these two factors, IQ and SWQ are both from within
the technology factor. The option of whether to use or not
to use the medically related software is not being influenced
by social influence (SI) factor. This sub-factor is ranked as
the least influential factor of user acceptance.

V. CONCLUSIONS AND FUTURE WORK

Evaluation of the factors that influence user acceptance
of software technology is a crucial and important effort.
Undertaking evaluation studies on user acceptance of soft-
ware will help to improve understanding of implementation
difficulties or barriers which organizations can face. Multi-
criteria decision analysis (MCDA) provides a platform to
model user acceptance, which involves various sub-factors.
Several approaches are used in this study to produce the
weights between factors and sub-factors and to compare the
results obtained. A clearer understanding of differences in
the factors that influence user acceptance of the software
technology is important. The results demonstrate that differ-
ent types of software have different influential factors. The
developers of software technology need to be aware of the

existence of variation in factors that influences acceptance of
the software, and the design of the software needs to ensure
these factors are handled accordingly. Various methods are
available and can aid an organization to adapt those methods
than can better address the problems that involve multi-
attributes decision making.

This study has illustrated some of the available approaches
that can be used by such decision makers. The approaches
presented in this study are not intended to show which is the
best techniques to evaluate user acceptance but rather to show
and discuss the various options which are available to derive
weights among evaluation items and subsequently obtain the
ranking. In this paper, we have demonstrated the existence
of variation on factors that influence user acceptance of
the software technology. We can conclude that the factors
which influence user acceptance are dependent on the type
of the software. Results show that different MCDA methods
produced slightly different ranking of the factors. Hence,
in future, we are going to use some other MCDA methods
and compare the results obtained for each method and draw
an appropriate conclusion as to the applicability of MCDA
methods as a tool for decision making.

ACKNOWLEDGMENT

Noor Azizah KS Mohamadali would like to gratefully
acknowledge the funding received from both the Public
Service Department of Malaysia and from the International
Islamic University of Malaysia (IIUM) in sponsoring this
research.

REFERENCES

[1] M.Chambers, S. Connor, H.McGarvey, and M.Diver, “User Accep-
tance of a multi-media software application to increase preparedness
for caring problems,” Health Informatics Journal, vol. 7, pp. 152–57,
2001.

[2] J.-H. Wu, S.-C. Wang, and L.-M. Lin, “Mobile computing acceptance
factors in the health care industry:A structural equation model,”
International Journal iof Medical Informatics, vol. 76, pp. 66–77,
2007.

[3] F. D. Davis, “Perceived usefulness, perceived ease of use, and user
acceptance of information technology.” MIS Quarterly, vol. 13, pp.
319–339, 1989.

[4] W. H. DeLone and E. R. McLean, “The Delone and McLean Model
of Information Systems Success: A Ten Year Update,” Management
Information Systems, vol. 19(4), pp. 9–30, 2003.

[5] D. L. Goodhue, “Development and Measurement Validity of a Task-
Technology Fit Instrument for User Evaluation of Information Sys-
tems:,” Decision Science, vol. 29, pp. 105–138, 1998.

[6] H.-F. Lin, H.-S. Lee, and D. W. Wang, “Evaluation of factors influ-
encing knowledge sharing based on Fuzzy AHP approach,” Journal of
Information Science, vol. 35, pp. 25–44, 2009.

[7] C.-R. Wu, C.-T. Lin, and H.-C. Chen, “Integrated environmental
assessment of the location selection with fuzzy analytical network
process,” Quality and Quantity, vol. 43, pp. 351–380, 2009.

[8] H.-P. Fu, Y.-C. Ho, R. C. Chen, T.-H. Chang, and P.-H. Chein, “Fac-
tors affecting the adoption of electronic marketplaces,” International
Journal of Operation and Production Management, vol. 26, pp. 1301–
1324, 2006.

[9] N. A. K.S-Mohamadali and J. M.Garibaldi, “A novel evaluation model
of user acceptance of software technology,” in 3rd International Joint
Conference on Biomedical Engineering Systems and Technologies,
2010.

[10] ——, “Towards the development of a novel evaluation framework
for information systems in healthcare sector,” in Second International
Joint Conference on Biomedical Engineering Systems and Technolo-
gies, 2009.

Proceedings of UKCI 2011

142



[11] ——, “Selected multi-criteria decision analysis techniques and its
applications - a literature review,” in 9th Annual Workshop on Com-
putational Intelligence, 2009.

[12] J. L. Salmeron and I. Herrero, “An AHP-based methodology to rank
critical success factors of executive information systems,” Computer
Standards & Interfaces, vol. 28, pp. 1–12, 2005.

[13] M. Gallego, P. Luna, and S. Bueno, “User acceptance model of open
source software,” Computers in Human Behavior, vol. 24, pp. 2199–
2216, 2008.

[14] P. G. Schierz, O. Schilke, and B. W. Wirtz, “Understanding consumer
acceptance of mobile payment services: An empirical analysis,” Elec-
tronic Commerce Research and Applications, 2009.

[15] L. Rodriguez-Repiso, R. Setchi, and J. L. Salmeron, “Modelling IT
project success with Fuzzy Cognitive Maps,” Experts Systems with
Applications, vol. 32(2), pp. 543–559, 2007.

[16] J. J. Jiang, G. Klein, J. Roan, and J. T. Lin, “Is service
performance:self-perception and user perceptions,” Information &
Management, pp. 499–506, 2001.

[17] J. D. Procaccino, J. M. Verner, K. M.Shelfer, and D. Gefen, “What do
software practitioners really think about project success: an exploratory
study,” The Journal of Systems and Software, vol. 78, pp. 194–203,
2005.

[18] J. J.Jiang, G. Klein, and R. Discenza, “Perception differences of
software success:provider and user views of system metrics,” The
Journal of Systems and Software, vol. 63, pp. 17–27, 2002.

[19] T. L. Saaty, The Analytic Hierarchy Process. McGrawHill, New York,
1980.

[20] F. Zahedi, “The analytic hierarchy process: A Survey of the Method
and its Applications,” Interfaces, vol. 16, pp. 96–108, 1986.

[21] C.-W. Chang, C.-R. Wu, and H.-L. Lin, “Applying fuzzy hierarchy
multiple attributes to construct an expert decision making process,”
Expert Systems with Applications, vol. 36, pp. 7363–7368, 2009.

[22] D.-Y. Chang, “Applications of the extent analysis method on fuzzy
AHP,” European Journal of Operational Research, vol. 95, pp. 649–
655, 1996.

[23] F. T. Bozbura and A. Beskese, “Prioritization of organizational capital
measurement indicators using fuzzy AHP,” International Journal if
Approximate Reasoning, vol. 44, pp. 124–147, 2007.

Proceedings of UKCI 2011

143



1

Improving clustering using Bregman divergences
Wesam Ashour

Islamic University of Gaza,
Gaza, Palestine.

wesam.ashour@iugaza.edu.ps
Colin Fyfe

University of the West of Scotland, UK
Colin.Fyfe@uws.ac.uk

Abstract—We review Bregman divergences and use them
in clustering algorithms which we have previously developed
to overcome one of the difficulties of the standard k-means
algorithm which is its sensitivity to initial conditions which leads
to finding sub-optimal local minima. We show empirical results
on artificial data sets.

I. I NTRODUCTION

Bregman divergences have been used for exploratory data
analysis to extend existing methods in a number of ways;
for example, for projection methods [4] gave a Bregmanised
version of principal component analysis, [8] repeated this
for independent component analysis and [7] did the same
for canonical correlation analysis. A very influential paper
in this area discussed a Bregmanised version of k-means [1]
in both hard and soft forms, however we have found that
this version also suffers from the well-known problems of
standard k-means - a sensitivity to initial conditions and hence
convergence to a local optimum.

We have previously [3], [2] developed several families of
algorithms which overcome the problem of convergence to
local optima and in this paper, we apply Bregman divergences
to these mappings and show that they improve upon Bregman
k-means.

II. B REGMAN DIVERGENCES

The Bregman divergence betweenp and q based on the
convex functionF (x) is

dF (p, q) = F (p)− F (q)− (p− q)∇F (q)

For example. for the convex functionF (x) = 2x lnx, then
the right divergence between a data samplex and a proto-
type/centrem is given by

dF (x,m) = 2x lnx− 2m lnm− (x−m)(2 lnm+ 2)

= 2[x lnx− x lnm− x+m]

We call this a right divergence since the values which we
are updating, the prototypes, are in the right position in the
divergence. We can also consider the left divergence which is
given by

dF (m,x) = 2m lnm− 2x lnx− (m− x)(2 lnx+ 2)

= 2[m lnm−m lnx−m+ x]

It is straightforward to show [6] that right centroids are unique
and independent of which Bregman divergence is used; all give
the centre of mass,m = 1

N
x although whenused in a k-means

algorithm, the local minimum reached may be different.
However the left centroids are different from one another.

Finally [1] shows that there is a bijection between the Bregman
divergences and members of the exponential distributions of
probability density functions. Thus, if we know the distribution
of the data set, we could find the optimal divergence to use
with that data set.

III. A FAMILY OF NEW BREGMAN CLUSTERING

ALGORITHMS

The central idea in the new algorithms is that each prototype
before moving to any new locations responds to all the other
prototypes’ positions and, in particular, to their relative loca-
tions with respect to the data points, and hence it is possible
for it to identify the free clusters that are not recognized by
the other prototypes. For example if we have two data points
(each data point represents a cluster) and two prototypes, one
of them being closer to the first data point, the other prototype
will, before responding, recognize that there is one prototype
closer to the first data point and hence will prefer to move
toward the second point.

A. Bregman Inverse Weighted K-means Algorithm (BIWK)

Consider the performance function

J1 =

N
∑

i=1





K
∑

j=1

1

‖ xi −mj ‖p





K

min
k=1

‖ xi −mk ‖n (1)

The rationale for this performance function is that we do not
wish the situation to arise in which one prototype is optimally
responsive to a data point but all the other prototypes are
ignoring this data point: we wish all prototypes to take into
account all data points. Letmk∗ be the closest prototype to
xi. Then

J1(xi) =





K
∑

j=1

1

‖ xi −mj ‖p



 ‖ xi −mk∗ ‖n

= ‖ xi −mk∗ ‖n−p +
∑

j 6=k∗

‖ xi −mk∗ ‖n

‖ xi −mj ‖p
(2)
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Therefore theintuition behind this performance function is
that it is minimised when the distance between the data and
the closest prototype is minimal and the other prototypes
are scattered widely throughout the data to give the largest
possible value in the denominator of the second part. Also
writing the performance function in this manner highlights the
constraints which will be necessary on the values ofp andn
(see below). To create a learning rule, we calculate

∂J1(xi)

∂mk∗

= −(n− p)(xi −mk∗) ‖ xi −mk∗ ‖n−p−2

−n (xi −mk∗) ‖ xi −mk∗ ‖n−2
∑
j 6=k∗

1

‖ xi −mj ‖p

= (xi −mk∗)aik∗ (3)
∂J1(xi)

∂mj

= p(xi −mj)
‖ xi −mk∗ ‖n

‖ xi −mj ‖p+2
= (xi −mj)bij (4)

At convergence,E( ∂J1

∂mr
) = 0 wherethe expectation is taken

over the data set. With some abuse of our notation, we denote
by Vj the set of points,x for which mj is the closest, we
have

∂J1

∂mr

= 0

⇐⇒

∫
x∈Vr

{(n− p)(xi −mk∗) ‖ xi −mk∗ ‖n−p−2

+n(x−mk∗) ‖ x−mk∗ ‖n−2
∑
j 6=k

1

‖ x−mj ‖p
P (x)}dx

+
∑
j 6=r

∫
x∈Vj

p(x−mj)
‖ x−mk∗ ‖n

‖ x−mj ‖p+2
P (x)dx = 0 (5)

whereP (x) is the probability measure associated with the
data set. This is, in general, a very difficult set of equations to
solve. However it is readily seen that, for example, in the
special case that there are the same number of prototypes
as there are data points, that one solution is to locate each
prototype at each data point (at which time∂J1

∂mr
= 0). Again

solving this over all the data set results in

mr(t+ 1) =

∑

i∈Vr
xiair +

∑

i∈Vj ,j 6=r xibir
∑

i∈Vr
air +

∑

i∈Vj ,j 6=r bir
(6)

whereVr contains theindices of data points that are closest
to mr, Vj contains the indices of all the other points and

air = −(n− p) ‖ xi −mr(t) ‖
n−p−2

−n ‖ xi −mr(t) ‖
n−2

∑

j 6=k∗

1

‖ xi −mj ‖p
(7)

bir = p
‖ xi −mk∗ ‖n

‖ xi −mr(t) ‖p+2
(8)

From (5),we see thatn ≥ p if the direction of the first term
is to be correct andn ≤ p + 2 to ensure stability in all parts
of that equation.

Using Bregman technique in the iterative learning process,
(7) and (8) become:

air = −(n− p)dφ(xi,mr(t))
n−p−2

−ndφ(xi,mr(t))
n−2

∑

j 6=k∗

1

dφ(xi,mj)p
(9)

bir = p
dφ(xi,mk∗)

n

dφ(xi,mr(t))p+2
(10)

wheredφ is a Bregman divergence function. For simulation,
we have usedφ(x) = 2x lnx, which givesdφ(x, y) = 2 ∗
(x ln(x/y)− x+ y)

In practice, we have found that a viable algorithm may be
found by using (10) for all prototypes (and thus never using
(9) for the closest prototype). We will call this the Bregman
Inverse Weighted K-Means Algorithm (BIWK).

B. Bregman Inverse Exponential K-means Algorithm (BIEK)

To solve the problem of sensitivity in K-means, we provide a
new algorithm called Inverse Exponential K-means algorithm.
In this algorithm we have the following performance functions:

JK =

N
∑

i=1

K

min
j=1

‖ xi −mj ‖
2 (11)

which is used for K-means and:

k∗ = arg
K

min
k=1

(‖ xi −mk ‖)

J2 =
N
∑

i=1





K
∑

j 6=k∗

1

‖ xi −mj ‖





(

1− exp(− ‖ xi −mk∗ ‖3)
)

(12)

This performance function deals with the prototypes that are
not detected by the minimum function and hence it solves the
problem of sensitivity in K-means.

One of the advantages of this new algorithm is that we have
two sets of update rules, as we will see in optimization and
implementation section. This is beneficial when all prototypes
are far from the data set: such a situation may very well
happen when we have a high dimensional data set since in that
situation most of the volume of the space lies in a thin shell far
from the centre of the data so that even initialising prototypes
to data points will not guarantee that the prototypes are close
to many samples. We use (11) whenmj is the closest toxi

and use (12) for the other prototypes that are not the closest
to xi.

The performance function (12) deals with all prototypes that
not recognized by minimum function in (11). This function at
minimum values tries to distribute the prototypes to fit the
data and find the clusters. We need now to generate the new
algorithm by optimizing the performance functions to give the
minimum value and hence identifying the clusters.

1) Optimization and Implementation: To derive the new
clustering algorithm, we need to find the partial derivative of
(11) with respect tomk and the partial derivative of (12) with
respect tomj wheremk represents the closest prototype to
xi, andmj represents the other prototypes.

∂JK
∂mk

=
∑

i∈Vk

−2(xi −mk) (13)
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whereVk contains theindices of data points that are closest
to mk

∂JK
∂mk

= 0
∑

i∈Vk

−2(xi −mk) = 0

mk =

∑

i∈Vk
xi

Nr

mk =

∑

i∈Vk
xiaik

∑

i∈Vk
aik

whereNr is thenumber of data points that are closest tomk,
aik = 1.

Note that this constitutes only a part of the calculation of
mk from only the closest data points, however there is another
calculation formk (using the rest of data points). This is
provided from the second performance function asmk might
not be the closest to some data pointsxi, i ∈ Vj whereVj is
the index of data points that are not closest tomk, see (17).
Thus mk should be calculated based on all the data points,
not only the closest points as happens in K-means algorithm.

The second performance function provides new calculations
for the prototypes that are not closest to data points, and
distributes them in a good way to identify the clusters.

∂J2
∂mj

=
∑

i∈Vd

(xi −mj)(1− exp(− ‖ xi −mk∗ ‖3)

‖ xi −mj ‖3

=
∑

i∈Vd

(xi −mj)ci
‖ xi −mj ‖3

(14)

whereVd contains theindices of data points that are not closest
to mj

ci = 1− exp(− ‖ xi −mk∗ ‖3)

By assigning the partial derivative to zero and solving
for mj we have:

∂J2
∂mj

= 0

⇐⇒
∑

i∈Vd

(xi −mj)ci
‖ xi −mj ‖3

= 0

⇐⇒
∑

i∈Vd

xici
‖ xi −mj ‖3

=
∑

i∈Vd

mjci
‖ xi −mj ‖3

mj(t+ 1) =

∑

i∈Vd

xici
‖xi−mj(t)‖3

∑

i∈Vd

ci
‖xi−mj(t)‖3

or mj(t+ 1) =

∑

i∈Vd
xibij

∑

i∈Vd
bij

(15)

where,

bij =
ci

‖ xi −mj(t) ‖3

=
1− exp(− ‖ xi −mk∗ ‖3)

‖ xi −mj(t) ‖3
(16)

The new locations for all prototypes can be calculated by:

mr(t+ 1) =

∑

i∈Vr
xiair +

∑

i∈Vj ,j 6=r xibir
∑

i∈Vr
air +

∑

i∈Vj ,j 6=r bir
(17)

whereVr contains theindices of data points that are closest
to mr, Vj contains the indices of all the other points and

air = 1 (18)

bir =
1− exp(− ‖ xi −mk∗ ‖3

‖ xi −mr(t) ‖3
(19)

By applyingBregman divergence to (18) and (19) we get:

air = 1 (20)

bir =
1− exp(−dφ(xi,mk∗)

3)

dφ(xi,mr(t))3
(21)

In execution we have found that the main computational cost
is based on (21). Assume we have K prototypes and N data
points, and then as every data point is closest to one and only
one prototype, for one iteration we have N * K loops, and in
each loop either (20) or (21) will be executed.
(20) will be executed L times, where L = N * 1.
(21) will be executed H times, where H = N * (K-1).
Thus it is possible now to find a viable algorithm by using (21)
for all prototypes (and thus never using (20) for the closest
prototype).
However, (20) provides a strong advantage by introducing two
sets of updates rather than a single update for all prototypes.
Therefore, this allows the algorithm to separate the joint pro-
totypes and hence distribute them to give good clustering. This
is a symmetry-breaking factor which enables local minima to
be avoided and allow the algorithm to be superior under some
difficult conditions.

We assume every data point has only one minimum distance
to the prototypes, in other words it is closest to one prototype
only. We treat the other prototypes as distant prototypes even
if they have the same minimum value. This step is optional,
but it is very important to allow the algorithm to work very
well in the case that all prototypes are initialized in the
same location. This allows processing joint prototypes by two
different equations and hence separates them.

C. The Bregman Inverse Weighted Clustering Algorithm
(BIWC)

The general drive towards the data (and away from any
solution which has prototypes tending towards∞) is given by
(8) Consider the following performance function:

J3 =

N
∑

i=1

K
∑

k=1

1

‖ xi −mk ‖P
(22)

∂J3
∂mk

=
N
∑

i=1

P (xi −mk)
1

‖ xi −mk ‖P+2
(23)

∂J3
∂mk

= 0 =⇒ mk =

∑N

i=1 bikxi
∑N

i=1 bik
where

bik =
1

‖ xi −mk ‖P+2
(24)
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Artificial dataset − 100 data points in 5 clusters

Fig. 1. Artificial data set, data set is shown as 5 clusters of red ’*’s, prototypes
are initialized to lie within one cluster and shown as blue ’o’s.

The partial derivative ofJ3 with respect tomk can be used to
maximize the performance functionJ3. So the implementation
of (24) will always movemk to the closest data point to
maximizeJ3 to ∞.

However, the implementation of (24) will not identify any
clusters as the prototypes always move to the closest data
point. But the advantage of this performance function is that it
does not leave any prototype far from data: all the prototypes
converge toward the data.

We can enhance this algorithm’s ability to identify the
clusters without losing its property of pushing the prototypes
inside data clusters by changingbik in (24) to the following:

bik =
‖ xi −mk∗ ‖P+2

‖ xi −mk ‖P+2
(25)

wheremk∗ is theclosest prototype toxi.
By applying Bregman divergence, we get:

bik =
dφ(xi,mk∗)

P+2

dφ(xi,mk)P+2
(26)

wheremk∗ is theclosest prototype toxi.
With this change, we have an interesting behavior: (26)

works to maximizeJ3 by moving the prototypes to the free
data points (or clusters) instead of the closest data point (or
local cluster).

We will call this the Bregman Inverse Weighted Clustering
algorithm (BIWC), which is a special case of the Bregman
inverse weighted K-means (BIWK) algorithm.

1) Simulations: We illustrate these new algorithms with a
few simulations on artificial two dimensional datasets, since
the results are easily verified visually. In Figure 1 we have an
artificial dataset consisting from 100 data points in 5 clusters.
Figure 2 shows the results after applying Bregman K-means,
BIWK, BIEK and BIWC rspectively to the artificial dataset.
In Figure 1, the prototypes have all been initialized within
a single cluster. As shown in Figure 2, while the Bregman
K-means algorithm failed to identify the clusters, the new
Bregman algorithms BIWK, BIEK and BIWC identified them
successfully.

In Figure 3 we have used the same artificial dataset in
Figure 1, but with different prototypes initialization. We have
initialized the prototypes randomly inside and close to the
data samples. We have applied the Bregman K-means and
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Fig. 2. Top: Bregman K-means result. Second: BIWK result. Third: BIEK
result.Bottom: BIWC result.

the new Bregman clustering algorithms to the data in Figure
3. The results are shown in Figure 4. As shown in Figure
4 top left, the Bregman K-means failed to identify all the
clusters successfully. Instead, it has merged some clusters
together. Also, Bregman K-means has failed to activate the
dead prototypes. In the other side, the new Bregman clustering
algorithms BIWK, BIEK and BIWC have identified all the
clusters successfully.

We have used the same dataset again, but this time with
a very bad initialization to show the strength of the new
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Artificial dataset − 100 data points in 5 clusters − bad initialization

Fig. 3. Artificial data set, data set is shown as 5 clusters of red ’*’s, prototypes
are initialized randomly within the data and shown as blue ’o’s.

algorithms. As shown in Figure 5 we have initialized the
prototypes, very far from the data set, and this situation is
likely to happen with hight dimensional datasets. Figure 6
shows the result of applying Bregman K-means and and the
new Bregman clustering algorithms. From the figure, we can
see that while Bregman K-means group all points only in
one cluster and failed to identify the clusters, the other new
Bregman algorithms identify all the clusters successfully. From
this toy example, we can see that the new algorithms are robust
to the prototypes initialization.

IV. CONCLUSION

We have introduced three new algorithms above as a family
of Bregman clustering algorithms. They were all developed
with the same underlying rationale: they are designed to
improve upon Bregman K-means’ convergence to local optima
depending on the initial conditions with which we start the
algorithm. Also each of the algorithms incorporates both
global and local knowledge so that the means when being re-
positioned take account of the positions of all the other means
and the data samples too.

The Bregman Inverse Exponential Weighted K-means ex-
hibits very similar behaviour to the Bregman Inverse Weighted
K-means in that all prototypes are sensibly located. This
algorithm may be thought to use a similar technique to
the standard soft K-means [5] though the Bregman Inverse
Exponential Weighted K-means is much better at solving the
problem of sensitivity to initial conditions.

The Bregman Inverse Weighted Clustering algorithm is
a special case of the Bregman Inverse Weighted K-means
algorithm, in which we use only one set of updates (21).
All the algorithms, except the Bregman inverse weighted
clustering algorithm (BIWC) which is special case of BIWK,
have two sets of updates rather than a single update for
all prototypes. This is a symmetry-breaking factor which
enables local minima to be avoided, even if all prototypes
are initialized in the same location as one point.

In this paper, we have shown the results of right Bregman
divergences i.e. the centroids are in the right position of the
divergence. We have also results using the left divergence and
results on standard data sets used for clustering comparisons.
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Fig. 4. Topt: Bregman K-means result. Second: BIWK result. Third: BIEK
result. Bottom: BIWC result.
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Double Min-Score (DMS) Algorithm for Automated Model
Selection in Predictive Toxicology
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School of Computing, Informatics and Media, University of Bradford

Abstract— In silico modelling is considered a cost efficient
alternative to in vivo - in vitro testing and it allows the
identification of toxic effects in early stages of product de-
velopment. To speed up this discovery process while reducing
the need of lab tests, a collection of high quality data and
models is required. Data integration, data quality assessment
and model management are current challenges for predictive
toxicology in order to make data and models re-usable sources
of information. One of model management components is
model selection. This paper presents a novel concept of an
automated model selection framework that leads to an efficient
re-usage of existing models in predictive toxicology. This study
demonstrates that the new classification methods, used for
model selection, improve the quality of the test set, and unseen
chemical compound prediction.

I. I NTRODUCTION

Predictive toxicology is concerned with the development
of models that are able to predict the toxicity of chemicals
[1]. Toxicological experimental studies and development of
molecular biology allow the interpretation of chemical ac-
tions on biological systems [2]. Various bio-assays and chem-
ical descriptors are combined with computational approaches
to understand, explain or predict the potential toxicity of
chemicals [3], [4]. Methods that are used to generalize
experimental data in order to design or optimize new bio-
logically active compounds that are more effective, selective,
less toxic, or satisfy various toxicological criteria, are called
Quantitative Structure-Activity Relationship (QSAR) models.

There are several chemical compound representations and
thousands of available chemical descriptors [5], [6]. The
chemical descriptors represent physical and chemical proper-
ties that are calculated from the molecular representation of
a chemical compound. QSAR models correlate the chemical
structure and properties with its biological, chemical or
environmental activity [7]. These models can be represented
as regression models which deal with continuous data, and
classifiers to assess an activity of a given chemical compound
in terms of toxicity.

Several statistical and data mining techniques are used to
build predictive models. Recently, many QSAR modelling
tools have been developed using: Partial Least Squares Re-
gression (PLS) [8], Decision Trees [9], K-Nearest Neighbors
(KNN) [10], Support Vector Machines (SVM) [11], Artificial
Neural Networks (ANN) [1], [12] and Random Forest [13],
[14] to name a few methods. Such a large number of avail-
able techniques allow to capture various relevant chemical
properties according to the observed chemical activity. Then
ensemble techniques can be applied in order to provide more

Fig. 1. The model development process.

accurate predictions [15], [16].
Generally, the QSAR model development process is di-

vided into three steps: data preparation, analysis and val-
idation (see Figure 1). Several rules and “best practices“
for high quality predictive models development have been
recently discussed [17]. Data preparation requires proper data
curation that leads to increased quality of collected informa-
tion and this has further impact on model development in
terms of model predictivity and reliability. Many techniques
are used in model generation including: feature selection,
cross-validation, and bootstrapping. These techniques can
capture various structure-activity relationships and result in a
collection of models that may differ on subsets of chemical
descriptors, applicability domain [7], [18], [19] and model
performance.

Model selection has been studied in the context of model
validation [20]. According to the Organisation for Eco-
nomic Co-operation and Development (OECD) Principles for
QSAR Model Validation [21], a model should be statistically
significant and robust, have its application boundaries defined
and be validated by an external dataset [22], [23], [24]. Var-
ious methods for internal and external model validation and
conditions when the model is considered highly predictive
were established. These conditions support model selection
from a collection of newly generated models and are widely
applied in automated model development frameworks [25]
such as OpenTox [26] or InkSpot [27].

Consequently, a large number of highly predictive models
has become publicly available in recent years. Due to current
requirements in the protection of human and environmental
health, many institutions have become interested in making
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use of existing toxicity information. They are furthermore
focused on toxicity data and model integration. Such a
collection can be used inin silico modelling to detect toxic
effects in early stages of the product development. This will
speed up the discovery process and it will reduce the volume
of animal testing. Therefore, data integration, data quality
assessment and model aggregation have currently become
the main challenges in predictive toxicology [28].

A good example of a large collection of QSAR models is
the JRC QSAR Models Database [29]. This database includes
reports of model generation and validation according to the
OECD standards. Each submitted model is reviewed and then
published in the model database. The main goal of a such
database is to provide the sufficient documentation of QSAR
models used inin silico modelling to the regulatory bodies
like the European Commission of Registration, Evaluation
and Authorization of Chemicals (REACH) [30]. Models that
are stored in the database can be reused to predict toxicity
of new chemical compounds. Unfortunately, this involves a
manual process of model selection. A potential user is re-
quired to make a comparison of models applicability domain
and models predictivity for a given endpoint, before decides
to use one of them. Additionally, models are represented by
equations or links to authors sources or papers. In this case,
users have to implement model by themselves or contact
authors to get an access to the running model source. This
makes model identification for new chemicals a difficult task.

Based on the above observation, we noticed that there is a
lack of automated model mining techniques. There is also
a need to develop an interoperable framework for model
governance that can become a powerful tool for intelligent
model management. This will support model quality control,
data and model integration, model comparison and model
selection. Our research addresses this gap. In this paper,
we introduce a novel concept of automated model selection
framework, that allows an effective model identification for
a new unseen chemical compound. We also demonstrate that
the new classification methods, used for model selection,
improve the quality of the test set, or unseen chemical
compound prediction.

The paper is organized as follows: Section II defines
the concept of automated model selection. The partitioning
model that splits the chemical space intom disjoint groups,
where m is a number of available predictive models, is
introduced. In Section III, the Double Min-Score algorithm
is described. It is a classification algorithm that allows to
assign a given chemical compound to one ofm models. In
Section IV the experimental results and model accuracy are
discussed. Section V includes conclusions and the further
work.

II. M ODEL SELECTION

A chemical spaceX is defined as a set of pairsx =
(xd, xf ), where xd ∈ R

K1 represents descriptors,xf ∈
{0, 1}K2 is a fingerprint, andK1 + K2 is the dimen-
sion of the chemical space. Descriptors represent various
topological, geometrical, physio-chemical properties of a

chemical compound. A fingerprint is a binary vector whose
coordinates define the presence or absence of predefined
structural fragments within a molecule [6]. A fingerprint
is also a one dimensional representation of the molecular
descriptor and it is widely used for the chemical similarity
search in large databases [31]. It is also worth noting that a
fingerprint is not a unique chemical compound representation
because it encodes only a fragment of a molecule. There
can be two different molecules having the same fingerprint
representation.

A predictive modelM is a mappingX → Y , where
Y ⊂ R is the output space. The output spaceY might,
for example, represent a particular biological, physical or
chemical activity of a chemical compound.

A model applicability domainis defined as the activity
and the chemical space in which a model makes reliable
predictions [7], [18], [19]. The applicability domain deter-
mines the boundary of the chemicals space where models
are reliable and it also supports the controlled extrapolation
of models into the entire chemical space. This fact ensures
that the QSAR model can be used for chemicals which fall
into its applicability domain and at the same time it does
not guarantee the model’s high predictivity. Applying models
for chemicals from outside of their applicability domains
increases the likelihood of inaccurate prediction.

Predictive models are generated using subsets of the
chemical space, for example, a particular group of chemicals.
Consequently, a large number of models can be defined
by the same, overlapping or disjoint applicability domains.
Additionally, the model performance is described by the
predictive squared coefficient correlationq2 [22], [23]. This
correlation represents the relationship between the trained
model and the model that uses the average of the chemical
activity as a predictor for the validation dataset. It is easy to
notice that the size and content of such datasets may differ
for various models. Thus, the value ofq2 is not a sufficient
condition in model comparison. Several model performance
matrices were analysed in the context of model validation
and model selection [32]. They are applied in automated
model development where models are validated by the same
dataset. In a case where two models come from different
sources, model comparison becomes challenging (the mean
of the activity of the validation datasets may differ). This
requires predictive models to be validated across the entire
chemical space, which is very difficult when the list of
available chemicals and assays may be limited.

QSARs represent predictive models derived from various
data mining or statistical techniques and currently they
are being applied in many domains (e.g risk assessment,
toxicity prediction, and regulatory decisions [33]). European
Commission REACH legislation [30] allows the registration
of chemicals which were tested using, inter alia, virtual
screening tools. Therefore, there is a need to develop a
framework for data and model integration, automated model
quality control, and intelligent model management and min-
ing. In this section we present a concept of an automated
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model selection framework that supports model validation
and model selection. An input data is represented by the
pairs:

(xi, yi) ∈ X × Y, i = 1, . . . , n,

wherexi is an element of the chemical space andyi is the
measured activity of that element. There is also a set of
m predictive modelsM = {M1, . . . ,Mm} associated with
the activityY . We assume that these models were generated
using various statistical or data mining techniques and they
have different applicability domains and performances. To
select the most predictive model from the model family
M for a new chemical compoundx, we define a novel
partitioning modelthat splits the chemical space into disjoint
groups and allows for unambiguous model selection.

Definition 2.1: A partitioning model M̂ is a mapping
X → Y given by the following formula:

M̂(x) =























M1(x), x ∈ D1,

M2(x), x ∈ D2,
...,

...,

Mm(x), x ∈ Dm,

where
• D1, . . . , Dm ⊆ X are disjoint,
•

⋃m

i=1 Di = X .
A computer representation of the partitioning model is a

demanding task due to the size of the chemical space – one
has to store the setsD1, . . . , Dm. The partitioning model
aims at dividing the chemical space in such a way that
every elementx ∈ X is assigned to the model, from the
set of available models, with the highest predictive power.
This task is clearly infeasible as the setX is large whereas
available information is limited. Therefore, we concentrate
on approximate solutions to build the partitioning model.

III. D OUBLE M IN-SCORE ALGORITHM

The construction of the partitioning model is a similarity-
based classification problem, that assigns a given chemical
compound to the most predictive model. The similarity-
based classifier estimates the class label of a test item using
similarities between the test item and a set of labelled training
items [34]. While most learning methods derive a set of
classification rules from training data, in our method the clas-
sification is obtained by applying a pre-defined classification
function on a given dataset. This function is a combination of
the chemical compounds similarity and model performance.
According to the Definition 2.1, the partitioning model splits
the chemical space in groups in order to maximize the
similarity of their chemical compounds and to minimize
the error of a model associated with this group. We will
call such a defined group -a model group. It is easy to
notice that this is a bi-criteria problem and the solutions
have to represent a trade-off between optimality of these
criteria (the so-called Pareto points[35]). Pareto optimality
is a multicriteria optimisation problem. In this paper, we
simplify this problem to the one-criteria problem based on

the chemical compound similarity hypothesis [36] which
states that similar compounds have similar properties. We
define a mapping between the chemical space and a set of
model indexes using the Double Min-Score (DMS) algorithm
(see Algorithm 1). In this section two classification rules are
introduced to predict which model is the most predictive for
a chemical compoundx.

Algorithm 1 Double Min-Score Algorithm
Input: A datasetT , a family of modelsMT and a new
datax.
Output: The most predictive modelM .
Step 1: Calculate the errorei,j for every modelMj and
every itemxi in datasetT .
Step 2: Split the datasetT into m disjoint model groups.
Step 3: Calculate the nearest neighbourhood ofx.
Step 4: Select the modelMj assigned with the nearest
neighbour ofx.

Let’s consider a datasetT of pairs(xi, yi) ∈ X×Y , where
i = 1, . . . , n, and the family of predictive modelsMT . In
Step 1 of the DMS algorithm presented above, the errorei,j
of the modelMj for the i-th data item is defined as follows:

ei,j = |yi −Mj(xi)|, (1)

wherei = 1, . . . , n andMj ∈MT for j = 1, . . . ,m.
In the next step we define a mapping of the chemical space

into a set of model indexesD : X ← {1, 2, . . . ,m}. First,
we define a mappingD on the datasetT in such a way that
for eachxi ∈ T :

D(xi) = min{j ∈ {1, 2, . . . ,m} : ei,j = (2)

min{ei,l : l = 1, . . . ,m}}

In this step, a class (a model index) is defined for elements in
the datasetT . In Step 2 of Algorithm 1 we divide a dataset
into m disjoint sets. According to formula (2), each data item
xi ∈ T is assigned to the model that has the minimal error
defined by formula (1) over all available models. In a case
where more than one model has the same predictive error,
the model with the lowest index is chosen.

In the next step, the mappingD is extended to the whole
chemical spaceX in the following way: forx ∈ X

D(x) = min{D(xi) : ρ(x
f , xf

i ) = (3)

min{ρ(xf , xf
k) : k = 1, . . . , n}, i = 1, . . . , n}

where D(xi) is defined by formula (2) andρ is the
fingerprint-based similarity coefficient (widely used in chem-
ical similarity searching [37]). The DMS algorithm uses only
the molecular similarity of chemicals and does not require
knowledge of the model applicability domain. In this stage
(Steps 3-4, Algorithm 1) the nearest neighbourhood ofx is
calculated. Then, the elementx is assigned to the model
group of its nearest neighbourxi according to formula (3).
The selected model can be applied onx to predict its activity
y.
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It is worth noting that the automated model selection
framework can also be used for the applicability domain
estimation. The partitioning model groups chemicals accord-
ing to the model performance, and then ranges for model
descriptors can be easily obtained from the chemical space
X . In the next section we present the experimental results.
We show that the partitioning model defined in Section II
leads to increased prediction accuracy (in terms of ensemble
modelling).

IV. RESULTS

The partitioning model can be used in terms of exist-
ing model selection in predictive toxicology. To show how
the proposed model increases the prediction accuracy, the
following experiment was carried out. A dataset of 1129
chemicals was obtained from [38]. This dataset consists of a
compilation of toxicity data for the unicellular ciliated pro-
tozoa Tetrahymena pyriformis collected from results of the
assay described by the Schultz group in [39]. The measure
of toxicity is 50% growth inhibition concentration (IGC50).
This measure is calculated by linear regression of the percent
control-normalized absorbency and toxicant concentration in
mg/lm [40]. Additionally, two QSAR regression models were
obtained from [38]. The first, non polar narcosis QSAR [41],
was trained on 87 chemicals identified as non polar narcotics
with q2 = 0.95. The linear regression model was defined as
follows:

log(1/IGC50) = 0.83 logP − 2.07,

where logP is the octanol-water partition coefficient. The
second, polar narcosis QSAR model [42] for Tetrahymena
pyriformis, was trained on 138 polar narcotics chemicals with
q2 = 0.75 and defined as follows:

log(1/IGC50) = 0.62 logP − 1.00

These models were used to build the partitioning model,
without having knowledge of their applicability domain. We
can notice that these models were trained on a small subset
of the chemical space, therefore, the extrapolation of QSAR
models on the entire dataset decreased model accuracies.

Let consider a new group of chemicals for which we
would like to predict the toxicity for Tetrahymena, using one
of the existing models developed on the available dataset.
In the next section we present a simulation of toxicity
forecasting for the randomly excluded chemicals from the
original dataset.

A. Model performance

The input dataset was split randomly into training and
validation datasets. The training set contains 831 chemical
compounds, whereas the test set contains remaining 298
chemicals.logP was calculated from SMILES [5] using the
CDK library [43]. Non polar narcosis and polar narcosis
models were applied for the training dataset, and errors
were calculated according to formula (1). The Double Min-
Score algorithm was used to assign chemicals with the most
predictive model. The fingerprint-based similarityρ used in

TABLE I

MODEL PERFORMANCE METRICS.

Model Name q
2 MAE RSME

PART 0.6670022 0.3821944 0.5404472

NPN 0.3283711 0.5674606 0.7675334

PN 0.6073535 0.4762509 0.5868587

TABLE II

CONFUSION MATRIX FOR THE DMS ALGORITHM

obs/pred Non polar Narcosis Polar narcosis

Non polar narcosis 86 31

Polar narcosis 48 133

formula (3) was calculated using the Tonimoto coefficient
[37]:

ρ(xf
1 , x

f
2 ) =

a

a+ b− c

where a is a number of bit set inxf
1 andxf

2 , b is a number
of bit set only inxf

1 andc is a number of bits set inxf
2 . This

is the most common measure used in chemical compound
similarity search.

To demonstrate how the partitioning model leads to an
increased prediction accuracy - the validation dataset was
used. As was mentioned above, the chemicals were chosen
randomly without the knowledge of the model applicability
domain. For a given chemical compound the DMS algorithm
was used to select the most predictive model. The polar
narcosis (PN), non polar narcosis (NPN) and partitioning
model (PART) performances were analysed by comparing
the predictive squared coefficient correlationq2, minimum
absolute errorMAE and root mean squared errorRMSE[22],
[23], [44]. Table I illustrates the model performance metrics.
In literature, a model is considered predictive whenq2 > 0.5.
We can observe thatq2 for NPN is below this threshold. The
partitioning model can be compared with the polar narcosis
model while they were validated on the same dataset. In this
case, the PART model has better prediction performance than
the PN model but the difference is small.

To validate the DMS algorithm anoracle modelwas
introduced. The oracle model maps the chemicals space into
the set of model indexes according to formula (2). The
confusion matrix is presented in Table II. The number of
correctly classified items was 219 (73.49%), whereas the
number of wrongly classified chemicals is 79 (26.51%).

The following statistics were calculated for the DMS
algorithm:

• Sensitivity= tp
(tp+fn) = 64%

• Specificity = tn
(tn+fp) = 81%

• Accuracy= tp+tn
(tp+fn+fp+tn) = 74%

where specificity and sensitivity define model robustness and
the accuracy demonstrates its predictivity.

In the next step we restricted the validation dataset by re-
moving items for which the oracle model returns the absolute
error greater than 0.5. The remaining set of 190 chemicals
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TABLE III

MODEL PERFORMANCE METRICSII.

Model Name q
2 MAE RSME

PART 0.8414306 0.265396 0.3446489
NPN 0.6399403 0.3961324 0.5193432
PN 0.6876759 0.4031394 0.4836931

TABLE IV

CONFUSION MATRIX FOR THE DMS ALGORITHM II

obs/pred Non polar Narcosis Polar narcosis

Non polar narcosis 74 15

Polar narcosis 35 66

was tested and the following statistics were obtained (see
Table III). We can notice, that prediction performances
increased for all models and there is a significant difference
for the partitioning model performance compared with the
results in Table I. In this case,q2 for the partitioning model
is 0.84 - much higher than for the PN and NPN models.

Analysis of the DMS algorithm shows that the number
of correctly classified chemicals is 140 (73.68%) and the
number of incorrect classification is 50 (26.32%) (see Table
IV). The following statistics were calculated:

• Sensitivity= tp
(tp+fn) = 67%

• Specificity = tn
(tn+fp) = 81%

• Accuracy= tp+tn

(tp+fn+fp+tn) = 74%

In this case the sensitivity measure is higher than this
presented in the previous experiment, whereas the accuracy
remains the same. It is related to the applicability domains
of the NPN and PN models. The number of chemicals
which were used to trained the QSAR models states20%
of entire dataset. The validation dataset contained only5%
of them. The experiment showed that model selection allows
an extrapolation of the applicability domain into a larger
group of chemicals on which the partitioning model gives
the reliable prediction. We can compare the accuracy of
the partitioning model with the consensus model presented
in [16]. The consensus model was build as an average of
15 models developed by various institutions. The accuracy
of the consensus model obtained in the validation process
was 0.85 and MAE=0.29 for chemicals from the models
applicability domains and 0.67 and MAE=0.39 for chemicals
for which models did not give reliable predictions. Our ap-
proach gave similar results, what proves that the probability
of the selected model reliability and predictivity for the new
unseen chemicals, is high. This is very important aspect in
the research phase of a new chemical development, because
allows early elimination of unsuccessful chemicals, reducing
the number and cost of the furtherin vitro - in vivo testing.

The proposed DMS algorithm is the first approach towards
automated model selection in QSAR model collections.
Although the similarity measure is based on a chemical
fingerprint, the algorithm has a relatively high accuracy of the
model identification. This is an important outcome because
fingerprints do not uniquely identify chemical molecules (two

different chemicals can be represent by the same finger-
print). Moreover, the DMS algorithm as a similarity-based
classifier is over-fitting-resistant: the classification rules are
pre-defined and not derived from data. The Double-Mean-
Score algorithm was implemented in the R programming
environment. The QSAR models were stored in a model
database as programming objects (.rda files), that allowed an
easy retrieval and application of models for new chemicals.

Although the DMS algorithm concept is based on a naive
similarity-based approach, these first experimental results
demonstrate that the usage of proper model selection tech-
niques could lead to better prediction performance and speed
up the process of virtual screening. We also intend to study
more efficient multicriteria optimisation methods in order
to improve model selection accuracy. This experiment also
shows that toxicity data and model integration combined
within an automated model mining framework can become
a powerful tool in order to make models reusable sources of
information.

V. CONCLUSIONS

A novel concept of automated model selection in predic-
tive toxicology was introduced in this paper. The authors
noticed that there is not only a large amount of publicly
available toxicity information but also an increasing number
of good quality models. These models can be further reused
in in silico modelling to speed up the process of high-
throughput screening. Thus, there is a need to develop a
framework for intelligent model management and mining.

In this paper, the authors introduced the concept of the
partitioning model in terms of model selection. The au-
thors showed that this problem is a bi-criteria classification
problem. The main idea is to split the chemical space
into disjoint model groups. Each group is assigned with
a particular predictive model in order to maximize the
similarity of chemicals and to minimize the model error
within a group. To solve this problem, the Double Min-
Score algorithm was proposed. The authors assumed that
model performance is equal for similar chemicals according
to the similarity hypothesis and they reduced the problem
to a single classification problem. A new item is classified
to the particular group based on the nearest neighbourhood.
Additionally, the authors demonstrated that this classification
technique for model selection improves the quality of the
test set, or unseen chemical compound prediction. Moreover,
the authors aim to continue this research to provide more
efficient methods for an automated model mining framework.
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Abstract— This paper presents a method for training a binary 

Hopfield neural network so that its energy function represents 

the fitness surface of an optimization problem with one or more 

target solutions. The main advantage of this method is that once 

the network has been trained, new solutions to a problem can be 

generated without reference to the original fitness function 

(which may take time to run). This allows the network to move 

from poor solutions to locally optimal solutions at speed. 

 

I. INTRODUCTION 

Hopfield networks [1] are a type of neural network 

capable of storing a number of patterns distributed across the 

same weight matrix. Patterns are stored using one-shot 

learning and recalled by the presentation of a partial pattern, 

which causes the network to produce the pattern from its 

memory that is closest to the input stimulus. Such networks 

have also been used on optimization tasks such as the 

travelling salesman problem, but the network needs to be 

configured by hand to reflect the structure of the problem to 

be solved. In this paper, we present a method for training a 

Hopfield network to represent local maxima in search space 

so that multiple searches from arbitrary starting points may 

be quickly executed. This work is restricted to binary 

patterns, where units are either on or off. 

In section II we introduce the Hopfield network and its 

role as an auto-associative memory and optimization method. 

In section III we present a method for training a Hopfield 

network so that its energy function reflects the fitness of a 

given pattern as a potential solution to an optimization 

problem. 

Section IV presents some experimental results from three 

different types of task: discovering a single target pattern, 

discovering a set of target patterns, and discovering a target 

concept. 

II. HOPFIELD NETWORKS 

A Hopfield network [1] is a neural network consisting of 

simple connected processing units. In this work, the network 

has the following properties. Networks have a fixed size of n 

binary processing units. The values the units take are 

represented by a vector, U, of n binary values. 
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In the following, we use ← to indicate ‘becomes’ to avoid 

nonsensical equalities such as i=i+1, preferring i ← i+1. 

The processing units are connected by directed weighted 

connections, with subscripts denoting direction from pre-

synaptic unit to post-synaptic unit: 

 

][ ijwW =  (2) 

 

where wij is the strength of the connection from unit i to unit 

j. Units are not connected to themselves, i.e. 

 

0=iiw  (3) 

 

and connections are symmetrical, i.e. 

 

jiij ww =  (4) 

 

A single pattern, P is a point in n-dimensional binary 

space defined by a vector of binary values:  
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A pattern is entered into the network by setting: 

 

ipu ii ∀←  (6) 

 

Once the input pattern has been entered, the network is 

allowed to settle to an attractor state determined by the 

values of its weights. The unit update rule is 

 

j

ji

jii uwu ∑
≠

← , (7) 

 

following which the unit’s value is capped by a threshold, θ, 

such that: 

 

1←iu     if θ>iu  

1−←iu  otherwise (8) 

  

In this paper, we will always use θ = 0. 

The process of settling repeatedly uses the unit update rule 

of Equation (7) for each unit in the network until no update 

produces a change. At that point, the network is said to have 

settled. 

Learning in a standard Hopfield network takes place by 

A Hopfield Network for Multi-Target Optimization 

Kevin Swingler 

Proceedings of UKCI 2011

156



 

 

 

the process of setting the pattern to be learned using 

Equation (6) and applying the weight update rule: 

 

jiijij uuww +←  (9) 

 

This is known as the Hebbian update rule. 

With the above restrictions in place, the network has an 

energy function, which is a Lyapunov function, which 

determines the set of possible stable states into which the 

network will settle. 

 

The energy function is defined as: 

 

ji

ji

ij uuwE ∑−=
,2

1  (10) 

 

Settling the network, by Equation (7) produces a pattern 

corresponding to a local minimum of E in Equation (10). 

Hopfield networks have been used to solve optimization 

tasks such as the travelling salesman problem [2] but weights 

are set by an analysis of the problem rather than by learning. 

In the next section, we show how random patterns and a 

fitness function can be used to train a Hopfield network as a 

search technique. 

III. TRAINING OPTIMIZATION NETWORKS 

In this section we describe a new method for training a 

Hopfield network for use in optimization problems. The 

procedure is summarized below and specified formally in the 

following section. 

Candidate solutions are generated randomly one at a time. 

Each solution is given a score that reflects its quality as a 

solution and this score is used as a learning rate in the 

Hopfield network. Consequently, each pattern is learned with 

a different strength, which reflects its quality as a solution. 

The scoring mechanism is specific to the problem at hand 

and some simple examples are presented in section IV of this 

paper. After a number of patterns have been scored and 

learned, the network is settled by repeated application of 

Equation (7) and the resulting pattern is scored. The score of 

the settled pattern will increase as learning proceeds. 

Learning terminates when a pattern of suitable quality has 

been found. It may, however, be desirable to continue the 

learning process until a number of good solutions have been 

found. This ensures that more of the search space is learned. 

We now define the procedure formally. 

A. The Search Space 

A single pattern, P is a point in n-dimensional search 

space defined by a vector of binary values as specified in 

Equation (5). 

For the purpose of human readability in the examples that 

follow, P is arranged into an m x m grid where nm = and 

elements are displayed as black when pi = 1 and white when 

pi = -1. 

Target patterns are one of two types: 

 

• A specific set of patterns T = {P
1
 … P

t 
}, where t is 

the number of target patterns 

• A concept such as symmetry, producing a number 

of equally perfect targets 

In both cases, a candidate pattern is scored by comparison 

to the target pattern or concept.  

B. The Fitness Function 

We define a fitness function, f(P), which returns a real 

valued score corresponding to the quality of the pattern P as 

a solution to the problem at hand. f(P) has the quality that 

better patterns have higher scores. We implement three 

example fitness functions in this paper, all with a score 

between zero and one. 

For each pattern stored in a Hopfield network, there are 

two local minima in the energy function. One is at the point 

representing the pattern itself and the other is at the point 

representing the inverse of the pattern (to invert a pattern, 

toggle all the values so that -1 becomes 1 and 1 becomes -1).  

If the target pattern is one of a set (as in examples 1 and 2 

below) then the fitness function is simply the hamming 

distance between the candidate pattern and the target. This 

simple measure does not work, however, due to the 

symmetrical nature of the network attractors. The fitness 

function is altered so that the inverse of any pattern and the 

pattern itself both score the same, that score being the 

maximum of the two. The modified hamming distance is 

used to calculate the fitness of a pattern P given a target T 
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where δti,pi is the Kronecker delta function between pattern 

element i in T and its equivalent in P. 

C. The New Weight Update Rule 

This work utilizes a modification to the Hebbian rule so 

that 

 

jiijij uuPfww )(+←  (12) 

 

where f(P) is the score function for the given pattern, as 

described above. This has the effect of learning high scoring 

patterns more than low scoring patterns. 

D. Search Algorithm 

The search algorithm generates random patterns in P and 

calculates f(P) for a chosen scoring function. Each element pi 

is set to either 1 or -1 with equal probability. Early results 

suggest that changing this distribution is detrimental to the 

learning process. 

The pattern is loaded into the network units, U, and the 
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learning rule in Equation (12) is applied to the weights, W. 

The network is then settled by repeated application of the 

unit update rule in Equation (7) and f(P) is re-calculated. 

This process is repeated until f(P) produces a score of 1 (or 

some pre-determined limit is reached). 

Note that the patterns being generated are always random, 

their probability distribution is not affected by W. That is to 

say that it is the value of f(P) that is produced before the 

network settles that is used for learning. The settled pattern is 

not learned, and early experiments have shown that doing so 

is detrimental to the performance of the algorithm. 

Due to the fact that patterns and their inverse are equally 

likely to be found – as described above – it may be necessary 

to score both the solution and its inverse to find the true 

solution. 

Multiple solutions may be found by allowing the search 

algorithm to continue to run after the first solution is found, 

hence learning other high scoring patterns. 

E. New Searches with an Existing Network 

Once a number of solutions have been found, the energy 

function of the network will have a number of local minima, 

all of which are attractors to which the settling process will 

move. By presenting a new pattern and allowing the network 

to settle, the closest solution (or locally optimal solution) 

will be found. This is done by settling the network and does 

not require the fitness function f(P) to be evaluated. This 

offers a useful fast search method for problems with the 

following qualities: 

 

1. More than one pattern has an optimal (or near 

optimal) score; 

2. High scoring patterns need to be found repeatedly 

from different starting points; 

3. The preferred pattern is that which is closest to the 

starting point. 

IV. EXPERIMENTAL RESULTS  

A. Example 1 – Finding a Single Pattern 

In this example, a 36 pixel vector was used to represent a 

6 x 6 binary image. The single target pattern P is shown 

below in Fig. 1. 

 

 
Fig. 1. The first example target pattern. 

 

Finding this one pattern from the 2
36

 possible binary 

patterns is a relatively simple task for a genetic algorithm [3] 

or estimation of distribution algorithm [4]. In this section, we 

compare simple implementations of these two approaches 

with the Hopfield approach. Our aim is to discover whether 

or not the new approach is comparable to basic 

implementations of these popular search methods. In all 

cases, f(P) was calculated as the normalized hamming 

distance between a candidate pattern and the target. 

 

1) A Simple Genetic Algorithm 

Genetic algorithms (GAs) are optimization techniques that 

maintain a population of candidate solutions which are 

scored against a fitness function. Higher scoring candidates 

are combined and randomly altered (mutated) to produce a 

new generation that is closer to the target than previous 

solutions. The GA used for comparison in this study 

maintained a population of 100 candidate solutions, each of 

which were scored using f(P). Fitness proportional selection 

was used to select 10 patterns from each generation. Uniform 

crossover with a rate of 100% was used with a mutation rate 

of 5%. The offspring replaced the lowest scoring 10 

candidates in the population.  

 

2) A Simple Estimation of Distribution 

Optimization using estimation of distribution algorithms 

(EDAs) looks for solutions by maintaining a probability 

distribution over the pattern elements from high scoring 

members of a population of candidate solutions. New 

solutions are generated by sampling from these distributions. 

In this case, a vector of probabilities, R = {r1 … r36}, was 

maintained and patterns were generated with pixel values set 

to 1 with a probability ri and -1 with probability (1- ri ). That 

is to say that new generations of solutions are sampled from 

the evolving distributions in R: 

 

ii rpP == )1(  (13) 

 

A population of 100 solutions was generated based on 

these probabilities and each pattern was scored using f(P). 

The probabilities in R were then updated based on f(P) for 

the best 10 scoring patterns. The update rule is: 

 

)(Pfrr ii +←  if 1=ip  

ii rr ← otherwise (14) 

              

The probabilities, ri are then normalized so that they cover 

the range 0…1. Sampling was done with a simple rejection 

algorithm. 

 

3) Hopfield Network 

The Hopfield network used to build the energy function 

for the search had 36 units connected by 1260 weights. 

Random patterns were presented to the network and learning 

was performed as described above. Note that in this 

approach, there is no population of candidate solutions and 

no method of generating new, improved candidates. Stimuli 

are always random and are learned one at a time. 

4) Results 

Each of the search techniques was run 150 times with the 
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pattern from Fig. 1 as a target. The number of calls to f(P) 

made before the target was found were counted for each trial. 

Table 1 below shows the mean and standard deviation search 

length for each method over the 150 trials. The Hopfield 

network was quicker than the other two approaches. 
TABLE I 

SEARCH LENGTHS FOR EXAMPLE 1 

Method GA EDA Hopfield 

Network 

Mean Search 

Length 

2217 1410 1190 

Standard 

Deviation 

416 404 596 

Average number of score comparisons made by different search techniques 

over 150 trials searching for the pattern in Fig. 1 above. 

 

Undoubtedly, an expert in the use of the other two 

methods would be able to reduce the search time for each. 

We hope to demonstrate only that our new technique is 

sufficiently quick on a simple search that it is worthy of 

further investigation. We aim to say nothing about whether it 

is generally better than the other techniques. 

B. Example 2 – Multiple Targets 

This example investigates the behavior of the Hopfield 

network when the search target consists of a set of patterns, 

rather than a single pattern. In this case, we use binary pixel 

representations of the digits 0 to 3, as shown in Fig. 2. 

 

  
 

  
Fig. 2. Binary pixel images of the digits 0, 1, 2, and 3. 

 

The learning algorithm runs as follows: 

1. Generate a random pattern across the network units; 

2. For each target pattern: 

2.1. Score the random pattern using Equation (11), the 

modified hamming distance between the pattern 

and the target; 

2.2. Update the weights in the network using Equation 

(12); 

3. Allow the network to settle by repeated application of 

Equation (7); 

4. Score the settled network pattern against each target as 

in step 2.1, but do not adjust the weights; 

5. Stop when all targets have been found at least once. 

 

To test the resultant network, distorted patterns were 

presented and the network allowed to settle. Fig. 3 shows 

some results. Note that the network has only ever seen 

random patterns, it has never been presented with the stimuli 

in Fig. 2. 

Start Point Solution 

  
 

  
 

  
 

  
Fig. 3. Binary pixel images of distorted digits 0, 1, 2, and 3 on the left and 

their reconstructed solutions on the right. The network was not presented 

with the patterns in this table during learning. 
 

Each of the outputs on the right hand side of Fig. 3 score 1 

when compared to one of the target patterns. During training, 

the network is presented with random patterns where each 

pixel has an equal chance of being on or off, so the average 

score of the training patterns is 0.5. The training data almost 

never contains a pattern with a score of 1. However, the 

network settles on a pattern that maximizes the score against 

one of the target patterns – the one closest to its starting 

point. 

C. Example 3 – Finding Symmetrical Patterns 

In these trials, the fitness function f(P) is a measure of the 

degree of vertical symmetry of an image. Images where the 

left hand side is a mirror image of the right hand side score 

1. The score becomes closer to zero the larger the number of 

non-symmetrical pixels there are across this vertical split. 

This trial is designed to demonstrate some of the qualities 

of the Hopfield network search algorithm and is not a 

comparison with other techniques. The purpose is to show 

the network learning a concept (symmetry) based on scores 

given to randomly generated patterns. Unlike the traditional 

use of a Hopfield network, no known examples are shown to 

the network. Indeed, it is common that the network will 

arrive at the correct function without having been presented 

with a perfect scoring example. 

Patterns were generated in a 6 x 6 image of binary pixels 

as described above. There are 2
36

 (68,719,476,736) possible 

patterns in such a matrix. Of those, there will be one 

vertically symmetrical pattern for every possible pattern in 

one half of the image. There are 2
18

 (262,144) such half 

patterns, representing 0.00038% of the total number of 

possible patterns. 

In this trial the network was allowed to learn until ten 

different symmetrical patterns had been found. At that point, 

the learning process was terminated and the network was 
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tested with a set of local searches. A local search starts from 

a random pattern and moves towards a higher scoring pattern 

by allowing the network to settle to a local minimum of the 

energy function described by the learned weights. 

Fig. 4 shows the result of testing the learned network from 

five different starting patterns. The score of the starting 

pattern and the settled pattern are given. The network settling 

process is described above, but it should be noted that during 

this search, no new learning takes place and the fitness 

function is not evaluated. 

The inverse pattern problem does not affect the fitness 

function in this example as any pattern has the same degree 

of symmetry as its inverse. 

 

Start Point Solution 

 
Score = 0.48 

 
Score = 1 

 
Score = 0.56 

 
Score = 1 

 
Score = 0.24 

 
Score = 1 

 
Score = 0.53 

 
Score = 1 

 
Score = 0.27 

 
Score = 1 

Fig. 4. Binary pixel images of random stimuli on the left and resultant 

generated images on the right. 

V. ANALYSIS 

This section presents some observations on the method 

and its results. The energy function of the network in 

Equation (10) is globally minimized when the units’ 

activation values are consistent with the weight matrix that 

connects them. The process of settling the network finds the 

pattern of activation that is most consistent with the weights 

of the network. The weights can be viewed as constraints 

between units, and the act of settling the network is the 

process of satisfying those constraints. Weights can be seen 

as an extension to the idea of an EDA. Rather than modeling 

the probability (or importance) of single element values in a 

pattern, we are modeling the conditional importance of the 

value of each element given the value of all other elements. 

The learning process derives the constraints from random 

patterns, so does not need to solve the problem of generating 

new candidate patterns from an evolving population. There is 

no combination nor mutation and no selection nor sampling. 

The patterns used during training must consist of elements 

drawn from an even binary distribution. Each pattern can be 

expected to have around half of its elements set to 1 and half 

to -1. This does not restrict the distribution of element values 

in the target population but further work is required to 

produce an algorithm that works when the training examples 

do not have an even distribution. 

It is clear that the capacity of the network will limit the 

number of concurrent local minima possible and 

consequently the number of distinct solutions the network 

can store. Using Hebbian learning, the capacity of a network 

is shown by [5] to be n / (2 ln n) for random patterns, but 

that number can be higher for certain sets of patterns. The 

symmetrical patterns illustrated here are a good example, the 

36 unit network being able to store over 130 such patterns. 

CONCLUSIONS 

We have shown that a Hopfield network presented with 

nothing but random patterns and a fitness score for each 

pattern is able to learn target patterns or concepts that it has 

never directly seen. Such a network allows new good 

solutions to be generated from existing poor solutions 

without the need for reference to the fitness function. 

This early work has many limitations, which will be 

addressed in future work. Patterns are binary in nature and 

need to be extended to a continuous space. We have noted 

that training pattern elements must be drawn from an equal 

distribution of ±1, which means that any attempt at evolving 

the training distribution towards a target distribution is 

detrimental to the process. This requires further 

investigation. We also described the problem of patterns and 

their inverse both being attractor states in the network and 

presented a simple adjustment to the hamming distance 

fitness function. The impact of this problem on other 

evaluation criteria needs further investigation. 
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Application of a clustering framework to UK domestic electricity
data

Ian Dent, Uwe Aickelin, Tom Rodden

Abstract—The UK electricity industry will shortly have
available a massively increased amount of data from domestic
households and this paper is a step towards deriving useful
information from non intrusive household level monitoring of
electricity. The paper takes an approach to clustering domestic
load profiles that has been successfully used in Portugal and
applies it to UK data. It is found that the preferred technique in
the Portuguese work (a process combining Self Organised Maps
and Kmeans) is not appropriate for the UK data. The work
uses data collected in Milton Keynes around 1990 and shows
that clusters of households can be identified demonstrating the
appropriateness of defining more stereotypical electricity usage
patterns than the two load profiles currently published by the
electricity industry.

The work is part of a wider project to successfully apply
demand side management techniques to gain benefits across
the whole electricity network.

I. INTRODUCTION

The electricity market in the UK is subject to various
pressures and is currently undergoing a period of major
change. Some of these pressures are arising from UK specific
situations, such as the history and current design of the
National Grid, and others from worldwide trends, such as the
need to reduce carbon emissions and the declining sources
of hydro-carbon fuels. New technologies, such as electric
cars and their need for household charging facilities, are
expected to become much more prevalent. In addition, the
drive to change the mix of electricity generation technologies
to include more renewable technology, the desire to reduce
carbon dioxide by switching non-electric demand such as
gas central heating to the electricity network, and the impact
of climate change, with its associated change in electricity
demand for cooling or heating and more frequent extreme
weather events, will impact on the market.

An important factor influencing the UK electricity market
is that the presumption by consumers of the availability of an
infinite supply of electricity, albeit at a cost, is no longer valid
and domestic users will have to adapt to changing approaches
to using electricity or suffer from increasing unreliability
of the supply. [3] provides insight into the concerns of the
industry in the USA and a number of these also apply to the
UK market.
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ird@cs.nott.ac.uk), University of Nottingham, School of Computer
Science, Jubilee Campus, Nottingham, NG8 1BB, UK
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uwe.aickelin@nottingham.ac.uk).

Professor Tom Rodden is with the Horizon Digital Economy Research
Institute, University of Nottingham, (email: tar@cs.nott.ac.uk).

Prior to the planned roll out of smart meters, electricity
suppliers were reliant on a single meter reading (or possibly
2 readings for households with Economy 7 meters) giving
total usage for a 3 monthly period. There was no information
on times of electricity usage, both time of day (beyond the
Economy 7 period), and day by day. Electricity suppliers
were therefore unable to offer tariffs to change user behaviour
as there was no knowledge of the detailed behaviour.

The information available to monitor and to manipulate
electricity usage will grow very rapidly, particularly with the
roll out of Smart Meters which is planned to be complete in
the UK by 2019.

[2] shows that the provision of Smart Meters will allow
greatly increased analysis of a customer’s electricity usage
and provide the ability to make customised offers on pric-
ing and supply availability. This will offer an opportunity
to change customer behaviour (for example, to minimise
usage during peak periods) or to increase efficiencies in the
electricity supply chain in meeting the predicted demand [9].

The identification of typical electrical usage patterns for
households is necessary as a starting point for:

• Defining the type of Demand Side Management pro-
gram (e.g. peak clipping) to undertake to match the
overall electricity supply goals.

• Assessing the impact of any initiatives to reduce overall
energy usage in order to discover the amount of overall
reduction which occurs during different times of the day.

• Allowing accurate aggregation to provide a pattern of
total demand to be met by supply side generation and
transmission.

Previous detailed monitoring research (for example [10])
has generally concentrated on working with a small number
of households which are well understood, which include
many different monitoring devices, and where the house-
holder is supportive of the research and is prepared to
dedicate time and effort to correct labelling of devices and
to following researcher defined procedures. There remain a
large number of households without a commitment to ”green
issues” and where detailed monitoring will not be possible,
either due to lack of support from the householder, or for
financial or time reasons.

The paper describes work which forms part of a ”demand
side maximisation” project and focuses on identifying typical
usage profiles for households and then clustering them into
a few archetypical profiles with similar kinds of customers
grouped together. Differences between an individual house-
hold profile and that of others within the same group can be
used to suggest energy usage behaviour changes to reduce
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overall electricity usage or to improve electrical efficiencies,
possibly by time shifting the usage of particular appliances.
In addition, particular groups (for example, large users during
peak times) can be identified for targeting for reduction
initiatives. The work tests the applicability of applying the
framework defined by [6] to UK specific data and identifies
possible enhancements or modifications to the framework
in order to better fit the UK situation. In particular, the
conclusion that a 2 stage process (Kohonen Self Organising
Map and then Kmeans clustering) is the best approach to
clustering the data is tested against the UK dataset.

This is the first step in exploring the limits of the infor-
mation that is obtainable by non-intrusive monitoring at the
whole household level. As well as the obvious overall usage
information, future research will investigate knowledge that
can be derived from the overall shape of the usage pattern
as well as analysis of motifs that may repeat in the stream
of usage data.

II. BACKGROUND

The Electricity industry defines a process [5] for defining
the details of eight standard usage profiles for the UK. The
profiles take into account the season and the day of the week
but only two are for domestic properties. As an example
of the standard profiles, Figure 1 shows the profiles for
the winter for Saturday and Sundays, both for Economy 7
customers and standard customers, plotted as 48 half hourly
readings over the day. Economy 7 is a tariff offer that
provides much cheaper night time electricity (typically for
7 hours between 11pm and 8am) at the expense of slightly
increased day time charges.

(a) Standard users (b) Economy 7 users

Fig. 1: Example industry standard profiles

Figueiredo [6] takes various differing clustering ap-
proaches and reaches the conclusion that a combination of
Self Organised Maps (using a 10 x 7 grid), followed by a
Kmeans algorithm to reach a final set of 9 clusters, is the
best approach as measured by a ”cluster quality” measure
defined in the paper.

The Kmeans algorithm requires a number of clusters as
an input parameter (n) and works by randomly selecting
an initial n locations for the centres of the clusters. Each
data point is then assigned to one of the centre locations
by selecting the centre that is nearest to that data point. The
Kmeans method uses Euclidean distance calculated for centre
c = (c1, c2, ..., cn) and point p = (p1, p2, ..., pn) as

distance =

√∑
i

(ci − pi)2 (1)

Once all the data points are assigned, each collection of
points is considered, the new centre of the allocated points is
calculated and the centre for that cluster is reassigned. The
points are then reallocated to their new nearest centre and
the algorithm continues as before until no changes are made
to the allocations of points for an iteration. The method is
highly dependent on the initial random allocation of centres
[7].

The Self Organising Map (SOM) is a neural network
algorithm that can be used to map a high dimension set
of data into a lower dimension representation. In the work
presented in this paper, the mapping is to a 2 dimensional set
of representations which are arranged in a hexagonal map.
Each sample (mean load profile for a given household) is
assigned to a position in the map depending on the closeness
of the sample to the values of the nodes assigned to each
position in the map (using a Euclidean measure of distance).
Initially the nodes are assigned at random but, as samples are
assigned to the nodes, the node incorporates the assigned
data. Over time, the map produces an arrangement where
similar samples are placed closely together and dissimilar
are placed far apart [8].

The Figueiredo approach includes the following stages:

• Cleaning of the data in order to cope with missing data
and outliers in the data.

• Normalisation of the data to make differing readings
comparable.

• Splitting of the data into typical types of day such as
weekday, weekend, or season.

• Creation of representative daily load profiles. Figueiredo
uses the mean across all available days within the type
of day and season.

• Application of a number of clustering techniques in
order to group the data into a pre-defined number of
clusters and then the definition of a representative load
profile for each cluster. A target number of clusters of
nine is selected based on advice from the Portuguese
electricity industry together with some investigation on
the quality of the clusters obtained when trying numbers
of clusters between 6 and 14.

• Calculation of the Mean Index Adequacy (MIA) as de-
fined in [1] in order to assess the comparative suitability
of the generated clusters.

Figueiredo makes use of Portuguese data on 165 con-
sumers, with readings taken at a 15 minute frequency, in
order to validate the approach taken.

The data used in this study is from an area of Milton
Keynes, UK and was originally collected in 1988-91 by [4]
but was stored on floppy disks which deteriorated physically
and some of the original data was lost. The original data
disks were rescued and, where possible, regenerated by Steve
Pretlove of UCL and, more recently, by Alex Summerfield
with the work detailed in [11]. The datasets have been made
available in the UKERC data store.
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III. METHODOLOGY

The approach detailed by Figueiredo [6] has been applied
to the UK data as closely as possible in order to assess the
suitability of the framework to the UK data. The individual
steps in the process are detailed below.

A. Cleaning

Some of the UK data readings are missing readings for
some hours of the day, either due to the way in which the
data was recovered from floppy disks, or because of issues
with the original collection of the data. For an initial view
of the data, all the days which contained a missing hourly
reading were omitted. Alternative approaches to replacing
some of the missing data making use of available data from
a similar day will be investigated in the future.

B. Normalisation

The UK data has been normalised within each day’s
readings by scaling all readings using the maximum hourly
reading on the day set to 1. Thus all hourly readings are in
the range 0-1. The effect of this normalisation is to focus on
the shape of the usage pattern and not on the total usage.
Two households with a similar shape but with differing total
usages (e.g. if one household is much larger than the other)
will have the same normalised load profile once scaling is
done. The households will be clustered as similar in the
further analysis whereas, depending on the way ”similar” is
defined, it might not be the intention to group these together
(for example, if total electricity usage is to be the main
differentiation between households).

C. Stratifying the data

The UK data was stratified using a split between weekend
(Saturday and Sunday) and weekdays. It was further stratified
into winter (the months of November, December, January,
February, March, and April) and summer (the remaining
months). With the variability of the UK climate, it may be
more accurate to stratify the data based on daily temperatures
rather than on the season and this will form the basis for
future work. The data for winter weekends was arbitrarily
chosen for further exploration as detailed in the remainder
of this paper. Future work will concentrate on the other
stratifications (e.g. summer weekday) which can be analysed
in the same way. How individual households are allocated to
the same or different groupings as the season or type of day
changes will be investigated.

The Milton Keynes data has varying amounts of valid data
for each household depending on the success of regeneration
of the data after its rescue from floppy disks. The winter
weekend data consists of between 25 and 111 valid days
of readings for each of the households with a mean of 95
valid readings per household. Future analysis may suggest
excluding some of the households with low values for valid
data from the clustering but all have been included in this
initial investigation.

D. Creation of load profiles
Each household has a representative average load profile

generated by calculating the mean value for each hourly
reading across all valid readings for the winter weekend.
Other methods of calculating a representative profile could be
adopted but this analysis has duplicated the approach taken
with the Portuguese work.

E. Application of clustering algorithms
The Figueiredo approach compares the Kmeans algorithm

with both a self-organised map (SOM) using a 3 x 3 grid and
also with a 2 stage process of first creating a SOM with 10 x
7 grid (i.e. 70 load diagrams) which are then clustered using
the Kmeans algorithm. This approach has been replicated
with the UK data although the volume of households is less
(165 in Portugal, 93 in the UK) and hence the reduction in
dimensions from the first SOM stage is not as great as with
the Portuguese data.

The Kmeans clustering method relies on a random starting
situation and requires the desired number of clusters to be
input. In order to minimise the effects of the random starting
point, the clustering algorithm was run 1000 times with
differing random seeds. Examination of the results suggests
that the large number of runs allows the same optimum
solution to be found regardless of the starting random seed.

The within cluster sum of squares was calculated for each
of the input numbers of clusters from 2 to 15. As the number
of clusters increases, the total sum of squares will decrease
(with the extreme example of each sample being in its own
cluster with a total within cluster sum of squares being 0)
and the graph (Figure 2) can be examined to find an obvious
”elbow” that denotes an appropriate number of clusters to
select. The graph can be seen to be fairly uniform with no
obvious elbows apart from that at 3 and possibly that at 9.
In order to match the Portuguese work, the input value of 9
clusters was used for future analysis.

F. Calculation of adequacy measure
A measure is needed for assessing the quality of the

clusters generated in order that the differing approaches can
be compared. A good clustering scheme will create clusters
where the members of a particular cluster are closely grouped
but where the differences between members of differing
clusters (or the representative profiles for the clusters) are
well separated. A measure, Mean Index Adequacy (MIA), is
defined in [1] as

MIA =

√√√√ 1

K

K∑
k=1

d2(r(k), C(k)) (2)

where K clusters (k = 1..K) have been defined, r(k) is a load
profile assigned to cluster k and C(k) is the calculated centre
of the cluster k.

The distance between 2 load diagrams is defined as

d(li, lj) =

√√√√ 1

H

H∑
h=1

(li(h)− lj(h))2 (3)
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Fig. 2: Varying numbers of clusters input to Kmeans

where H is the number of individual readings in each load
diagram (24 hourly readings) and li(h) and lj(h) are the hth
readings for two profiles, li and lj .

The MIA can be better described as

MIA =

√√√√ 1

K

K∑
k=1

∑
r

d2(r(k), C(k)) (4)

to signify the need to sum over all the distance calculations
for each of the load profiles assigned to the given cluster (the
distances between the load profiles and the cluster centre).

A lower value of MIA for a particular clustering solution
signifies that the load profiles assigned to the calculated
clusters are grouped closely together and hence a low value
for MIA is better and shows more compact clusters. The
measure is useful as a comparison between differing clus-
tering algorithms (where a lower value shows more compact
clusters) but has little meaning as an absolute value.

The analysis work used R 2.12.2 running on a Samsung
R580 laptop with Windows 7 Enterprise 64 bit operating
system Service Pack 1. The laptop used an Intel i3 CPU
(M350) running at 2.27 GHz and contained 3GB of memory.

IV. RESULTS

Differing clustering approaches were considered in order
to explore the most appropriate for the UK data.

A. Kmeans

Initially the Kmeans clustering algorithm, with a target
of 9 clusters, was used to form the clusters. The clustering
results using the Kmeans algorithm can be seen in Figure 3
where the black lines show the load profiles for the individual
households allocated to the particular cluster and the red line
shows the calculated representative profile for the cluster (the
centroid). Where only one household is allocated to a cluster

(e.g. as with ”Cluster8”), the red line is overlaid on the black
line.

(a) Cluster1 (b) Cluster2 (c) Cluster3

(d) Cluster4 (e) Cluster5 (f) Cluster6

(g) Cluster7 (h) Cluster8 (i) Cluster9

Fig. 3: Clusters generated using Kmeans

The number of households allocated to each cluster by
each technique are detailed in Table I.

TABLE I: Size of clusters

1 2 3 4 5 6 7 8 9

Kmeans: 2 6 15 19 13 21 13 1 3

SOM: 2 6 15 22 12 9 12 1 14

2 Stage: 6 6 13 19 15 22 8 1 3

B. Self Organising Map

The Kohonen Self Organising Map algorithm was applied
to the data using a hexagonal grid of 3 x 3 (i.e. 9 clusters).
This creates the map of load profiles as shown in Figure 4.

Plotting the household load profiles alongside the calcu-
lated cluster centres produces the results in Figure 5 with
the numbers of households allocated to each cluster listed in
Table I. The clusters are numbered randomly and the order
in the figure has been modified in order to match the Kmeans
clusters as far as possible. The match between the generated
clusters is visually obvious with the exception of ”Cluster9”.

C. Two stage process

The conclusion in [6] is that the application of a Kohonen
Self Organising Map algorithm to the data in order to create
70 (10 x 7) clusters in a hexagonal grid followed by the appli-
cation of the Kmeans algorithm to the SOM output produces
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Fig. 4: Kohonen self organised map using 3 x 3 grid

(a) Cluster1 (b) Cluster2 (c) Cluster3

(d) Cluster4 (e) Cluster5 (f) Cluster6

(g) Cluster7 (h) Cluster8 (i) Cluster9

Fig. 5: Clusters generated using Kohonen Self Organising
Maps

the best clusters as defined by the MIA measure. This work
was replicated using the UK data although the number of
households is lower than that used in the Portuguese work.

The intermediate map generated by the SOM is shown
at Figure 6. The intermediate load profiles shown are then
input to the Kmeans algorithm in order to generate 9 final
clusters. The original allocation of household load profiles to
the intermediate SOM and thence to the final clusters is then
examined in order to determine the number of households
in each final cluster and to allow for plotting of the final
cluster profiles alongside the households allocated to that

cluster. Again the order of the generated clusters has been
altered to match the Kmeans generated clusters as closely as
possible. The results are shown in Figure 7 with the number
of households allocated to each cluster detailed in Table I.

Fig. 6: Kohonen self organised map using 10 x 7 grid

(a) Cluster1 (b) Cluster2 (c) Cluster3

(d) Cluster4 (e) Cluster5 (f) Cluster6

(g) Cluster7 (h) Cluster8 (i) Cluster9

Fig. 7: Clusters generated using the 2 stage process

D. Comparison of clustering techniques
The MIA figures for each clustering approach are listed

in Table II with a lower figure denoting more compact
clusters. The results show the best algorithm for clustering
(as measured by MIA) is Kmeans.
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The MIA measure is very sensitive to the few profiles
which differ from the profile for the generated cluster to
which they are allocated. This sensitivity may detract from
the MIA as a good measure of clustering success as, whilst
most of the households may be well clustered, a single
household profile allocated to one cluster rather than another
can greatly increase the MIA value and hence reduce the
measured effectiveness of the clustering. It is proposed in
future work to examine alternative clustering measures and
to assess the sensitivity of the measures to a few profiles
which are difficult to allocate to clusters.

TABLE II: MIA calculations

Kmeans Kohonen SOM 2 stage process

MIA value: 0.3050533 0.3166297 0.3205487

The graphs showing the generated clusters and the house-
holds that are allocated to each cluster show that each
technique produces some clusters which appear visually to
be very similar but also some clusters that vary widely. In
particular the ”Cluster9” is significantly different for the
various clustering techniques. The numbers of households
allocated to each cluster vary and this demonstrates that the
clustering techniques will have differing levels of success in
generating the best split into clusters.

V. CONCLUSIONS AND FUTURE WORK

The work demonstrates that UK domestic load profiles
can be usefully clustered and the visual impression from the
cluster representative profiles is of very differing shapes of
usage. In particular, the load shapes differ significantly from
the standard domestic profiles used by the industry which
are only differentiated by Economy 7 usage (see Figure 1).
This shows that the application of appropriate clustering tech-
niques will allow for more accurate differentiation between
household usage patterns than that currently published by
the industry and will lead to more accurate representative
profiles which can be used for demand aggregation, supply
side planning, marketing and other purposes.

The selection of nine as the target number of clusters
reflects the decision taken in Portugal. The evidence for
selecting nine clusters for the UK winter weekend data is
weak and more investigation of an appropriate target number
of clusters appropriate to the UK data is planned.

The work undertaken in Portugal using Portuguese data
concluded that using a two-stage process of building a Self
Organising Map and then applying a Kmeans clustering algo-
rithm was the most effective in generating well distinguished
clusters as measured by the MIA measure. The UK data does
not support this conclusion and the best MIA figure is from
the simple application of the Kmeans algorithm. In fact, it
was found that the SOM technique alone provided better
results (as measured by the MIA measure) than the two-stage
process.

Analysis has been concentrated on the winter weekend
data and other slices across the data may show differing

results. In particular it may be found that households are
clustered together differently for different types of day (by
season or weekend/weekday) and year long stable clusters,
with the same members for each season, may not be identi-
fiable. Future work is planned to investigate this further.

The MIA measure of the quality of the generated clusters
is very sensitive to a few households which are hard to
allocate and differing measures of cluster quality will be
investigated in the future.

The normalisation used in the exercise has the effect of
comparing shapes of usage but not absolute values of usage
and a clustering approach that differentiates a household
using much more electricity from another using less may
be required (depending on the use to be made of the clusters
found). The appropriateness of the normalisation is related
to the definition of ”similar” users which will be explored in
future work.
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Investigating the Detection of Adverse Drug Events in a UK
General Practice Electronic Health-Care Database

Jenna Reps1, Jan Feyereisl1, Jonathan M. Garibaldi1, Uwe Aickelin1, Jack E. Gibson2, Richard B. Hubbard2

Abstract— Data-mining techniques have frequently been de-
veloped for Spontaneous reporting databases. These techniques
aim to find adverse drug events accurately and efficiently. Spon-
taneous reporting databases are prone to missing information,
under reporting and incorrect entries. This often results in a
detection lag or prevents the detection of some adverse drug
events. These limitations do not occur in electronic health-
care databases. In this paper, existing methods developed for
spontaneous reporting databases are implemented on both a
spontaneous reporting database and a general practice elec-
tronic health-care database and compared. The results suggests
that the application of existing methods to the general practice
database may help find signals that have gone undetected when
using the spontaneous reporting system database. In addition
the general practice database provides far more supplementary
information, that if incorporated in analysis could provide
a wealth of information for identifying adverse events more
accurately.

I. INTRODUCTION

The importance of data-mining techniques that could iden-
tify potential adverse drug events (ADEs) by analyzing infor-
mation contained in large electronic medical databases was
recognized decades ago. The more available type of medical
database, namely the spontaneous reporting system (SRS)
database, often contains records for thousands of suspected
adverse events. In SRS databases there is a connection in
the database between any drug and suspected adverse event
that is reported. The main problems that SRS databases
face are incomplete or incorrect records, limited information
and under-reporting [9]. Existing data-mining techniques
include the reporting odds ratio (ROR)[12], the proportional
reporting ratio (PRR)[6], the bayesian confidence propaga-
tion neural network (BCPNN)[2] and the multi-item gamma
poisson shrinker (MGPS) [5]. These techniques have been
developed specifically for use with the SRS databases. They
make use of the limited information by finding drug and
adverse event associations that are disproportional relative to
the rest of the drugs and events contained in the database.

A different type of medical database, referred to in this
paper as the general practice (GP) database, contains the
electronic records from a UK general practice. GP databases
contain a greater depth of information for a patient, including
details of all prescribed medications while the patient is
registered. In general practice databases there are no direct
drug and ADE connections. These can only be predicted by
looking for events that occur for a set time period after a

1 The Intelligent Modelling & Analysis Research Group, School
of Computer Science, The University of Nottingham, UK (email:
jzr@cs.nott.ac.uk). 2 Division of Epidemiology & Public Health,
School of Community Health Sciences, The University of Nottingham, UK.

Drug of interest Other drugs
Event of interest a b

Other event c d

TABLE I
STATISTICAL SIGNIFICANCE IN SRS DATABASES ARE OFTEN

CALCULATED USING THE FREQUENCIES a, b, c, d ∈ Z≥0 .

drug is taken. However, events that occur after a drug is taken
may be linked to the cause of taking the drug, may be age
related or be seasonal effects. This difference between the
database structures may prevent the existing methods from
being effective. Nevertheless, if the existing methods can be
applied to the GP database successfully, this may enable the
identification of real signals that were missed from the SRS
databases due to incorrect records and under-reporting.

Recently there has been a focus on combining both the
SRS and GP databases for signal detection [4]. Little research
has focused on developing or implementing an effective and
efficient method for signal detection only on a GP database.
In this paper the application of existing data-mining tech-
niques, developed for the SRS database, to the GP database
will be investigated. The ROR and PRR are implemented as
these methods are more efficient when investigating a single
drug. It has been shown in the past that if each drug-ADE
has a frequency of four or more, all the methods have fairly
similar results [13]. As there is currently no golden standard
for the SRS data-mining techniques, drugs with known side
effects will be used for the investigation.

In the next section the standard data mining methods
used in this paper are outlined along with an explanation
of a data transformation approach that is used in order to
make the GP database usable by the standard methods. A
technique for comparing the obtained results, namely the
receiver operating characteristic analysis, is then described.
Subsequently a summary of the results obtained by the
application of the existing methods on the GP and the SRS
databases is presented. The paper concludes with a discussion
of the obtained results and possible future work that warrants
investigation due to our attained findings.

II. METHODS

In this work we are interested in comparing two of the
standard techniques, namely the reporting odds ratio (ROR)
and proportional reporting ratio (PRR) on two different
datasets. Both methods use the values according to a 2 ×
2 contingency table, shown in Table I.

Proceedings of UKCI 2011

167



A. Reporting Odds Ratio

ROR is a ratio of two other ratios. It can be denoted as
follows:

ROR =
a/b

c/d
(1)

where values a, b, c, d are calculated according to Table I.
The value (a/b) is the number of patients who had the event
of interest and have taken the drug of interest (a) divided
by the number of patients who had the event when taking
any other drug (b). Thus this gives the ratio of the drug
being taken, relative to all other drugs, for patients who had
the event of interest. This is then compared to an analogous
calculation for all other events, i.e. the number of patients
who have taken the drug of interest but did not have the event
of interest (c), divided by the number of people who had any
other events, given that they took any other drug (d).

The standard error (SE) for the ROR method is calculated
as follows:

SE(lnROR) =

√
1

a
+

1

b
+

1

c
+

1

d
(2)

where ‘ln’ denotes the natural logarithm. This equation is
used in the signal threshold calculation described below.

B. Proportional Reporting Ratio

The PRR on the other hand can be calculated as follows:

PRR =
a/(a + c)

b/(b + d)
(3)

where a/(a + c) can be thought of as the probability of
an event of interest occurring, given the drug of interest was
taken and an event occurred. b/(b+ d) can be thought of as
the probability that the event of interest occurred, given any
other drug was taken and an event occurred. Therefore the
PRR approximates the ratio of the conditional probabilities
for the event of interest, given the drug of interest and other
drugs or given the other drug.

The standard error (SE) for the PRR method is calculated
as follows:

SE(lnPRR) =

√
1

a
− 1

a + b
+

1

c
+

1

c + d
(4)

C. Standard Error of ROR and PRR

If the value of the ROR or PRR is larger than one, this
suggests that there is a deviation from the background rates
that are inferred by the frequency of events that occur for
drugs other than the drug of interest. The signal thresholds
for the ROR and PRR are ROR − 1.96 × SE > 1 and
PRR− 1.96× SE > 1 respectively [11]. These correspond
to the lowest value of the 95% confidence interval being
greater than 1.

Fig. 1. A patient time-line starting from the time the drug is taken, T0.
Tcrit is the time period chosen to find suspected drug-ADE relations and
Ei ∀i ∈ [1, n], n ∈ N are events that occur between T0 and Tcrit.

D. Database Pre-Processing

To calculate the ROR and PRR for the drugs and events
in the GP database first requires identifying suspected drug-
ADEs. This was done by finding events that occur within a
set time period after a drug is taken for each patient. The
time period used is Tcrit−T0 where T0 is the time at which
a drug is taken and Tcrit is a value defining the length of
the time window. A graphical representation of this can be
seen in Figure 1.

Two values of Tcrit are investigated, Tcrit = 2 months
and Tcrit = ∞. The Tcrit = 2 months was suggested by
a medical expert to predict immediately occurring ADEs as
people may not report events immediately but increasing the
time period further will introduce more noise. The Tcrit =∞
was investigated as this may help identify events that do not
occur immediately.

In the rest of this work, the dataset of potential adverse
events for each drug using the association Tcrit = 2 and
Tcrit = ∞ is defined as GP2 and GP∞ respectively. The
ROR and PRR and their respective standard errors are then
calculated using Equations (1) to (4) for these two datasets.

E. Receiver Operating Characteristic for the Comparison of
Medical Databases

The receiver operating characteristic (ROC) analysis was
chosen to investigate the suitability of applying the existing
methods to the GP database. A ROC analysis plots the true
positive rate (TPR) against the false positive rate (FPR),
where these are defined in Equations (5) and (6). In our
scenario the TPR is the amount of correctly identified adverse
events divided by the number of adverse events. A FPR is one
minus the number of correctly identified non-adverse events
divided by the number of non-adverse events. The higher the
value of the false positive rate, the more noisy the result. A
method with such properties is naturally of little practical
use.

TPR =
A

A + C
(5)

FPR = 1− D

B + D
(6)

The existing methods have been successfully implemented
on the SRS database in the past. By comparing the ROC
plots of the methods on the SRS database with that of the
GP database may give some indication of the suitability of
applying the methods to the GP database. For each method
the true positive rate and false positive rate are calculated
using the values describe in Table 2 over a range of signal
threshold values.
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Known Not known Total
side effect side effect

Signaled A B A+B
Not signaled C D C+D

Total A+C B+D N=A+B+C+D

TABLE II
VALUES USED TO CALCULATE THE TRUE POSITIVE AND FALSE POSITIVE

RATES USED IN THE ROC ANALYSIS.

1) Hierarchical Structures in Databases: Some medical
databases employ a structure in the way medical events
are recorded. The GP database used in this work has a
hierarchical structure for reported events. A typical event Ej

is represented by a code x1x2x3x4x5 where xi ∈ {0} ∪
N≤9 ∪{a-z}∪{A-Z}∪{•}. An example of an event code is
“AB1a•”. The level of an event can be calculated as follows:

L(E) =

{
arg min

i
{(i− 1)| xi = •} if ∃ i s.t. xi = •

5 otherwise
(7)

The above given example event is reported at level 4. The
higher the level, the greater the detail known about an event.
A level 4 event x1x2x3x4• is a more detailed version of a
level 3 event x1x2x3•• . It can also be seen that a patient who
has an event x1x2x3x4• also must have the event x1x2x3 ••
.

The ROC analysis requires the knowledge of known
adverse events. The known adverse events used are those
listed as possible side effects in the BNF [10]. For each of
the known adverse events, the set of event codes relating
to event Ej is found and denoted Kj . For example if an
event of interest is “nausea”, all event codes related to this
event are contained in the set K1. These event codes however
also range over the hierarchal levels. It is thus common
in the GP database for each of the known adverse events,
Kj , j ∈ [1, n], where n denotes the number of adverse
events, to have different cardinalities.

The function I defined below finds the number of known
adverse events that have at least one of the associated event
codes signaled by the data-mining technique. The purpose of
the I function is to find a fair way of determining the TPR
of the methods when each Kj have different cardinalities.

I(Kj) =

{
1 if Kj ∩ S 6= ∅
0 if Kj ∩ S = ∅ (8)

Letting K =
⋃

j Kj denote the set of all known adverse
event codes, S denotes the set of all signaled event codes, Ω
the set of all event codes and | | the cardinality of a set.

The values A,B,C and D in Table 2 are found by:

A =
n∑

j=1

I(Kj) (9)

B = |S ∩Kc| (10)

C = n−
n∑

j=1

I(Kj) (11)

D = |Sc ∩Kc| (12)

where Kc is the complement of K. This is equal to Ω \
K, which can be stated as the sample space less K. Sc is
analogous to Kc.

III. EXPERIMENTAL SETUP

In the performed experiments two different databases, GP
Database and SRS Database, are investigated using the two
different methods, namely ROR and PRR.

A. General Practice Database

The two databases investigated in this paper are the
GP database containing complete records of patients while
registered at a UK general practice. These records include
medical events, drugs prescribed, family histories, general
demographics and patient information. The patient informa-
tion contains useful data such as date of birth, gender, date of
registration and if present, date of death. Every time a patient
visits the surgery a record will be added to the database
regarding events relating to that visit. Entering the data
is compulsory. The GP database studied contains medical
records for a total of 69616 patients. These records span over
a 107 year time-period from 1902 until 2010 and contain
1,858,229 medical events and 678,159 drug prescriptions.

B. Spontaneous Reporting System Database

The SRS database studied in this paper is the US Food
and Drug Administration (FDA) Adverse Event Reporting
System (AERS). The database contains information on pos-
sible drug-ADE interactions. Included in the database is
information regarding the drug taken, the possible adverse
drug event, the general outcome of the drug and the patient
information, including demographics. The data is recorded by
professionals or the general public when a suspected drug-
ADE has occurred, however not all information is always
included. Often records are incomplete and mistakes can be
made. This type of database is also prone to under reporting.
The time period for the records investigated range from first
quarter of 2004 to the second quarter of 2009. The total
number of drugs sequences reported is 6,354,539 and the
total number of unique events names recorded is 14,064. For
the general patient information 51% of the records contain
missing information either regarding the patients age, gender
or event date. Gender is only recorded 94% of the time and
age 64% of the time.

C. Tested Hypotheses

The following null hypotheses, along with their alterna-
tives, are investigated in this paper:

ROR/PRR ROC (Segment) Comparison:
H0: There is no statistically significant difference between
the areas under the receiver operating characteristic curve
(for the FPR less than n%) calculated by applying the
ROR/PRR on the GP and SRS databases.
H1: There is a statistically significant difference between
the areas under the receiver operating characteristic curve
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(for the FPR less than n%) calculated by applying the
ROR/PRR on the GP and SRS databases.

The ROC segment comparison is investigated (n < 100)
as the method performance is only relevant for low FPR’s. A
large FPR means that the actual adverse events found would
be swamped by an excess amount of non-adverse events that
are essentially noise. As the maximum number of events in
the three datasets is approximately 14, 000, the value n =
0.02 is investigated. This means the maximum number of
false positive signals is less than 300 and therefore less that
ten times the number of actual adverse events for one of the
investigated drugs.

The hypotheses are tested by first mapping the GP data
into a structure suitable for the application of the ROR
and PRR methods. Different criteria for the mapping are
investigated. The ROR and PRR are performed on both
databases for two chosen drugs of interest. The drugs of
interest are Ethinylestradiol and Amoxicillin.

Once the ROR and PRR are calculated a ROC plot is
produced by investigating the true positive and true negative
rates form the signals produced using the thresholds: ROR ≥
n, n ∈ [0,∞) and PRR ≥ n, n ∈ [0,∞). This shows
the trade off between the number of true positives against
the number of false positives as the threshold becomes less
stringent.

The area under the curve (AUC) is calculated numerically
for all ROC plots. The AUC’s for the ROR and PRR applied
to the different databases are then tested for significant
differences by the methods described in [8]. The statistical
analysis for the AUC of the ROC segment is calculated in a
similar manner.

D. Investigated Drugs

1) Ethinylestradiol: Ethinylestradiol is a commonly used
drug found in the combined oral contraceptive pill.
Ethinylestradiol has been around for more than half a century
and the possible side effects have been well studied [10].
Recently there has been interest in a possible connection
between Ethinylestradiol and idiopathic venous thromboem-
bolic events [7].

2) Amoxicillin: Amoxicillin is a frequently used penicillin
based antibiotic that had the greatest number of prescriptions
within the GP database. It has been in use for almost four
decades [3]. As these drugs have been around for many
years and are frequently used, known side effects have
been observed and reported, including: nausea, vomiting,
diarrhoea, rashes and less commonly, antibiotic-associated
colitis [1].

IV. RESULTS

A total of 14,064, 10,755 and 9,158 possible adverse
events were found in the SRS database, GP with Tcrit =∞
and GP with Tcrit = 2 respectively.

A. Ethinylestradiol

The ROC plots, shown in Figures 2(a) and 2(b), illustrate
that the maximum TPR for both the ROR and PRR are
similar when applied to the three datasets. It is also apparent
that the TPR increases rapidly for all three datasets between
FPR values 0 and 0.1. Between FPR values 0.1 and 0.2 the
methods applied to the SRS database give the greatest TPR.
For values of FPR greater than 0.3 the database returning the
highest values of TPR is GP∞.

The AUC over the whole range of FPR for the application
of the ROR method with their corresponding 95% confidence
interval are: 0.73 (0.63-0.83), 0.77 (0.68-0.87) and 0.77
(0.67-0.86) for GP2, GP∞ and SRS respectively. Therefore
overall the ROC performed the worse on the GP2 dataset.
The AUC values for the GP2 and GP∞ were not significantly
different to that of the SRS, with corresponding p-values of
0.31 and 0.46. Leading to the rejection of the alternative
hypothesis.

The PRR gave similar results of 0.74 (0.70-0.79), 0.79
(0.69-0.88) and 0.77 (0.67-0.86) for the GP2, GP∞ and SRS
respectively. Again, the AUC values for the general practice
datasets where not significantly different to the AUC value
of the SRS.

The AUC values and the 95% confidence intervals for the
ROR over the FPR range of 0 to 0.02 were 0.0034 (0.0020-
0.0048) and 0.0012 (0.0006- 0.0017) for the GP∞ and SRS
respectively. The test for statistical similarity returned a p-
value of 0.002. Therefore we reject the null hypothesis that
the AUC values are the same between the GP dataset and the
SRS dataset. The corresponding values for the PRR method
were 0.0021 (0.0011- 0.0030) and 0.0002 (3.2 ×10−6 -
0.0003) for the GP∞ and SRS respectively. The p-value
for the statistical test for similarity between the two AUC
values is 0.00058. Again, this leads to the rejection of the
null hypothesis that the AUC values obtained by applying
the methods to the GP and SRS database are the same for
small FPRs.

When applying the general signal threshold criteria,
ROR − 1.96 × SE > 1 or PRR − 1.96 × SE > 1, the
ROR and PRR applied to the GP database with Tcrit = ∞
found the highest number of known adverse drug events, 17
and 19 respectively.

B. Amoxicillin

The Amoxicillin ROC analysis for both the ROR and PRR
is shown in Figures IV-B and ??. The PRR and ROR gave
similar ROC plots for Amoxicillin. For this drug, in all cases,
the null hypothesis could not be rejected. This implies that
statistically there exists no significant difference between the
results. From the figures it can be seen that for low values of
FPR the standard methods applied to the SRS dataset give
better results than for the GP database, however, using the
SRS dataset the methods cannot detect all adverse events
correctly. On the contrary, the GP dataset allows for the
correct detection of true adverse events whilst the number
FPR value increases.
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(b) ROC analysis of PRR

Fig. 2. ROC analysis of Ethinylestradiol. Results for both the ROR and the PRR methods on the three tested datasets are shown.
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Fig. 3. The Amoxicillin ROC analysis for the ROR. It is apparent that the
standard methods applied to the SRS database produce better results when
the FPR is low, however with this database it is impossible for the standard
methods to achieve high levels of TPR. The PRR produced visually identical
results.

Overall the GP2 dataset had a greatest AUC. Applying the
existing methods to the SRS dataset gave the worse results in
terms of known adverse drug events found as can be seen in
Table III. Using the standard signal criteria, ROR− 1.96×
SE > 1 or PRR − 1.96 × SE > 1, the PRR applied to
the GP∞ dataset however detected all five known adverse
events.

V. DISCUSSION

The better results obtained from the standard methods
applied to the GP datasets over the SRS database in the
segment ROC analysis for Ethinylestradiol suggests that the
GP database contains at least as good information as the SRS
database in this case. The result for Amoxicillin on the other
hand reveals an interesting phenomenon of the GP database.
The SRS database does not contain enough information in

order to allow the standard methods to successfully detect all
potential adverse events. The GP datasets on the other hand
allow for the detection of all adverse events, however only
under the condition of having high FPR. This suggests that
the broader scope of the GP database offers potential benefits,
however in order to be able to obtain these, methods which
can reduce FPR need to be developed.

The result in the Amoxicilin case may be due to the
way potential adverse events are found via the GP database.
As mentioned in the introduction, some events that occur
frequently after the drug is taken may be related to the
event that caused the drug or be a seasonal effect. This
could cause the frequency of the specific drug and event
to be higher relative to the rest of the drugs and events,
even though they are not directly linked. Because of this,
the ROR may produce many false positives. Ethinylestradiol
is frequently taken as a monthly repeat prescription. This
means the time window that events must occur within, to
be considered potentially adverse, can last for years. This
longer time window may help to average out the effects of
events indirectly linked to the drug and therefore reduces the
amount of false positives.

The obtained results show that applying the ROR and
PRR on the GP database may help identify new signals. The
known adverse events detected for each drug differ between
all three datasets. Many of the known adverse events were
unable to be identified using the standard signal criteria for
the SRS. However, these were often found when using the
GP database. It is worth mentioning that although applying
the existing methods to the GP database for Ethinylestradiol
resulted in more known adverse event signals, as mentioned
above there were also more false positive signals. As the
ROC plots show all three datasets have similar sensitivity
and specificity associations. This suggests a different signal
criteria needs to be implemented when applying the existing
methods to the GP database.

The current method of applying the existing data-mining
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Adverse Event ROR (GP) ROR (SRS) PRR (GP) PRR (SRS)
Tcrit = 2 Tcrit =∞ Tcrit = 2 Tcrit =∞

Nausea × × × × X ×
Vomiting X X X X X X
Diarrhoea X X × X X ×

Rash X X X X X X
Colitis × X X × X X

TABLE III
TABLE INDICATING IF THE METHOD WAS ABLE TO DETECT KNOWN ADVERSE EVENTS OF AMOXICILLIN WITH SIGNAL CRITERIA

ROR− 1.96× SE > 1 OR PRR− 1.96× SE > 1.

techniques to the GP database did not consider the potential
benefit of having a multiple level hierarchy for the event
codes. Rather than calculating the ROR for all the event
codes, it may be beneficial to apply the ROR separately
for each of the levels. It may be common for doctors to
record events as less specific than actually known. This may
prevent signals for specific adverse events being detected.
For example, the fifth level adverse event ‘reduced menstrual
loss’ may be frequently recorded as the fourth level ‘change
in menstrual loss’. The method implemented in this paper
would not have detected ‘change in menstrual loss’ as a
known signal. The reason being, higher level event codes
of known adverse events were not considered to be known
adverse event codes. However, calculating the ROR for level
four event codes may give a signal for ‘change in menstrual
loss’ which could then be considered a possible signal for
related level five event codes such as ‘reduced menstrual
loss’. These level five event codes could then be further
investigated with a case control analysis.

VI. CONCLUSIONS

In this work we have investigated the applicability of two
standard data-mining techniques for the detection of potential
adverse drug events in two different medical databases. The
spontaneous reporting system database provides a library of
suspected adverse events, however with limited information
and issues, such as under-reporting. Methods developed for
this type of database are limited by the quality and scope
of the data that the database provides. On the other hand
the general practice database provides a more comprehensive
medical record of patients that includes complete patient
history and thus provides greater possibilities for finding true
potential adverse events. Initially a method for transforming
the general practice database into a form processable by
the standard techniques has been proposed. Statistical tests
have been subsequently used to investigate whether results
obtained on the two different datasets are the same. The
null hypothesis in the case of comparing the entire receiver
operating characteristic curves was not rejected, however
looking at the vital part of the curve, with false positive
rates less than 2%, the null hypothesis was rejected and it
has been shown that the standard methods can perform better
on the general practice database. This suggests that new
techniques need to be developed in order to fully utilize the

information contained within the general practice database,
resulting in potentially more accurate adverse drug event
reporting. Beside the utilization of a wider variety of existing
information in the general practice database for analysis,
the hierarchical structure of the event coding system should
be considered in order to help with issues such as under-
reporting and missing information.
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Synaptic deficiency in Alzheimer disease and its implications on
thalamic and cortical oscillations—a study using a neural mass

model
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Abstract— This paper studies the effects of varying the total
number of synapses in a computational model of a thalamo-
cortico-thalamic circuitry. The aim is to study overall EEG
slowing in Alzheimer disease (AD) indicated by an increase in
power within the delta (0.5-3 Hz) and theta (3.5-7 Hz) bands
and a decrease in power within the alpha (7.5-13 Hz) and beta
(13.5-20 Hz) frequency bands. We observe a systematic shift
in peak power of the model output from the highest (beta) to
the lowest (delta) frequency band with intra-thalamic synaptic
depletion. This conforms to an overall EEG slowing observed
in AD. Furthermore, the power in all bands stabilise beyond
a certain threshold and do not change with further increase
in synaptic connectivity. This implies redundancy in synaptic
pathways of the thalamo-cortical circuitry and conforms to the
theory of cognitive reserve in AD.

I. INTRODUCTION

Electroencephalogram (EEG)-based longitudinal studies in
AD provide evidence of a definite slowing of the oscillatory
activity, reflected as an increase in power within the delta
(0.5-3Hz) and theta (3.5-7Hz) bands and a decrease in power
in the alpha (7.5-13Hz) and beta (13.5-20Hz) bands [1].
Autopsy of AD affected brains reveals severe atrophy of the
cortical and sub-cortical regions including the thalamus [2]
as a result of neuronal death; one of the major causes of
this is the malfunction in synaptic activity and connectivity.
There is also evidence to suggest that the interaction between
thalamic and cortical networks fundamentally underlie brain
oscillations corresponding to cognition, perception and sleep-
awake states [3], [4]. Our focus is on using a neural mass
model of the thalamo-cortico-thalamic circuitry to study the
EEG oscillation in AD and develop a better understanding
of its correlation to synaptic deficiency observed in the
disease [5], [6]. The model used in this work consists of
a mutually interconnected thalamic and cortical module and
is as presented in [7]. The synaptic organization and synaptic
parameter values in the thalamic module are informed from
experimental studies [8], [9]. The cortical module structure
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is as presented in [10], [11]. Here, we vary the total number
of synapses convergent on the thalamic cell populations to
simulate the synaptic deficiency observed in AD. Frequency
analyses of output from both thalamic and cortical mod-
ules show that—(a) diminishing synaptic connectivity in the
model correspond to increased power in delta and theta
bands and decreased power in alpha and beta bands; this
conforms to EEG slowing in AD with increased cognitive
decline caused by neuro-degeneration and synaptic loss. (b)
within each band, an increase in synaptic connectivity above
a threshold does not affect the output, while a decrease
below the threshold causes a sharp change in power; this is
consistent with the idea of cognitive reserve in AD, possibly
due to synaptic redundancy in connectivity patterns of the
thalamo-cortico-thalamic circuitry as implied by the results.

The thalamo-cortico-thalamic model is presented in Sec-
tion II, followed by experimental methods in Section III. The
results are presented in Section IV and the implications in
AD are discussed. We conclude the paper in Section V.

II. BACKGROUND

The thalamo-cortico-thalamic circuitry is known to play
a crucial role in modulating brain oscillatory activity as
observed in scalp EEG. Previous work has employed a neural
mass model proposed by Lopes da Silva to mimic alpha
rhythmic activity corresponding to an awake state with eyes
closed [12], [13]. Subsequently, the model was extended
by incorporating biologically plausible synaptic organisation
and structure [7] and is presented below.

A. The thalamo-cortico-thalamic model

A schematic of the model is presented in Figure 1. It
consists of two modules viz. the thalamic and the cortical
module. The thalamic module consists of three cell popu-
lations: Thalamo-Cortical Relay cells (TCR), Inter-Neurons
(IN) and Thalamic Reticular Nucleus (TRN). The cortical
module is as presented in [10], [11] and consists of four cell
populations: Pyramid cells (PY), Excitatory Inter-Neurons
(eIN), slow inhibitory Inter-Neurons (sIN) and fast inhibitory
Inter-Neurons (fIN). The synaptic organisation and structure
of the model is as presented in [14] based on physiological
data. The model is defined by a set of second order ordinary
differential equation defined in Equations (1)– (7). The ex-
trinsic input P1(t) to the thalamic module is from the retinal
spiking neurons in an awake relaxed condition with eyes
closed; extrinsic input P2(t) to the cortical module is from
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Fig. 1. The synaptic organisational structure in the thalamo-cortico-
thalamic model presented in this work. The organisational structure of the
thalamic module is as in [14], while that of the cortical module is as
in [11], [10]. The thalamic module consists of the Thalamic Relay Cells
(TCR), the Inter-Neurons (IN) and the Thalamic Reticular Nucleus (TRN).
The cortical module consists of the Pyramidal Cells (PY), the Excitatory
Inter-Neurons (eIN), the slow inhibitory Inter-Neurons (sIN) and the fast
inhibitory Inter-Neurons (fIN). The diamond shaped arrow heads indicate
excitatory input while the round shaped arrowheads indicate inhibitory
input. In this work, we ignore cholinergic inputs from the Brain Reticular
Formation (BRF). Also, feedback from the TCR to the IN is not considered
due to ambiguous information from available experimental data [9]. The
TCR cell population receive extrinsic input from the Retinal cells while the
PY cell population receive extrinsic input from neighbouring cortical region
representing cortico-cortical connections.

the neighbouring cortical regions. Post-synaptic potential
(PSP) generated by the retinal and cortical afferents are
defined in Equations (8) and (9) respectively.

TCR

ÿ1 =a1HeS (Ctreyr + Ctpey4 − Ctiiy2 − Ctniy3)

− 2a1ẏ1 − a21y1 (1)

IN

ÿ2 =b1HiS (Cireyr + Cipey4 − Cisiy2)

− 2b1ẏ2 − b21y2 (2)

TRN

ÿ3 =b1HiS (Cntey1 + Cnpey4 − Cnsiy3)

− 2b1ẏ3 − b21y3 (3)

PY

ÿ4 =a1HeS(Cpceyc + Cptey1 + Cpxey5

− Cpliy6 − Cpfiy7)

− 2a1ẏ4 − a21y4 (4)

eIN

ÿ5 =a1HeS (Cxpey4)

− 2a1ẏ5 − a21y5 (5)

sIN

ÿ6 =bilHilS (Clpey4)

− 2bilẏ6 − b2ily6 (6)

fIN

ÿ7 =bifHifS (Cfpey4 − Cfliy6)

− 2bif ẏ7 − b2ify7 (7)

Retinal

ÿr =a1HeP1(t)− 2a1ẏr − a21yr (8)

Cortico-cortical

ÿc =a1HeP2(t)− 2a1ẏc − a21yc (9)

All parameters in the above equation are as in [7]: He/i is
the strength of the excitatory (e) or inhibitory (i) PSP; a1 is
the inverse of the time constant of the excitatory PSP; bi is
the inverse of the time constant of an inhibitory PSP in the
thalamic module; bil/f is the inverse of the time constant of
the inhibitory PSP generated by the sIN (l) or fIN (f ) cell
population respectively; Cxyz are connectivity parameters
with x representing the afferent population, y representing
the efferent population and z representing either an excitatory
or an inhibitory synapse; P1(t) is simulated by a Gaussian
white noise with mean µr and standard deviation φr; P2(t)
is simulated by a Gaussian white noise with mean µc and
standard deviation φc; and S(v) is a sigmoid function which
is defined as:

S(v) =
2e0

1 + eν(s0−v)
, (10)

where e0 is the maximum firing rate of a neuronal population
s0 is the resting membrane potential and ν is the sigmoid
steepness parameter. The connectivity parameters (Cxyz) are
defined in Table I; all other parameters are defined in Table II.
The connectivity parameters in the thalamic module are
expressed as a percentage of the total number of synapses
T convergent on an afferent thalamic cell population; T is
defined in Table II.

III. EXPERIMENTAL METHODS

Model simulation is implemented using the 4th/5th order
Runge-Kutta ODE solver within the Simulinkr environment
in Matlab (The ModelDB [17] accession number for the
model simulated in Simulinkr is 138970). The total sim-
ulation time is 60 seconds at a sampling rate of 250 Hz. As
is done in experimental EEG studies [18], an epoch of the
model output from the start of the 3rd to the end of the 59th

second is abstracted for each simulation and averaged over
20 random trials generated with different seeds. Each output
vector thus obtained is bandpass filtered with a butterworth
filter of order 10 with a lower and upper cut-off frequencies
of 0.5 and 50 Hz respectively. The power spectral density
vector is computed in Matlab using a Welch periodogram
with Hamming window of segment length 1

2 the size of the
sampling frequency and overlap of 50%.

As in previous studies of alpha rhythm in AD [19], [20],
[21], the alpha band in this work is further divided into the
lower-alpha (αlow : 7.5 − 10 Hz) and upper-alpha (αhigh :
10.5 − 13 Hz) bands. Our analysis is based on the relative
band power, an analytic method recommended in dementia
studies [19]. The relative power density is computed by
dividing the absolute power at each frequency by the mean
of the total power spectra. The relative power within each
alpha sub-band is calculated by averaging the relative power
density within the band.
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TABLE I
BASAL VALUE FOR THE CONNECTIVITY PARAMETERS USED IN

EQUATIONS (1)– (7). EACH CONNECTIVITY PARAMETER IN THE

THALAMIC MODULE IS A PERCENTAGE OF THE TOTAL NUMBER OF

SYNAPSES T (DEFINED IN TABLE II) CONVERGENT ON THE RESPECTIVE

CELL POPULATION AND IS BASED ON PHYSIOLOGICAL DATA [8]. THE

THALAMO-CORTICAL CONNECTIVITY PARAMETER IS A CONSTANT AND

IS SOURCED FROM [15]. THE CONNECTIVITY PARAMETERS IN THE

CORTICAL MODULE ARE AS IN [11], [16].

Module Afferent Efferent Connectivity Value
(to) (from) Parameter

Thalamic module

TCR

Retinal Ctre 7.1
IN Ctii 15.45

TRN Ctni 15.45
PY Ctpe 62

IN
Retina Cire 47.4

IN Cisi 23.6
PY Cipe 29

TRN
TCR Cnte 35
TRN Cnsi 15
PY Cnpe 50

Cortical module

PY

Cortical Cpce 1
TCR Cpte 80
eIN Cpxe 108
sIN Cpli 33.75
fIN Cpfi 108

eIN PY Cxpe 135
sIN PY Clpe 33.75

fIN PY Cfpe 40.5
sIN Cfli 13.5

For brevity in this work, we consider a normalised value
of T = 100 for all the thalamic cell population (defined
in Table II). Thus, variation of T about this basal value
will change all thalamic connectivity parameters. Here, T is
varied from 5 to 200 at intervals of 5. The thalamo-cortical
connectivity parameter Cpte is a constant [15] and is not
affected with the variation of T . The connectivity parameters
of the cortical module are not varied here and will be taken
up as a future work.

IV. RESULTS AND DISCUSSION

Frequency analyses of output from both thalamic and
cortical modules are presented in Figures 2 and 3. Nor-
malised power within the lower and upper alpha bands of
the thalamic and cortical modules respectively with variation
of the parameter T are shown in Figures 2(a) and 2(b).
Normalised power within the delta, theta, alpha and beta
bands in thalamic and cortical modules with variation of T
are shown in Figures 3(a) and 3(b) respectively.

We make the following observations:

1) In both thalamic and cortical modules (Figures 2(a)
and 2(b) respectively), the lower alpha band (αlow)
peaks at values of T < 50. As T increases further,
the power within this band decreases with an increase
in power in the upper alpha band (αhigh), which peaks
for T > 50. This is consistent with the alpha slowing
theory in AD and conforms to our earlier studies [13]
using a simple model of alpha rhythm [12].

TABLE II
PARAMETER VALUES USED IN EQUATIONS (1)– (10). A BLANK FIELD

UNDER THE ‘MODULE’ HEADING IMPLIES A COMMON PARAMETER

VALUE IN BOTH MODULES. THE PARAMETER T REPRESENTS THE TOTAL

NUMBER OF SYNAPSES CONVERGENT ON A THALAMIC CELL

POPULATION.

Parameter unit module Value
ν mV−1 0.56
e0 s−1 2.5
s0 mV 6
µr spikes per sec (sps) thalamic 11
φr sps2 ” 5
µc sps cortical 30
φc sps2 ” 5
He mV thalamic 3.25

cortical 2.7
Hi mV thalamic 22
Hil mV cortical 4.5
Hif mV ” 39
a1 s−1 thalamic 100

cortical 40
b1 s−1 thalamic 40
bil s−1 cortical 20
bif s−1 ” 300
T normalised thalamic 100

2) Diminished synapses correspond to increased power in
delta and theta bands and decreased power in alpha
and beta bands as shown in Figures 3(a) and 3(b).
This conforms to the overall EEG slowing (increase in
power within the lower frequency bands viz. delta and
theta and decrease in power within the upper frequency
bands viz. alpha and beta) reported in AD [1].

3) Power in delta and theta bands peak at values of T <
50 in both modules (Figures 3(a) and 3(b)), followed
by alpha at T ≈ 50 and then by beta for T > 50.
The observed phenomenon is like a ripple effect in the
power of successive bands with increasing values of
synaptic activity (T ). It is now well known that the
oscillatory activity of the brain changes with various
states of sleep and wakefulness [3]. For example, the
beta activity is more prominent when performing a
physical or mental task, which might be linked with
increased synaptic activity in a cell population; the
delta rhythm is more prominent in states of sleep
and correspond to reduced synaptic activity. Thus, our
result conforms to the change in dominant frequency
of oscillation with changing states of the brain.

4) Within each band in Figures 3(a) and 3(b), an increase
in synaptic connectivity above a threshold does not
affect the power, while a decrease below the threshold
causes a sharp change in power. For the thalamic
module(Figure 3(a)), the threshold is at T ≈ 200, while
for the cortical module(Figure 3(b)), this is at T ≈ 150.
The results imply a condition of redundancy—an all-
pervading feature in biological information processing.
We speculate that redundancy in synaptic connectivity
within the thalamo-cortico-thalamic circuitry prevent
disruption of brain oscillatory activity up to a certain
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(a)

(b)

Fig. 2. Relative power within the upper (αhigh : 10.5 − 13 Hz) and
lower alpha (αlow : 7.5−10 Hz) bands in the (a) thalamic and (b) cortical
modules.

threshold of synaptic depletion. This is consistent with
the idea of cognitive reserve in AD, a condition which
prevents the clinical diagnosis of AD until at an
advanced stage when severe damage has already been
done to neurons and their synaptic pathways.

V. CONCLUSION

In this paper, we have presented a study of disrupted
synaptic connectivity in the thalamic circuitry of a thalamo-
cortico-thalamic neural mass model. Our results conform to
the alpha rhythm slowing phenomenon observed in EEG of
AD patients corresponding to neurodegeneration and cogni-
tive decline observed in the disease. Further, an overall EEG
slowing, represented by a decrease in power within the alpha
and beta bands and an increase in power within the delta and
theta bands, as reported in more recent research [1] is also
observed in the model output. Moreover conditions of cog-
nitive reserve in AD as well as variations in brain oscillatory
activity with changing states of sleep and wakefulness are
also observed in the results. While the model shows promise
as an effective tool in studying conditions of progressive
neurodegeneration in AD, a major limitation of the model
is the absence of the cholinergic neurons (cells that use
Acetylcholine (Ach) as a neurotransmitter during synaptic
activity) and their synaptic pathway. This is because various
research have shown the crucial role played by cholinergic
pathway in the cognitive decline observed in AD. Another
limitation in the model is the cortical circuitry—while the
cortical module is exactly as presented in [10], [11], the

(a)

(b)

Fig. 3. Relative power within the delta (δ : 0.5−3 Hz), theta (θ : 3.5−7
Hz), alpha (α : 7.5− 13 Hz) and beta (β : 13.5− 20 Hz) frequency bands
in the (a) thalamic and (b) cortical modules.

parameters are not based on physiologically plausible data.
These aspects are being looked at as ongoing and future
work.

ACKNOWLEDGMENTS

This work is supported by the Northern Ireland Depart-
ment for Education and Learning under the Strengthening the
All Island Research Base programme. B. Sen Bhattacharya
would like to thank Dr. David Watson for useful discussions
and suggestions.

REFERENCES

[1] J. Jeong, “EEG dynamics in patients with Alzheimer’s Disease,”
Clinical Neurophysiology, vol. 115, pp. 1490–1505, 2004.

[2] L. W. de Jong, K. van der Hiele, I. M. Veer, J. J. Houwing, R. G. J.
Westendorp, E. L. E. M. Bollen, P. W. de Bruin, H. A. M. Middelkoop,
M. A. van Buchem, and J. van der Grond, “Strongly reduced volumes
of putamen and thalamus in Alzheimer’s Disease: an MRI study,”
Brain, vol. 131, pp. 3277–3285, 2008.

[3] M. M. Steriade and R. McCarley, Brain control of wakefulness and
sleep, 2nd ed. New York: Kluwer Academic/Plenum Publishers, 2005.

[4] E. G. Jones, The Thalamus, Vol. I and II, 1st ed. Cambridge, UK:
Cambridge University Press, 2007.

[5] B. S. Bhattacharya, D. Coyle, and L. P. Maguire, “Alpha and
theta rhythm abnormality in Alzheimer’s Disease: a study using a
computational model,” in Advances in Experimental Medicine and
Biology,Volume 718, C. Hernandez et al., Eds. Springer New York,
2011, p. in press.

[6] ——, “Assessing retino-geniculo-cortical connectivities in alzheimer’s
disease with a neural mass model,” in Proceedings of the IEEE
Symposium Series in Computational Intelligence (SSCI), Paris, France,
April 2011, pp. 159–163.

[7] ——, “A thalamo-cortico-thalamic neural mass model to study alpha
rhythms in alzheimer’s disease,” Neural Networks, vol. 24, no. 6, pp.
631–645, 2011.

Proceedings of UKCI 2011

176



[8] S. C. V. Horn, A. Erisir, and S. M. Sherman, “Relative distribution
of synapses in the A-laminae of the lateral geniculate nucleus of the
cat,” The Journal of Comparative Neurology, vol. 416, pp. 509–520,
2000.

[9] S. M. Sherman and R. W. Guillery, Exploring the thalamus and its
role in cortical functioning, 2nd ed. New York: Academic Press,
2006.

[10] F. Wendling, F. Bartolomei, J. J. Bellanger, and P. Chauvel, “Epileptic
fast activity can be explained by a model of impaired GABAergic
dendritic inhibition,” European Journal of Neuroscience, vol. 15, pp.
1499–1508, 2002.

[11] M. Zavaglia, L. Astolfi, F. Babiloni, and M. Ursino, “A neural
mass model for the simulation of cortical activity estimated from
high resolution EEG during cognitive or motor tasks,” Journal of
Neuroscience Methods, vol. 157, pp. 317–329, 2006.

[12] F. H. L. da Silva, A. Hoeks, H. Smits, and L.H.Zetterberg, “Model of
brain rhythmic activity,” Kybernetic, vol. 15, pp. 27–37, 1974.

[13] B. S. Bhattacharya, D. Coyle, and L. P. Maguire, “Thalamocortical
circuitry and alpha rhythm slowing: an empirical study based on a
classic computational model,” in Proceedings of the International Joint
Conference on Neural Networks (IJCNN), Barcelona, Spain, July 2010,
pp. 3912– 3918.

[14] S. M. Sherman, “Thalamus,” Scholarpedia, vol. 1, no. 9, p. 1583, 2006.
[15] R. C. Sotero, N. J. Tujillo-Barreto, and Y. Iturria-Medina, “Realisti-

cally coupled neural mass models can generate EEG rhythms,” Neural
Computation, vol. 19, pp. 479–512, 2007.

[16] B. H. Jansen and V. G. Rit, “Electroencephalogram and visual evoked
potential generation in a mathematical model of coupled cortical
columns,” Biological Cybernetics, vol. 73, pp. 357–366, 1995.

[17] M. L. Hines, T. Morse, M. Migliore, N. T. Carnevale, and G. M. Shep-
herd, “Modeldb: A database to support computational neuroscience,”
Journal of Computational Neuroscience, vol. 17, no. 1, pp. 7–11, 2004.

[18] E. Tognoli, J. Lagarde, G. C. DeGuzman, and J. A. S. Kelso, “The phi
complex as a neuromarker of human social coordination,” Proceedings
of the National Academy of Sciences, vol. 104, no. 19, pp. 8190–8195,
2006.

[19] D. V. Moretti, C. Babiloni, G. Binetti, E. Cassetta, G. D. Forno,
F. Ferreric, R. Ferri, B. Lanuzza, C. Miniussi, F. Nobili, G. Rodriguez,
S. Salinari, and P. M. Rossini, “Individual analysis of EEG frequency
and band power in mild Alzheimer’s Disease,” Clinical Neurophysiol-
ogy, vol. 115, pp. 299–308, 2004.

[20] J. L. Cantero, M. Atienza, A. Cruz-Vadell, A. Suarez-Gonzalez, and
E. Gil-Neciga, “Increased synchronization and decreased neural com-
plexity underlie thalamocortical oscillatory dynamics in mild cognitive
impairment,” NeuroImage, vol. 46, pp. 938–948, 2009.

[21] A. J. Pons, J. L. Cantero, M. Atienza, and J. Garcia-Ojalvo, “Relating
structural and functional anomalous connectivity in the ageing brain
via neural mass modelling,” NeuroImage, vol. 52, no. 3, pp. 848–861,
2010.

Proceedings of UKCI 2011

177



1

Applyling Bregman Divergences to the Neuroscale
Algorithm

Xi Wang and Colin Fyfe
University of the West of Scotland

Scotland
Xi.wang,colin.fyfe@uws.ac.uk

Wenbing Chen
College of Mathematics and Physics,

Nanjing University of Information Science and Technology,
P. R. China.

chenwb6403@hotmail.com

Abstract—The Neuroscale algorithm is designed to improve
upon one of the perceived deficiencies in multi-dimensional
scaling (MDS) which is that MDS contains no method for
generalisation. We augment the capabilities of Neuroscale by
introducing Bregman divergences into its Stress or objective
function. We show preliminary results on an artificial data set,
two financial data sets and a data set of digits.

I. INTRODUCTION

Metric multidimensional scaling [1], [3] is a group of meth-
ods designed to extract information from a high dimensional
data set by projecting the data set onto a lower dimensional
manifold, generally 2 dimensional, in which the structure
of the original high dimensional data can be discerned by
eye. This task is performed by associating with each high
dimensional data sample, a low dimensional latent space point.
The latent space points are moved around so as to minimise
the sum of the differences between the latent space distances
and the data space distances.

More formally, let the data samples be xi, i = 1, ..., N and
let the corresponding latent points be yi, i = 1, ..., N . Let
Dij be the (Euclidean) distance in data space between points
xi and xj and let Lij be the corresponding distance between
latent points yi and yj . Then in classic MDS, the latent points
are moved to minimise

EMDS =
∑
i,j

(Dij − Lij)
2 (1)

which is known as the stress function of MDS.
There are a great number of variants upon this, the most

popular being the Sammon mapping whose stress function is

ESammon =
1

Z

∑
i,j

(Dij − Lij)
2

Dij
(2)

where Z is a normalising factor. This paper will combine two
recent variations on MDS to create new families of mappings
which transcend the boundaries of current MDS models,
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Fig. 1. The divergence is the difference between F (p) and the value of
F (q) + (p− q)∇F (q).

II. BACKGROUND

In this section we review two recent advances on standard
multidimensional scaling: the first [8] investigates new families
of stress functions while the second creates a mapping from
input space to latent space using the MDS stress function. In
the next section, we combine these innovations.

A. Bregman divergences

Consider a strictly convex function F : S → ℜ defined on
a convex set S ⊂ ℜd (ℜd denotes d-dimensional real vector
space); a Bregman divergence [10], [7] between two points, p
and q ∈ S, is defined to be

dF (p,q) = F (p)− F (q)− ⟨(p− q),∇F (q)⟩, (3)

where the angled brackets indicate an inner product and
∇F (q) is the derivative of F evaluated at q. Thus it can be
used to ‘measure’ the convexity of F . Figure 1 illustrates how
the Bregman divergence is the difference between F (p) and
the value which would be reached at q with a linear estimate,
∇F (q), for the curvature at q.

Examples are
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1) Squared Euclidean distance
The squared Euclidean distance is a special case of the
Bregman divergence in which F (.) =∥ . ∥2, the squared
Euclidean norm

dF (p,q) = ∥ p ∥2 − ∥ q ∥2 −⟨p− q,∇F (q)⟩
= ∥ p ∥2 − ∥ q ∥2 −⟨p− q, 2q⟩
= ∥ p− q ∥2 .

2) Itakura-Saito divergence
The Itakura-Saito divergence is based on convex func-
tion F (x) = − log(x), x > 0

IS(p, q) =
p

q
− log

p

q
− 1 (4)

will be used to improve MMDS in Section III.
3) Kullback-Leibler divergence

For probability distributions p = (p1, p1, · · · , pd)T and
q = (q1, q1, · · · , qd)T of a discrete random variable,
given the base function F (p) =

∑d
i=1 pi log2 pi, the

Kullback-Leibler divergence is defined as

KL(p,q) =
d∑

i=1

(pi log2 pi − qi log2 qi

−(pi − qi)(log2 qi + log2 e))

=
d∑

i=1

pi log2
pi
qi

− log2 e
d∑

i=1

(pi − qi)

Considering
∑d

i=1 pi =
∑d

i=1 qi = 1,

KL(p,q) =

d∑
i=1

pi log2
pi
qi

(5)

Bregman divergences can be viewed as the difference be-
tween F (p) and its truncated Taylor series expansion around
q. In fact when F is in one variable, the divergence (3) is
expressed as dF (p, q) = F (p) − F (q) − dF

dq (p − q). This

dF (p, q) is equal to the higher order terms d2F
dq2

(p−q)2

2! +
d3F
dq3

(p−q)3

3! + d4F
dq4

(p−q)4

4! + · · ·.
[8] used Bregman divergence instead of the Euclidean

difference in (1), and created several families of distributions.

B. Neuroscale

However Sun’s families [8] suffer from the same set of
problems that traditional MDS methods have: these are based
on the fact that there is one latent point for every data point,
therefore

• The training time for the algorithm rises with the number
of data points: for N points, we must recalculate N(N−
1)/2 distances in latent space.

• There is no inherent generalisation: for each new sample,
we must recalculate the whole new mapping.

Therefore a new mapping, Neuroscale, based on radial basis
functions was create: a full account of this mapping can be
found in [9].

The neuroscale mapping is based on a radial basis network:
let the input vector be x; then the response of the ith hidden

neuron is given by hi = exp(−∥x−ci∥
σ ) and the output, yj is

given by yj =
∑

i wjihi. Typically only the wij parameters
are changed during learning which is generally supervised so
that each input x must be associated with a target value, t. The
neuroscale algorithm replaces this supervised learning with a
new training process known as ’relative supervision’: instead
of error descent with respect to the target values, neuroscale
uses the classical MDS stress function (1) as the error to be
minimised.

III. BREGMANISING NEUROSCALE

We now develop a new family of algorithms based on
the neuroscale idea but using the stress functions of [8].
It would be easy to conside Bregman divergences in both
data space and latent space, however we concentrate on the
Bregman divergence between Lij and Dij because this is
in the spirit of MDS which can be used for data when we
do not know the actual data samples but only the relative
differences/similarities between the samples such as when the
data comes from survey answers.

Thus, for the convex function, F (x) = x log x, we calculate

EBregmanNeuroscale(Lij , Dij) =
∑

i,j,i̸=j

Lij log
Lij

Dij
−Lij+Dij

(6)
whose derivative with respect to Lij is

∂EBregmanNeuroscale

∂Lij
= log

Lij

Dij
(7)

Note that EBregmanNeuroscale(Lij , Dij) ̸=
EBregmanNeuroscale(Dij , Lij) and so for each convex
function, we may consider 2 possible objective functions, the
above being the left Generalised Information (GI) divergence
since the latent space distances i.e. those we can affect, are
in the left position in the divergence.

Therefore we can also consider the right GI divergence
which is

EBregmanNeuroscale(Dij , Lij) =
∑

i,j,i̸=j

Dij log
Dij

Lij
−Dij+Lij

(8)
whose derivative with respect to Lij is

∂EBregmanNeuroscale

∂Lij
=

Dij − Lij

Lij
(9)

Similarly, when we use the Itakura Saito (IS) divergence
based on F (x) = − log(x), we have

∂EBregmanNeuroscale

∂Lij
=

1

Lij
− 1

Dij
(10)

for the left divergence and

∂EBregmanNeuroscale

∂Lij
=

Dij − Lij

L2
ij

(11)

for the right divergence.
Following [4], we use the ’shadow targets’ algorithm which

is said to give quicker convergence. The key idea is to create
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Fig. 2. Illustration of BregmanNeuroscale on a toy problem: there are two
classes; the training data is indicated by the red and blue dots; the classification
of test data not seen in training is shown with the open circles and crosses.

a target for each output using the derivative information above
so that

t̂i = yi −
∂EBregmanNeuroscale

∂yi

= yi +
∑
j ̸=i

log
Lij

Dij
(yi − yj) (12)

which is then used in the standard error descent algorithm to
change the weights, wij .

IV. SIMULATIONS

A. A Toy Problem

Results on a toy problem from [4] are shown in Figure
2: we train the model on 60 samples of 4 dimensional data
in 2 clusters, one centered at (0,0,0,0), the other at (1,1,1,1).
The samples were taken from an exponential distribution with
variance 1. The resulting projections of the training data are
shown by the red and blue dots in the figure. The projections
of test data not seen in training are shown by blue ’+’ and
red circles; of course the class information was hidden from
the model. We can see that a sensible projection has been
made and that if, for example, we were to use K-nearest
neighbours to perform a classification based on these latent
space positions, a very accurate classification would be made.

B. Financial Data

We illustrate the Bregmanised versions of the Neuroscale
algorithm on 2 examples of financial time series: the first
contains 1270 samples of the exchange rate between the
British pound and the US dollar; the second contains 506
samples of the closing index of the leading stocks in the
British stock market, the FTSE100. We difference the time
series because we are interested in whether the time series
rose or fell rather than any particular value of the samples.

Each of these time series is univariate, however the value
of the time series at the next instant depends on the value at
several previous time instants not just on the current value. We

File Divergence Iterations Lrate Training/Total AverageAccuracy
FX Euclid 150 0.5 0.5 0.51

0.8 0.51
0.9 0.52

FX ISLeft 60 0.00001 0.5 0.5
0.8 0.51
0.9 0.44

FX ISRight 60 0.00001 0.5 0.5
0.8 0.51
0.9 0.48

FX GILeft 60 0.0001 0.5 0.51
0.8 0.54
0.9 0.5

FX GIRight 60 0.0001 0.5 0.49
0.8 0.53
0.9 0.52

FTSE Euclid 150 0.5 0.5 0.51
0.8 0.49
0.9 0.49

FTSE ISLeft 60 0.00001 0.5 0.49
0.8 0.5
0.9 0.54

FTSE ISRight 60 0.00001 0.5 0.51
0.8 0.46
0.9 0.5

FTSE GILeft 60 0.0001 0.5 0.49
0.8 0.5
0.9 0.54

FTSE GIRight 60 0.0001 0.5 0.5
0.8 0.54
0.9 0.41

TABLE I
ACCURACY OF THE METHOD ON THE EXCHANGE RATE DATA (FX) AND
THE STOCK EXCHANGE DATA (FTSE). THE TRAINING/TOTAL RATIO IS

THE FRACTION OF SAMPLES USED FOR TRAINING THE PARAMETERS.

therefore create a 10 dimensional data set constructed from 10
consecutive samples of each time series. In each case we use
approximately 80% of the data selected randomly for training
and 20% of the data for testing.

For the training data, we note whether the time series
went up on the next time instant or decreased. After training,
we project the test data by running it through the trained
neuroscale network and find the nearest neighbour amongst
the training samples to each test sample. This training sample
has associated with it a marker to state whether the time series
rose or fell. We then check whether this marker accords with
reality and note the number of correct predictions over the
whole test data set.

Results are shown in Table I. Iterations is the maximum
number of iterations possible in our simulation though often
the method had converged before this was reached. Lrate is
the learning rate parameter and The Training/Total ratio is
the fraction of samples used for training the parameters. The
average accuracy figure is an average over 4 simulations.

In general, we see that the Generalised Information diver-
gence performs better than the other divergences (including the
Euclidean distance) and that the higher rate of selecting sam-
ples for training is better. However the results are disappointing
compared with results achieved with the Self-organising map.

C. Digit classification

We use the well known digit data set from
http:\\cs.nyu.edu\˜roweis\data.html which
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contains samples of the digits from 0 to 9. For illustrative
purposes we give results on two digits only, ’3’ and ’7’.
We use 1000 samples from each digit for training and 100
samples for testing .

Figure 3 shows the projections of these digits by both the
standard Neuroscale algorithm (top row) and the Bregmanised
version using the Itakura Saito divergence with the latent space
distances on the right side of the divergence (bottom row). The
left half of each row contains the projections of the training
data, the right half shows the projections of the test data. Note
that MDS methods would struggle with a data set of this size.

D. Projection of financial data

When we investigated financial prediction in Table I, the
results were not terribly convincing. However recall that the
network was not being trained to optimise prediction but
to optimise the projection of the data samples. It is better
therefore to investigate how well the different divergences with
respect to predictions.

As in [11], we use a set of financial data from [5]: this data
set is composed of the closing price at the start of each month
of the S & P Composite market. We have used this closing
price, the dividend, earnings, consumer price index and the
long term interest rate to form a 5 dimensional data set. We
have taken the first 1000 samples as the training data and the
last 640 samples as the test data.

We show in Figure 4, the results when using the standard
neuroscale algorithm on this data. The top figure shows the
projection of the whole training data (1000 samples, each
month beginning in 1871); we can see structure in that there is
a continuous set of projections. The second figure shows every
12th sample; this gives the projection of each January data
every year from 1871 onwards with the numbers indicating
the number of years after 1871. (Thus sample 35 represents
January 1906). Some structure is obvious: we see the 1940s
and 50s at the left of the diagram and the 1870s on the right
of the diagram but many features are very obscure in this
diagram. The third diagram in that figure shows the projections
for the test data for which year 0 is 1954. Again little structure
can be seen.

Figure 5 shows the corresponding results when we use
the Itakura Saito divergence, with the projections in the left
position. We see a slightly better projection in that some of
the intervening years are more clearly definable.

Similarly, Figure 6 shows the results when we use the GI
divergence with the projection in the left position. Again we
can see that some features are perhaps a little clearer than
those from the original neuroscale algorithm.

V. CONCLUSION

We have adapted the Neuroscale algorithm so that the
parameters are updated using Bregman divergences rather than
the Euclidean distances. We have illustrated our results on an
artificial data set, two financial data sets and a data set of
digits. It is worth emphasising again that multidimensional
scaling and its Bregman extensions [8] could not handle data
sets of the size which we are contemplating.
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Fig. 3. Top row: the neuroscale projections of two digits, left the training
set, right the test set. Bottom row: the equivalent projections using the Itakura
Saito Right divergence.
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Fig. 4. Projection of the “Irrational Exuberance” data [5] with the standard
neuroscale algorithm. Top: 1000 training samples. Middle: projection of
January of each year as an offset from 1871. Bottom: projection of each
year as an offset from 1954.
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Fig. 5. Projection of the “Irrational Exuberance” data [5] with the Itakura
Saito divergence. Top: the training data. Bottom: the test data.

Neuroscale is designed to be a visualisation technique and
as such, it is difficult to define objective quantification of
the results: we have the problem of how do to compare a
mapping using the Euclidean distance with a mapping using
the Itakura Saito divergence. We have tried to resolve this with
the financial data sets however the results are not impressive
and we intend to investigate other quantification methods for
such projections.

Finally we used the technique to visualise a third financial
data set with some small success.

Future work will compare the results herein with those
from the two families of algorithms which were developed
in [6]. The left divergences from one of these families were
shown to be extensions of the Sammon mapping while the
right divergences were shown to be extensions of curvilinear
component analysis [2].
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Abstract— The energy-efficient task allocation in Wireless 
Sensor Networks (WSNs) is considered for sensor nodes which 
have limited resources in term of energy, communication and 
processing capabilities. Optimal Task Allocation Algorithm 
(OTAA) algorithm is presented to optimise the energy-
efficiency and the execution time, required to execute an 
application using a cluster of sensor nodes. The application is 
assumed to be divided into small tasks with data dependencies 
among them. The Adaptive Species Conservation Genetic 
Algorithm (ASCGA) is adopted as a multimodal optimisation 
algorithm to search for the optimal solutions.  

Simulation modelling with cooperation of Modelling and 
Optimisation System (MOS) is developed to evaluate the 
proposed OTAA. The simulation results show that the 
proposed OTAA algorithm improves the application execution 
time and energy-efficiency compared with other well-known 
techniques. 

I. INTRODUCTION 

Wireless sensor nodes are tiny and constrained devices 
connected to each other to form the Wireless Sensor 
Networks (WSNs). The main aim of WSNs is to detect and 
interpret the physical phenomena such as the presence of the 
objectives, thermal conditions and acoustic signals. Sensor 
nodes are deployed in large numbers in the sensing area 
which is the area of interest. WSNs are left physically 
unattended when the areas of interest are harsh 
environments such as deserts and forests.  Deployment of 
sensor nodes can be performed in random or planed 
manners. WSNs are employed in many civil and military 
applications such as target tracking, surveillance, smart 
homes, healthcare and disaster recovery [1], [2]. However, 
sensor nodes have limited resources in terms of processing, 
storage and power-supply capabilities. Therefore, the 
energy-efficiency is a crucial issue in WSNs to increase the 
network and sensor node lifetimes [1]. Moreover, improving 
the execution time of complex application such as camera-
based surveillance application [3] is another challenge in 
WSNs, due to the limited processing capabilities of sensor 
nodes. Therefore, the energy-efficient task mapping and 
scheduling for parallel system in WSNs is considered in this 
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paper to optimise the energy-efficiency and execution time, 
required to execute an application using a group of sensor 
nodes. The application is assumed to be divided into 
computational tasks and dependencies between theses tasks. 
Task mapping is to allocate the tasks of the application to 
the sensor nodes in order to optimise a predefined objective 
functions. Task scheduling is responsible for ordering the 
execution of the application tasks among the sensor nodes so 
that the dependencies for every task are available before the 
execution of the task [4].  

This paper is organized as follow. Section II reviews the 
state-of-the art related to task allocation in WSNs. After 
that, the problem of task allocation in WSN is defined and 
formalized in Section III. Section IV introduces the 
proposed Optimal Task Allocation Algorithm (OTAA) 
algorithm. Then, the simulation results are discussed in 
Section V. Finally, Section VI summarizes this paper. 

II. RELATED WORK 

Task mapping and scheduling are studied widely in 
traditional parallel processing and high performance parallel 
computing fields [5], [6]. However, the design goal of most 
traditional parallel computing algorithms is to minimise the 
execution time [7]. Moreover, traditional parallel processing 
systems do not consider the energy-efficiency. Additionally, 
ad-hoc (i.e., no advanced planning) network architectures 
and node mobility [8] can be used in wireless 
communication systems such as WSNs. Therefore, the task 
allocation algorithms found in traditional parallel processing 
systems can not be directly used in WSNs.  

The majority of the existing researches into task mapping 
and scheduling in WSNs use heuristic algorithms. In [9], an 
energy-balanced task mapping and scheduling heuristic 
algorithm is proposed using three phases. The first phase 
aims to serialize the tasks into clusters so that the application 
execution time is minimised. In the second phase the clusters 
are mapped to the nodes so that the normalized energy 
dissipation of the nodes is minimised. The network lifetime 
in the third phase is improved by adjusting the CPU voltage 
level of the tasks using Dynamic Voltage Scaling (DVS) so 
that the execution time meets the application deadline. 
However, the energy consumption for transmitting and 
receiving data is assumed to be the same in [9], which is not 
realistic.  

In [10], Energy-constrained task Mapping and Scheduling 
(EcoMapS) algorithm is developed for task allocation for 
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single hop WSNs using realistic computing and 
communication energy models. EcoMapS algorithm aims to 
minimise the scheduling time subject to satisfy predefined 
energy consumption. However, the application deadline is 
not considered by [10] and can not be guaranteed.  

Task Schedule Search Engine (TSSE) is proposed in [11] 
for task allocation in multi hop WSNs. The objective is to 
minimise energy consumption so that the application 
deadline is guaranteed.  DVS is adopted in [11] to improve 
the energy consumption by reducing the CPU voltage.  

In [12], task allocation algorithm namely divide-and-
conquer is developed to allocate real-time dependent tasks 
into heterogeneous wireless sensor network. The objective 
of divide-and-conquer algorithms is to minimise the net 
energy consumption subject to satisfy the application 
deadline. However, the task allocation problem presented in 
[12] is divided into several optimisation problems to 
separately allocate each branch tasks to sensor nodes. 
Therefore, the complexity of divide-and-conquer algorithm 
increases. Furthermore, the execution time and energy 
consumption are not considered directly to be optimised. 

In [13], the performance of WSN in terms of latency and 
energy consumption are considered in depth where both of 
them are affected by the way the application tasks are 
allocated to sensor nodes in the network. A Genetic 
Algorithm based Intelligent Task Allocation (GA-ITA) 
scheme is proposed in multi-hop WSNs to minimise the 
network lifetime so that the application deadline is met.  

All the heuristic approaches mentioned in this section can 
not be backtracked. It means that if the solution is obtained, 
it can not be changed even if there are better solutions [13]. 
On the other hand, GA and other optimisation approaches 
overcome this limitation. For example, GA searches the 
population using its operations until it finds the optimal 
solution. However, the heuristic approaches are simpler and 
required less run time compared with GA schemes [14].     

In this paper, Optimal Task Allocation Algorithm 
(OTAA) algorithm is developed to optimise the energy-
efficiency and execution time to perform the execution of an 
application. Unlike other researches mentioned above, 
OTAA adopts the Adaptive Species Conservation Genetic 
Algorithm (ASCGA) [15] as multimodal optimisation 
technique to search for multiple optimal solutions. 
Therefore, OTAA provides the flexibility to select one of 
these global solutions according to the design requirements. 

III. PROBLEM DEFINITION 

A. Energy Models 

The energy dissipation [13] to transmit a data of size l -bit 
over a wireless channel of a distance, d  is calculated as 
follows: 

2),( ldlEdlE ampelecTX ε+=  (1)                                                                                                  

where, elecE  is the electronic energy per unit bit and it is 

determined according to the coding, filtering and modulation 
types. ampε  is the transmitter amplifier energy per unit bit 

per unit distance square. On the receiver side, the energy 
consumption to receive a data of l -bit is computed 
according to the following equation:  

lElE elecRX .)( =  (2)                        

The energy dissipation to execute N  clock cycles using a 
CPU with clock frequency f  can be calculated according 

to the following relation [16]: 
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where, ( )cK −≈ ddV ƒ , TV  is the thermal voltage and 

KnICc ,,,, 0 are defined based on the CPU.  

B. Application Models 

Directed Acyclic Graph (DAG) [9] is used to model the 
application which can be divided into ( m ) computational 
tasks and ( e ) communication edges or dependencies 
between the tasks. DAG is represented as follows: 

),( EVG =  (4)                       

where V  is a set of vertices that represents the m tasks and 
E  is a set of e communicational edges among tasks. The 
edge between the tasks Vvv yx ∈&  is represented as xye . In 

this case, the task xv  is the immediate predecessor of yv  and 

task yv  is the immediate successor of xv . The task is 

executed after receiving the data dependencies form all its 
immediate predecessors. The task that does not have any 
immediate predecessors is named as an entry task. On the 
other hand, the task that does not have any immediate 
successors is called exit task.  

An example of an application DAG is shown in Fig. 1. 
The immediate predecessors set of task 3v  is 

},{)( 213 vvvS pre =  while its immediate successors set is 

}{)( 53 vvSsucc = . The tasks 1v  and 2v  are the entry tasks, 

while the task 5v  is the exit task of the application DAG.  

 
Fig. 1.  Application DAG. 

C. Problem Formalization 

The WSN is modelled as }....,3,2,1,{ l== isS inet  where is  

is the sensor node ( i ) and l  is the number of sensor nodes. 
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Each sensor node ( neti Ss ∈ ) is characterized by { )( isNID , 

)( ir sE , )( isx , )( isy } where )( isNID  is the sensor 

identification, )( ir sE  is the remaining energy level at sensor 

node, and ( )( isx , )( isy ) are the xy coordination of sensor 

node. The application (DAG) is characterized by 
{ ),( EVG = , DL } where DL  is the deadline of the 

application. The application should be executed before its 
deadline. The cluster is defined as the sensor nodes that 
cooperate to execute the application in parallel. The cluster 
nodes is modelled as }....,3,2,1,{ nisS iclu == , where n  is 

the cluster size.  
Assume the indexes of a vector ( A ) represents the tasks 

and the value of each index represents the corresponding 
nodes (i.e. pairs).  Thus, the size of the vector ( A ) is the 
number of application tasks ( m ). The solution of this 
optimisation problem is to find the optimal solutions optA  

so that the following objective functions are satisfied: 
)min(arg popt T

A
A =   (5)                                                                                                                       

)min(arg Topt E
A

A =   (6) 

Subject to: 
DLT p ≤   (7) 

where TE  is the total energy consumption to execute the 

application, and pT  is the parallel execution time. 

IV. OPTIMAL TASK ALOCATION ALGORITHM 

OTAA algorithm is performed in order to search for the 
optimal task allocation solutions (i.e., individuals or 
chromosomes) of a given task/node pairs. The operational 
steps of OTAA algorithms are explained in Fig. 2.  

 
1. Input: Application DAG, ),( EVG and cluster Nodes cluS  

2. Output:  Optimal Solutions (task/node pairs) 
3. Begin 
4.     Generate Initial Population; 
5.     Evaluation; 
6.     Identify species; 
7.     while ( Termination condition is not met) do:     
8.        Conserve species seeds; 
9.        Selection; 
10.      Crossover; 
11.       Mutation; 
12.       Evaluation; 
13.       Replacement; 
14.       Identify and update species; 
15.    end while;     
16.    Get the global optimal solutions; 
17. Finish; 

Fig. 2.  OTAA Operation. 
 

The initial population shown in line 4 is a collection of 
individuals. The initial population is the first population 
used by GA. In order to evaluate the population as described 
in line 5, the two objective functions (i.e., pT  and TE ) 

defined in Equation (5) and Equation (6) are computed for 

each individuals. The operations in line 6, 8 and 14 are 
related to the ASCGA [15]. Species are identified in line 6 
in term of species seed, species radius and species boundary. 
The main goal of ASCGA is to search for the best 
chromosomes (i.e., global solutions). As shown in line 8 to 
line 11, each generation in ASCGA is produced through 
multiple operations which include conserve species seeds, 
selection, crossover and mutation. After these operations, 
evaluation of new chromosomes is performed in line 12. In 
line 13, replacement operation is performed to generate the 
new population. In line 14, the identification and update of 
an existing species are performed in three main steps which 
are; adjust, identify and remove. In adjustment step the 
parameter of an existing species is updated based on the new 
individual generated in the new generation, where in the 
identification step a new species with a new seed is 
identified by selecting unmarked best chromosome in the 
current generation. In remove step, the pseudo species is 
removed from the species set if this species is belong to 
another species. From line 8 to line 14, the steps are 
repeated until the termination condition is met, and in turn 
the global solutions are obtained in line 16.  

Conserving species seeds shown in line 8 is the process of 
copying some of the species seeds from the previous 
population in the new population before starting production 
in order to enhance the diversity of the population [15]. For 
breeding process, selection should be performed in line 9 in 
order to select two parents from the population to perform 
crossing process. In line 10, crossover operation is the 
method of taking two parents and producing offspring (i.e., 
children). In line 11, mutation is used to prevent the 
algorithm from being trapped in the local minimum. After 
the evaluation of the new chromosomes (i.e., offspring) 
produced, replacement is performed to insert the offspring 
into the new population, as shown in line 13.  

V. SIMULATION RESULTS 

A. Simulation Assumptions 

The evaluation of the proposed OTAA is performed using 
C++ simulation platform, MOS [17] and 1.73 GHz Pentium 
IV processor. The sensor nodes of 350 are randomly 
deployed in the sensing area of 500 m x 500 m. The 
application is assumed to be triggered for execution at a 
random location inside the sensing area using a number of 
sensor nodes (i.e., cluster size). The maximum distance for 
two nodes to communicate together is determined by the 
radio range which is set to 200 m. The radio range is 
assumed to be double of the sensing range [18]. Therefore, 
the maximum distance for the sensor node to participate in 
the execution of the application is set to 100 m. The 
transmission speed of the wireless channel is set to 1 Mbps. 
According to [16], the parameters for the energy 
consumption model presented in Section III are set as 
follows: ,26.21=n ,206 MHzf = ,5.0 Vc = ,26 mVVT =
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,/50 bnJE elec =  ,196.1 mAI o =  ,//10 2mbpJamp =ε  

nFC 67.0= and VMHzK /28.239= . The deadline, DL  
of application DAG described is constrained to be equal to 
the application serial time, sT , which is time required to 

execute the application using one sensor node. Roulette 
wheel selection technique is used. The crossover is 
performed using single-point crossover with probability of 
0.6. The mutation is uniform with probability of 0.1. One 
parent replacement is used. The population size is set to 50. 
The simulation is terminated after 100 populations. 
However, it will be specifically stated, if one of the above 
parameters and assumptions are changed.  In all simulation 
figures, the average results of the simulation are plotted with 
95% confidence interval. 

As in [11], the proposed OTAA is evaluated and 
compared against other well-known algorithms using the 
DAG of distributed visual surveillance which is shown in 
Fig. 3. The size of tasks is shown beside the task in KCC. 
The size of edges is shown beside the edge in bytes. 

 

 
Fig. 3.  Distributed visual surveillance DAG. 

B. Simulation Results 

In Fig. 4, the number of global solutions obtained by 
OTAA algorithm is plotted against the population size. The 
number of solutions increases with increasing the population 
size. For more population size, the diversity of GA is 
improved and in turn, ASCGA can generate more species 
and global solutions. 
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Fig. 4.  The impact of the population size. 

 

Fig. 5 shows the variations of parallel execution time with 
the cluster size. By setting the cluster size to 1, the total 
execution time is 7.913 ms which is the serial execution 
time. With increasing the cluster size, the parallel execution 

time of application decreases because the parallelism of 
tasks execution increases with increasing the cluster size. 
When the cluster is set to 5, the parallel execution time is 
2.407 ms which is less than the serial execution time. 
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Fig. 5.  The execution time versus the cluster size. 

 

The results plotted in Fig. 6 and Fig. 7 are generated using 
a population size of 25 chromosomes. As shown in Fig. 6 
and Fig. 7, six global solutions are obtained from the OTAA 
algorithm. Therefore, one of these solutions can be selected 
as the final solution, according to the design requirements 
and network conditions. The energy consumption and 
execution time for the six solutions along with the serial 
solution are plotted in Fig. 6 and Fig. 7, respectively. The 
serial energy consumption is the smallest among all six 
global solutions because it does not need communication 
energy consumption. On the other hand, the serial execution 
time is the largest among all solutions because it does not 
have any parallelism. 
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Fig. 6.  The total energy consumption of OTAA and serial solutions 
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Fig. 7.  The execution time of OTAA and serial solutions. 

 

The proposed OTAA is compared against Distributed 
Computing Architecture (DCA) [16] and GA which is the 
core of GA-ITA [13]. In the DCA, the cluster head executes 
the high-level tasks. Therefore, DCA is similar to the serial 
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system. In DCA, the sensor node that has the maximum 
energy remaining is assumed to execute the application. The 
energy consumption and execution time for different 
schemes are stated in Fig. 8. The proposed OTAA algorithm 
reduces the execution time by approximately 6% compared 
with GA and 69.6 % compared with DCA. This means that 
the proposed OTAA generates solutions with enhanced 
parallel execution time.  As shown in the Fig. 8, DCA ends 
with the lowest energy consumption because there is no 
communication cost for DCA. DCA can reduce 6.4% and 
9%, of energy consumption using in OTTA and GA. 
Therefore, the differences in energy consumption are small.  

ASCGA performs better than GA because it searches for 
multiple solutions including global and local solutions while 
GA searches for only one solution. In addition, ASCGA 
uses the conservation mechanism to keep the diversity of 
search space. ASCGA can automatically adjust species and 
make them adaptive to the problem. According to the results 
found in [13], GA-ITA performs better than TSSE [11]. 
Therefore, OTAA algorithm performs better than the TSSE.  

 

Objective OTAA GA DCA 
pT (ms) 2.407 2.567 7.913 

TE (mJ) 2.324 2.364 2.174 

Fig. 8.  Objective functions for different task allocation schemes. 

VI. CONCLUSION 

In this paper, task allocation for parallel system in WSNs 
is considered for sensor nodes with limited resources in term 
of processing and power capabilities. The OTAA algorithm 
is developed, evaluated and compared against other well-
known schemes. The application is modelled using DAG. 
The tasks of application are mapped to the cluster nodes so 
that the energy efficiency is maximised and the execution 
time is minimised, subject to meet the application deadline. 
ASCGA is used as the heart of OTAA algorithm to search 
for optimal task/node combinations. Moreover, obtaining 
several global solutions provides the flexibility to select the 
appropriate solution based on the system, application and 
network conditions and requirements. 

The simulation results show that the proposed OTAA 
generates global solutions which improve the objectives in 
term of parallel execution time and overall energy 
consumption, compared to other task allocation schemes. 
Future work is now considering the network and sensor 
node lifetimes as another objective function.  

ACKNOWLEDGMENTS 

I would like to give my special thankfulness to my 
supervisor, Dr Jian-Ping Li, for his appreciative support and 
guidance. He encouraged me from the initial to the final 
level to enable me to develop and understand the whole 
research. In addition, I would like to take this opportunity to 
convey my sincere thankfulness to all lecturers in School of 
Engineering, Design and Technology for their help and 

efforts in teaching me the principles and ways to be able to 
do this research. Lastly, I would like to give my special 
thanks to my husband about his encouragement and support.  

REFERENCES 
[1] I. F. Akyildiz, W. Su, Y. Sankarasubramaniam, and E. Cayirci, 

“Wireless sensor networks: A survey,” The International Journal of 
Computer and Telecommunications Networking, vol. 38, no. 4, pp. 
393-422, 2002. 

[2] P. Bonnet,  J. Gehrke, and P. Seshadri, “Querying the physical world,” 
IEEE Personal Communications, pp. 10-15, 2000. 

[3] B. Rinner, and W. Wolf, “An Introduction to Distributed Smart 
Cameras,” Proceedings of the IEEE , vol. 96, no. 10, pp.1565-1575, 
2008. 

[4] O. Sinnen, Task Scheduling For Parallel Systems. New Jersey: John 
Wiley & Sons, Inc., Hoboken, 2007. 

[5] A. Dogan, and F. Ozguner, “Optimal and suboptimal reliable 
scheduling of precedence-constrained tasks in heterogeneous 
distributed computing,” Proc. of International Workshop on Parallel 
Processing, Canada, 2000, pp. 429-436. 

[6] D. Bozdag, F. Ozguner, E. Ekici, and U. Catalyurek, “A task 
duplication based scheduling algorithm using partial schedules,”  
Proc. of International Conference in Parallel Processing,  Oslo, 2005, 
pp. 630-637. 

[7] T. D. Braun, H. J. Siegel, N. Beck, L. L. Boloni, R. F. Freund, D.  
Hensgen, M.  Maheswaran, A. I. Reuther, J. P. Robertson, M. D. 
Theys, and B. Yao, “A comparison of eleven static heuristics for 
mapping a class of independent tasks onto heterogeneous distributed 
computing systems,” Journal of Parallel and Distributed Computing, 
vol. 61, no. 6, pp. 810-837, 2001. 

[8] C. K Toh, Ad Hoc Mobile Wireless Networks: Protocols and Systems. 
1st edn, USA: Prentice Hall, 2002. 

[9] Y. Yu, and V. K. Prasanna, “Energy-balanced task allocation for 
collaborative processing in wireless sensor networks,” Journal of 
Mobile Networks and Applications, vol. 10, no. 1-2, pp. 115-131, 
2005. 

[10] Y. Tian, E. Ekici, and F. Ozguner, “Energy-Constrained Task 
Mapping and Scheduling in Wireless Sensor Networks,” Proc. of 
IEEE International Workshop on Resource Provisioning and 
Management in Sensor Networks, Washington, 2005, pp. 211-218. 

[11] Y. Tian, and E. Ekici, “Cross-Layer Collaborative In Network 
Processing in Multihop Wireless Sensor Networks,” IEEE Transaction 
Mobile Computing, vol. 6, no. 3, pp. 297-310, 2007. 

[12] J. Zhu, J. Li, and H. Gao, “Tasks Allocation for Real-Time 
Applications in Heterogeneous Sensor Networks for Energy 
Minimization,” Eighth ACIS International Conference on Software 
Engineering, Artificial Intelligence, Networking, and 
Parallel/Distributed Computing, China, 2007, pp. 20-25. 

[13] Y. Jin, D. Wei, A. Gluhak, and K. Moessner “Latency and Energy-
Consumption Optimized Task Allocation in Wireless Sensor 
Networks,” IEEE Conference on Wireless Communications and 
Networking, Sydney, 2010, pp. 1-6. 

[14] S. Shivle, R. Castain, H. J. Siegel, A. A. Maciejewski, T. Banka, K. 
Chindam, S. Dussinger, P. Pichumani, P. Satyasekaran, W. Saylor, D. 
Sendek, J. Sousa, J. Sridharan, P. Sugavanam, and J. Velazco, “Static 
mapping of subtasks in a heterogeneous ad hoc grid environment,” In 
Proceedings of IEEE eighteenth International Parallel and 
Distributed Processing Symposium, 2004. 

[15] J. P. Li, A. S. Wood, “An adaptive species conservation genetic 
algorithm for multimodal optimization,” International Journal for 
Numerical Methods in Engineering, vol. 79, no. 13, pp. 1633-1661, 
2009. 

[16] A. Wang, and A. Chandrakasan, “Energy-Efficient DSPs for Wireless 
Sensor Networks,” IEEE Signal Processing Magazine, vol. 19, no. 4, 
pp. 68-78, 2002. 

[17] J. P. Li, (2011). Modeling and Optimization System. UK, University 
of Bradford [online]. Available: http://www.scholarpark.co.uk/mos/. 

[18] W.P. Chen, J. C. Hou, and L. Sha, “Dynamic clustering for acoustic 
target tracking in wireless sensor networks,” IEEE Trans. Mobile 
Comput., vol. 3, no. 3, pp. 258-281, 2004. 

Proceedings of UKCI 2011

188



Robust Multi-Camera Audio-Visual Tracking
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Abstract— The problem of robust tracking in a multi-camera
environment is a very current one. We propose here a method
for the fusion of audio and video tracking information to create
a robust multi-camera tracker. We demonstrate this method on
a publicly available real multi-camera audio-visual database,
AV16.3. We give a principled method for fusing noisy audio
tracking data at the 3D reconstruction stage of the tracking
algorithm. We show that with the addition of this noisy audio
data to data from a single video camera the system is robust
to the loss of two out of three cameras.

I. I NTRODUCTION

The problem of tracking has received much interest from
researchers in recent years. The increase in computer power
is making the possibility of highly complicated trackers a
reality. Tracking concerns following an object, be it a human,
an animal, a car, a missile or any other object in space and
time. Applications for tracking objects vary tremendously
and have tremendous importance in present and future tech-
nology, including security surveillance, video-conferencing,
video compression, smart automobiles, autonomous systems,
human computer interfaces (HCI), smart rooms, pervasive
computing and much more.

The focus of this paper is on applications involving
tracking of human speakers in an office environment. There
are several reasons why one may wish to do this, including:
autonomous recording for security purposes, steering cam-
eras towards the speaker during video conferencing, audio-
visual automatic speech recognition (ASR) which can be
used with beamforming in order to suppress noise, and many
other smart room applications which require knowledge of
the persons location.

Tracking humans in an office environment may be done
through audio or video. Each one has its advantages and
disadvantages. Audio is intermittent and thus the track of
individuals will stop once they stop speaking. On the other
hand, it is possible for microphones to track in every location
of the room; the Field-of-View (FOV), so to speak, is 360
degees. A problematic issue is room reverberation, which
causes the echoing of a source signal and hence degrades
tracking perfomance.

Video has the advantage that it can track very accurately
and regularly but it suffers from a limited field of view,
occlusion, human proximity, changes in appearance due to
the subject moving around and illumination changes. Our
approach here is to fuse together these modalities in order to
form a multi-camera, 3-D tracking system that is robust to the
loss of one or more cameras. We implement a visual tracking

The authors are with the Centre for Vision, Speech and Signal Pro-
cessing, University of Surrey, Guildford GU2 7XH, UK. Email:{s.grima,
mark.barnard, w.wang}@surrey.ac.uk

system based on Particle Filters (PF) [1] that uses multiple
cameras. This will then be fused with an existing audio track-
ing system to track individuals in an office scenario. In the
following section we will review previous work in this area.
Section III will present methods for audio-visual tracking
and Section IV on audio-visual data fusion. In Section V we
will describe the experiments conducted and the data used
together with results and discussions. Conclusions are given
Section VI.

II. PREVIOUS WORK

One of the first papers to incorporate PF in multi-camera
tracking of individuals was published by Chang et al. [2]. It
describes a system for multi-object tracking using multiple
cameras with multiple cues. It uses epipolar geometry and
a landmark-based method to obtain geometric constraints on
the position hypothesized by the subject in order to build cor-
respondences of the same object across cameras. Nummiaro
et al. [3] present a work on multi-camera tracking of multiple
people in a classroom environment using calibrated cameras.
The system uses colour based PFs. Multiple appearance
models are used for robustness. Information between cameras
is also exchanged in order for cameras to share initialization
and when clutter and occlusion lose the target other cameras
can help to re-track.

In Du and Piater [4] a novel approach is taken where the
target state is tracked by PFs in each camera image as well as
a PF in the ground plane. The PF in each camera is used to
weight the particles in the ground plane based on a distance
from the vertical axis projection represented by each particle
in each camera. This is a very robust technique that will help
whenever a single camera is occluded but the other cameras
are not.

Individuals are represented by three 3D elliptical cylinders
by Yao and Odobez [5] which are projected onto the 2D
image views via the state vector. The state vector includes 2D
ground plane position, velocity, height and body orientation.
It was reported that robust tracking was achieved even
when using just a single camera. Mohedano and Garca [6]
design the system in a modular way where 2D trackers
run independently whose information is fed into a Bayesian
association block which makes correspondences between
the same objects in the 2D trackers. This block is then
fed into another PF that tracks in 3D and the information
about the location of the current objects is fed back to the
Bayesian association block in order to aid it in the association
process. The 3D PF uses an observation model that takes
into consideration colour and spatial position. It was also
compared to monocular 2D tracking and used in Gomilla and
Meyer [7]. It was observed that 3D tracking using multiple

Proceedings of UKCI 2011

189



cameras could easily correct the erroneous tracking of the
2D tracker.

In Talantzis et al. [8] an audio-visual approach towards
tracking is used where stand-alone video and audio trackers
are fused together by means of Kalman Filters. The 3D
tracker provides a 3D point as does the audio tracker, these
are fed into Kalman filters and both results are fed into a
global Kalman filter to produce the final result. The fused
modalities improved tracking when compared to the use of
any one modality on its own, however video tracking was
found to be very close in performance to the fused tracker.

Kirchmaier et al. [9] build on past work published by Key-
rouz et al. [10]. It fuses the independent tracking from stereo
vision and stereo audio using Particle Swarm Optimization
(PSO). This technique fuses 2D positions from the cameras
as well as an azimuth angle from the microphones using a
confidence measure from each one. Nguyen and Choi [11]
combine the direction of arrival (DOA) obtained from a
video tracker and from an audio tracker in order to track
the DOA of multiple people. These are used to compute
the observation likelihoods in a PF that use a state vector
which tracks the DOA, heading speed and direction. Hence
the fusion process is done by using the video and audio
information for computing the likelihood.

III. A UDIO AND V IDEO TRACKING

A. Visual tracking using a Particle Filter

A simple 2D PF tracker was implemented in order to
enable visual tracking of a subject’s head. A PF is an
extension of the Kalman Filter, which can model a uni-
modal linear Gaussian distribution by generating a single
hypothesis at each time step. In the case of a PF multiple
hypotheses are generated, one for each particle. While this
significantly increases the complexity of the filter it does
allow it to potentially model multi-modal nonlinear non-
Gaussian probability distriubtions. A PF is used to estimate
the state of a system from a sequence of noisy measurements.
In our case the state for each particle is,St = (xt, yt), the
position of the head wheret is a discrete time index. The
essential elements of a PF can be seen in Figure 1. The initial
position of the object to be tracked is manually selected in the
first frame of the sequence. This position is used to initialize
a number of particles. The next step in a particle filter is
to propagate the particles in time in order for them to be
updated from time stept − 1 to t. This is represented by
the second block in Figure 1 and is done according to the
dynamic modelSt = St−1+ v wherev is a random variable
with 2D Gaussian distribution with zero mean. Hence the
particles are propagated based on their previous values and
a certain amount of additive white Gaussian noise added in
order to model the uncertainty in the motion involved. Here
we have implemented the most simple form of PF which
does not fully exploit the nonlinear non-Gaussian modelling
capability of the PF.

In the measurement step of the PF a weight for each
particle is derived from a quality criterion measured for each

paritcle. This measurement criterion is based on the particular
application of the PF, our particular measure is described
in Section V. After the weights of the particles have been
calculated, the estimated mean position of the tracked object
is given by a linear combination of particle positions and
their weights. In the re-sampling step a new set of particles
are re-sampled from the current set of particles according to
their weights, where the highly fit particles may get multiple
copies of themselves while the unfit particles may simply
die off. Here we use the resampling algorithm described by
Nummiaro et al. [3].

Initialize by

manual selection
Propagate particles

by dynamic model
model
by observation
Weight particles

Estimate object
positionResample particles

Fig. 1. Particle filter based tracking system.

B. Audio detection and localization

Audio tracking is performed in a two-step process. The
first step consists of a sector based combined detection
and localization. In this step the space around a circular
microphone array is divided into a number of sectors. At
each time frame for each sector an “activeness” measure is
taken using the SAM-SPARSE-MEAN approach [12]. This
measure of activeness is then compared to a threshold in
order to determine whether there is an active source in that
sector. In the second step a point based search is conducted
in each of the sectors labelled as having at least one active
source. The localization uses a parametric approach [13],
the location parameters are optimized with respect to a cost
function such as SRP-PHAT [14]. While this method does
perform reasonably well the output of the azimuth of the
audio source can be very noisy at times.

IV. FUSION OFAUDIO AND V IDEO TRACKERS

The following explains the method used to obtain the 3D
position from an audio tracker and a single video tracker
as well as the algorithm used to produce a 3D tracker.
A projection matrix is a 3x4 matrix which describes the
mapping of 3D points in the world to 2D pixel positions
in an image for each calibrated camera. The projection
matrix is composed of three transformations, namely: the
transformation from the real world coordinates(X,Y, Z) (the
origin of the room environment for instance) to the camera
coordinates(xcam, ycam, zcam), the transformation from the
3D camera coordinates to the 2D image plane and finally
a mapping in the image plane from continuous coordinates
(xi, yi) to the pixel locations(x, y) [15].

The mapping from the real world coordinate system to
the camera coordinate system simply requires a rotation and
a translation and it may be represented by the following
equation:
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whereR is a 3x3 rotation matrix,g is a 3x1 translation vector
andO is a 1x3 zero vector.

The next step is to transform the 3D coordinate to the
image plane as seen in Figure 2.

Ix

Iy

IzO
I

(xcam, ycam, zcam)

(xi, yi)

Image plane

Fig. 2. Mapping a 3D point to the image plane.

This transformation may be represented as a linear map-
ping between homogenous coordinates, given by the follow-
ing equation:





xi

yi
f



 = B









xcam

ycam
zcam
1









wheref is the focal length of the camera, and

B =





1 0 0 0
0 1 0 0
0 0 1 0





Finally the last transformation is to map the(xi, yi)
positions in the image plane to the actual pixel locations
(x, y) using the internal camera parameters. Figure 3 below
explains this transformation:

.

x

y

I = (xo, yo) Ix

Iy

(xi, yi)

Fig. 3. Mapping to pixel location using internal camera parameters.

The transformation is therefore simply:

x = xikx − xo

y = yiky + yo

where(xo, yo) is the principal point where the optical axis
intersects the image plane at pointI in Figure 2 andkx is
the pixels per unit width andky is the pixels per unit height.
This transformation may be represented in matrix as:





x
y
1



 =
1

f





αx 0 −xo

0 αy yo
0 0 1









xi

yi
f





whereαx andαy are f · kx and f · ky respectively. Hence
by combining the three transformations we end up with the
following transformation:





x
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The overall transformation is typically the matrixP , the
perspective projection:

P =





P11 P12 P13 P14

P21 P22 P23 P24

P31 P32 P33 P34





Hence,
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P may beused in order to derive an equation of the line
which is projected into 3D by a single 2D point. In such a
case the unknowns aref , X, Y andZ. and we obtain the
following equations:

f · x = P11X + P12Y + P13Z + P14

f · y = P21X + P22Y + P23Z + P24

f = P31X + P32Y + P33Z + P34

We also know that the equation of the plane projected by the
audio tracker is given by the following equation:

Y = X tan θ + 0.4

whereθ is the azimuth angle given by the audio tracker and
the addition of0.4 accounts for the fact that the audio tracker
has a different reference point that is offset from the camera
coordinate system by0.4 metres in the Y-axis. By combining
these equations we obtain the following matrix which may
be solved analytically.









x −P11 −P12 −P13

y −P21 −P22 −P23

1 −P31 −P32 −P33

0 − tan θ 1 0

















f
X
Y
Z









=









P14

P24

P34

0.4









The solution provides us with a 3D track when using
just one video track and one audio track. Figure 4 shows
the overall system for tracking, using multiple cameras and
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audio-video fusion. One may perceive a possible problem
with this method. As the line projected by the 2D point
becomes parallel to the plane the errors in the track will
increase up to a point where there is no unique solution when
they are perfectly parallel.

Audio and Video
Data

All cameras
tracking ?

Yes

No

No

Yes

Yes

Two cameras
Tracking?

One camera
tracking?

Used 3 camera
3D reconstruction

Used 2 camera

fusion 
Use Audio−Visual

3D reconstruction

Fig. 4. Overall tracking system.

V. EXPERIMENTS

A. Dataset

Experiments were performed using the AV16.3
database [16]. This consists of subjects moving and
speaking at the same time whilst being recorded by three
calibrated video cameras and two circular eight element
microphone arrays. The layout of the room used for
recording is shown in Figure 5. Figure 6 shows an example
of an image from each camera.

3D co−ordinate origin (0, 0, 0)

8 element microphone array

Camera 1

Camera3

Camera 2

Fig. 5. Layout of room used for audio-visual recordings.

The audiowas recorded at 16 kHz and the video was
recorded at 25 Hz so in order to sychronize the two signals
the audio was sub-sampled at 25 Hz. Each video frame is
a colour image of 288x360 pixels. In our case the criterion
for the measurement step of the PF described in Section III
is a distance between colour histograms. The weighting of

Camera 1 Camera 2 Camera 3

Fig. 6. Frame captures from each of the recording cameras.

each particle,is computed by taking the histogram in a 7x7
window centred on the position hypothesized by the particle.
This is then compared to the reference histogram by taking
the Bhattacharya distance.

B. Results

The following experiments were carried out to test the
robustness of the tracking system to the loss of one or more
cameras. The test was performed by using each of the video
tracks in turn combined with the audio track. The test was
carried out on a single sequence of the AV16.3 corpus, for
which an annotation was available. In the sequence we used
for testing the subject is moving in a very dynamic way
around the entire field of view of all cameras and talking
continuously.

In these experiments we tested a number of camera and
audio configurations, projecting into 3D using three cameras,
projecting into 3D using two cameras or projecting into
3D using a single camera and audio. The results shown in
Table I clearly demonstrate that tracking with three cameras
is the most accurate. Two camera projection into 3D while
giving lower accuracy than all three cameras still provides
reasonable tracking performance. It can also be seen that the
3D projection of a single camera and audio give reasonable
results for cameras two and three. In camera one combined
with auido the large error is caused by spikes when the audio
track is parallel to the visual track as discussed in Section
IV. It can clearly be seen in the median error measure that in
general the results for using a single camera and audio are
comparable to using two cameras or even all three cameras.

TABLE I

RESULTS OF3D RECONSTRUCTION

Technique Average Error (m) Median Error (m)
3 Cameras 0.0173 0.0155

Cameras 1 and 2 0.0176 0.0158

Cameras 1 and 3 0.0230 0.0220

Cameras 2 and 3 0.0375 0.0286

Camera 1 and Audio 1.5694 0.0399

Camera 2 and Audio 0.0769 0.0593

Camera 3 and Audio 0.1106 0.0725

VI. CONCLUSIONS

In this paper we have investigated means by which video
and audio tracking may be fused effectively in order to
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provide a multi-camera tracking system that is robust to the
loss of two out of three cameras. We show how the audio
tracking can be fused with video tracking in a principled
way at the 3D reconstruction stage. The performance of
this system was demonstrated by comparing the performance
of single camera audio-video tracker to both two and three
camera video tracking. While the results for single camera
audio-video tracking were lower, they are comparable and
show that tracking is still possible even with the system
degraded by the loss of two cameras. We feel these results
are even more impressive given the noisy nature of the audio
tracking data.

One area of future investigation is the use of audio-visual
fusion to “re-boot” a camera after it has lost tracking. So the
camera would be re-initialized with the position estimated
from the fusion of a single camera and the audio signal.
This would create a tracking system with improved long term
robust tracking capability.
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Towards Backward Fuzzy Rule Interpolation

Shangzhu Jin, Ren Diao and Qiang Shen

Abstract— Fuzzy rule interpolation (FRI) is well known for
reducing the complexity of fuzzy models and making inference
possible in sparse rule-based systems. However, in practical
fuzzy applications with inter-connected rule bases, situations
may arise when a crucial antecedent of observation is absent,
either due to human error or difficulty in obtaining data,
while the associated conclusion may be derived according to
different rules or even observed directly. To address such issues,
a concept termed Backward Fuzzy Rule Interpolation (B-FRI)
is proposed, allowing the observations which directly relate to
the conclusion be inferred or interpolated from the known
antecedents and conclusion. B-FRI offers a way to broaden
the fields of research of fuzzy rule interpolation and fuzzy
inference. The steps of B-FRI implemented using the scale and
move transformation-based fuzzy interpolation are given, along
with two numerical examples to demonstrate the correctness
and accuracy of the approach. Finally, a practical example is
presented to show the applicability and potential of B-FRI.

I. INTRODUCTION

The Compositional Rule of Inference (CRI) [17] plays a
predominate role in fuzzy systems, where fuzzy rules are
typically interpreted as fuzzy relations. Many different CRI
implementations have been proposed by employing different
t-norms and s-norms [8]. However, all such implementations
are only applicable for problem domains where significantly
dense rule bases are available. Fuzzy rule interpolation
(FRI) has been introduced to address this limitation [10],
and is well known for reasoning in the presence of in-
sufficient knowledge commonly referred to as sparse rule
bases. Various interpolation methods have been developed
in the literature [7], [14], most of which can be categorised
into two classes with several exceptions (e.g. type II fuzzy
interpolation [4]).

The first category of approaches directly interpolates rules
whose antecedent is identical to the given observation. The
consequence of the interpolated rule is thus the logical
outcome. Most typical approaches in this group [2], [9], [10]
are based on the Decomposition Principle and Resolution
Principle, which assumes that a fuzzy set can be represented
by a series of α-cuts (α ∈ (0,1]). The α-cut of the interpo-
lated consequent fuzzy set is then calculated from the α-cuts
of the observed antecedent fuzzy sets, and all the fuzzy sets
involved in the rules used for interpolation. Having found the
consequent α-cuts for all α ∈ (0,1], the consequent fuzzy set
can be easily assembled by applying the Resolution Principle.

The second category is based on the analogical reasoning
mechanism [3], usually referred to as “analogy-based fuzzy
interpolation”. These approaches [1], [5], [6] first interpo-
late an artificially created intermediate rule, such that the

Shangzhu Jin, Ren Diao and Qiang Shen are with the Department
of Computer Science, Aberystwyth University, UK (email: {shj1, rrd09,
qqs}@aber.ac.uk).

antecedent of the intermediate rule is “closer” to the given
observation. Then, a conclusion can be deduced by firing
this intermediate rule through the analogical reasoning mech-
anism. The shape distinguishability between the resulting
fuzzy set and the consequence of the intermediate rule, is
then analogous to the shape distinguishability between the
observation and the antecedent of the created intermediate
rule.

Fig. 1. A general backward fuzzy rule interpolation structure

Despite the numerous approaches present and their advan-
tages, FRI techniques are relatively rarely applied in practice
[12]. One of the main reasons is that many practical fuzzy
applications are multiple-input and multiple-output (MIMO)
systems. The rule bases involved may be irregular in nature,
and could be arranged in an inter-connected mesh, where
observations and conclusions in between different rule bases
could be overlapped, and yet not directly relative. For such
complex systems, any missing values in a given set of
observations could cause a complete failure in interpolation.
For instance, in Fig. 1, the conclusion Bn of the final rule Rn
can not be interpolated straightforwardly, because the three
missing observations cannot be deduced using conventional
means.

To dress this kind of problem, a novel concept termed
Backward Fuzzy Rule Interpolation (B-FRI) is proposed. B-
FRI argues that the unknown antecedents of observation can
be interpolated, provided that all other antecedents and the
conclusion are known. Being a beneficial addition to FRI,
B-FRI is an approach which achieves indirect interpolative
reasoning. Using the earlier example in Fig. 1, the unknown
antecedents An

r and An
p can be backward interpolated ac-

cording to rules R j and Ri, where the conclusions A j
1, Ai

q
and other antecedent terms are already known. The last
missing antecedent An

m can then be interpolated using R1,
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and subsequently Bn can also be deduced, as now all required
antecedents are known for forward interpolation.

In this paper, B-FRI is implemented using the scale and
move transformation-based fuzzy interpolative reasoning (T-
FIR) [5], [6], which is an analogy-based approach. The
main reason for this adoption is that T-FIR offers a flexible
and complete means to handle both interpolation and ex-
trapolation involving multiple fuzzy rules. T-FIR guarantees
the uniqueness as well as normality and convexity of the
resulting interpolated fuzzy sets. It is also able to handle
interpolation of multiple antecedent variables with different
types of fuzzy membership function.

The rest of this paper is organised as follows. Section II
reviews the general concepts of the T-FIR. The proposed B-
FRI approach is given in Section III, including methods for
single and multiple antecedent variables, along with worked
examples. A possible application that reasons about terrorist
activities is provided in Section IV, to demonstrate the cor-
rectness and accuracy of this approach. Section V concludes
the paper and suggests possible future enhancements.

II. BACKGROUND OF TRANSFORMATION-BASED
INTERPOLATIVE REASONING

This section provides a general introduction of the proce-
dures involved in T-FIR [6], including the definition of the
underlying key concepts, and an outline of its interpolation
steps. Triangular membership functions are the most common
and widely used fuzzy set representation in fuzzy systems,
and they are also adopted in this paper for simplicity.

The key concept used in T-FIR is the representative value
Rep(A) of a triangular fuzzy set A. It is defined as the average
of the X coordinates of the triangle’s three points: the left and
right extreme points a0, a2 (with membership values = 0),
and the normal point a1 (with membership value = 1).

Rep(A) =
a0 +a1 +a2

3
(1)

µ a1

b1

µ A A
1.0

X

Y

a10 a11 a12 a0 a2 a20 a21 a22

b10 b11 b12 b0 b2 b20 b21 b22

1 A2

B1 B2

*

B*

1.0

Fig. 2. Interpolation with triangular membership functions.

A. T-FIR with Two Single Antecedent Rules

1) Determination of Two Closest Rules
For single antecedent rules A⇒ B, the distances to the
observation A∗ can be computed using Eqn. 2.

d = d(A,A∗) = d(Rep(A),Rep(A∗)) (2)

2) Construct Intermediate Fuzzy Terms
Suppose that the two neighbouring rules after distance
comparison A1 ⇒ B1, A2 ⇒ B2, and the observation
A∗ are given as illustrated in Fig. 2. The intermediate
fuzzy term A

′
= (1−λA)A1+λAA2 can then be defined

according to the ratio of distances λA between their
representative values, and Rep(A

′
) = Rep(A∗):

λA =
d(A1,A∗)
d(A1,A2)

=
d(Rep(A1),Rep(A∗))
d(Rep(A1),Rep(A2))

(3)


a0
′ = (1−λA)a10 +λAa20

a1
′ = (1−λA)a11 +λAa21

a2
′ = (1−λA)a12 +λAa22

(4)

Similarly the fuzzy set B
′

on the consequence domain
can be obtained. In the single antecedent case, λB = λA.

B
′
= (1−λB)B1 +λBB2 (5)

3) Scale Transformation:
Let A

′′
= (a0

′′
,a1

′′
,a2

′′
) denote the fuzzy set generated

by the scale transformation. By using the scale rate sA,
A
′
’s current support (a0

′
,a2

′
) is transformed into a new

support (a0
′′
,a2

′′
), such that a2

′′−a0
′′
= sA×(a

′
2−a

′
0).

a0
′′ = a0

′(1+2sA)+a1
′(1−sA)+a2

′(1−sA)
3

a1
′′ = a0

′(1−sA)+a1
′(1+2sA)+a2

′(1−sA)
3

a2
′′ = a0

′(1−sA)+a1
′(1−sA)+a2

′(1+2sA)
3

sA = a2
′′−a0

′′

a2 ′−a0 ′

(6)

4) Move Transformation:
The current support of A

′′
is moved to (a0,a2) while

keeping its representative value, resulting in the fuzzy
set A∗. 

mA = a0−a0
′′

a1
′′−a0

′′
3

,a0 ≥ a0
′′

mA = a0−a0
′′

a2
′′−a1

′′
3

,otherwise
(7)

Given the move ratio mA, the transformed fuzzy set A∗

can be calculated using:




a0 = a0

′′+mA
a1
′′−a0

′′

3

a1 = a1
′′−2mA

a1
′′−a0

′′

3

a2 = a2
′′+mA

a1
′−a0

′′

3

mA ≥ 0 (8a)


a0 = a0

′′+mA
a2
′′−a1

′′

3

a1 = a1
′′−2mA

a2
′′−a1

′′

3

a2 = a2
′′+mA

a2
′′−a1

′′

3

otherwise (8b)

5) The above transformations from A
′

to A∗ can be
concisely represented by function T (A

′
,A∗). Similarly,

the function T is applied to transforming B
′

to B∗ such
that:
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T (B
′
,B∗) = T (A

′
,A∗) (9)

where sB = sA and mB = mA for the current single
antecedent case.

B. T-FIR with Multiple Antecedent Variables

1) Determination of Two Closest Rules
Without losing generality, rules Ri, R j and observation
O can be represented in the following forms:

Ri: IF x1 is Ai
1, · · · , xk is Ai

k, · · · , xM is Ai
M ,

THEN y is Bi

R j: IF x1 is A j
1, · · · , xk is A j

k, · · · , xM is A j
M ,

THEN y is B j

O: A∗1, · · · , A∗l , · · · , A∗M

where Ai
k is the linguistic term of the Ri rule on the kth

antecedent dimension, k = 1, · · · ,M. A∗l , l = 1, · · · ,M
are the observed fuzzy sets of variable xl . and M is the
total number of antecedents. The distance dk between
the fuzzy sets Ai

k and A∗k can then be calculated as:

dAk =
d(Ai

k,A
∗
k)

maxAk −minAk

=
d(Rep(Ai

k),Rep(A∗k))
maxAk −minAk

(10)

where maxAk and minAk are the maximal and minimal
domain values of variable xk. This normalises the
absolute distance measure into the range [0,1], so that
distances are compatible with others measured over
different domains. From this, the distance d between a
rule and an observation can then be calculated as the
average of all variables’ distances. The two rules which
have the minimum distance are chosen, which are
located on both sides of the observation, respectively.

d =

√
dA1

2 +dA2
2 + · · ·+dAM

2 (11)

2) Interpolation between the Two Rules
Suppose that the two adjacent rules are Ri and R j, to
interpolate B∗, the values Ai

k and A j
k are used in Eqn. 3

and 4 to obtain the displacement factor λAk , and the
intermediate fuzzy terms A

′
k for each antecedent di-

mension xk. In conjunction with the given observation
terms A∗k , the scale and move transformation T (A

′
k,A
∗
k),

and the necessary parameters involved sAk and mAk are
calculated using Eqn. 6 and 7.
For the current scenario with multiple antecedent rules,
each antecedent dimension would have its own λAk ,
sAk , and mAk values. The following equations aggregate
them all in order to discover the intermediate fuzzy
term B

′
. The fuzzy set B∗ of conclusion can then be

estimated by the transformation T (B
′
,B∗) = {sB,mB}.

λB =
1
M

M

∑
k=1

λAk (12)

B
′
= (1−λB)Bi +λBB j (13)

sB =
1
M

M

∑
k=1

sAk (14)

mB =
1
M

M

∑
k=1

mAk (15)

III. BACKWARD FUZZY RULE INTERPOLATION

In this section, the concept of Backward Fuzzy Rule
Interpolation (B-FRI) is presented. Again, for simplicity, only
cases involving two adjacent rules are considered. In general,
any FRI can be represented as follows:

B∗ = fFRI(A∗1, · · · ,A∗l , · · · ,A∗M,(Ri,R j)) (16)

where fFRI denotes the entire process of the forward fuzzy
rule interpolation using rules Ri and R j, A∗l , l = 1,2, · · · ,M
are observed values of the antecedent variables and B∗ is the
interpolated conclusion, (Ri,R j) are the two adjacent rules.
Similarly, for B-FRI the following general form can be used:

A∗l = fB−FRI((B∗,(A∗1, · · · ,A∗l−1,A
∗
l+1, · · · ,A∗M)),(Ri,R j))

(17)
where fB−FRI denotes the entire process of backward fuzzy
interpolation, and A∗l is the unknown observation to be
backward interpolated.

A. B-FRI with Single Antecedent Variable

By definition of linear interpolation, the process of B-FRI
with single antecedent rules is identical to that of traditional
interpolation. The antecedents and consequence of rules are
simply positioned in the reverse order, and the observed
consequent variable becomes the new antecedent.

Example 3.1: An example is used here to illustrate the
process, as well as to provide an example of the T-FIR
procedures. The two original rules are given in Table I
and illustrated in Fig. 3, with the conclusion being given:
B∗ = (5.83,6.26,7.38). Note that in contrary to the notations
given in Section II-A, the conclusion B∗ is now known, and
A∗ becomes the targeted interpolation result.

TABLE I
EXAMPLE OF B-FRI, B∗ = (5.83,6.26,7.38)

Rule Antecedents Consequence
R1 A1 = (0,5,6) B1 = (0,2,4)
R2 A2 = (11,13,14) B2 = (10,11,13)

1) Construct Intermediate Fuzzy Terms B
′

and A
′
: The

relative placement factor λB = 0.481 is calculated
first using Eqn. 3. The intermediate fuzzy term
B
′
= (4.811,6.330,8.330) is constructed according to

Eqn. 4, which has the same representative value as
the conclusion B∗, Rep(B

′
) = Rep(B∗) = 6.490. Ac-

cording to Eqn. 5, work out the intermediate value
A
′
= (5.292,8.849,9.849).

2) Calculate Scale Rate: The scale rate sB is calculated
using Eqn. 6, resulting in sB = 0.440. The second
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Fig. 3. Example of B-FRI with single antecedent

intermediate term B
′′
= (5.75,6.42,7.30) denote the

fuzzy set generated by the scale transformation. This
transformation rescales the support of B

′
, (b

′
0,b

′
2) =

(4.81,8.33) into a new support b
′′
0,b

′′
2 = (5.75,7.30),

such that the length of support is modified by sB:
(7.30−5.75) = 1.55 = 0.440× (8.33−4.81).

3) Calculate Move Ratio: According to Eqn. 7, mB =
0.357 can be deduced that will shift (b

′′
0,b

′′
2) =

(5.75,7.30) to (b∗0,b
∗
2) = (5.83,7.38). The result of the

above scale and move transformation should success-
fully transform B

′′
back to B∗.

4) Scale and Move Transformation A
′

to A∗: Having dis-
covered sB and mB, the reverse transformation of Eqn. 9
can be performed. The scale transformation is first
applied to A

′
using sA = sB = 0.440, resulting in the

second intermediate term A
′′
= (6.805,8.372,8.812).

In the end, A∗ = (6.992,7.999,8.999) is a result from
the move transformation from A

′′
using move ratio

mA = mB = 0.357, hereby completing the backward
transformation process T (A

′
,A∗) = T (B

′
,B∗).

The correctness and accuracy of backward interpolation
can be easily proven by doing conventional T-FIR using A∗=
(6.992,7.999,8.999) as the observed value. The conclusion
B∗ = (5.8304,6.2604,7.3803) consistent with the originally
given observation.

B. B-FRI with Multiple Antecedent Variables

A close examination of the T-FIR algorithm reveals that
all the parameters in association with the calculation of the
consequence variable, namely λB, sB and mB, are algebraic
averages of the parameters from individual antecedent terms
according to Eqn. 12, 14 and 15. Thus, it has an intuitive
appeal to assume that, in order to perform backward in-
terpolation, the consequent variable should be treated with
a biased weight that is the sum of all antecedent weights.
The parameters for the missing antecedent should then be
calculated by subtracting parameter values of the known
antecedents from the consequent values. The following sum-
marises the proposed B-FRI algorithm that reflects this
intuition:

1) Determination of Closest Rules In reference to the

earlier definition of the B-FRI process in Eqn. 17, when
B∗,(A∗1, · · · ,A∗l−1,A

∗
l+1, · · · ,A∗M) are given, in order to

interpolate the unknown antecedent A∗l , the discovery
of the closest rules Ri and R j are required. In contrary
to the plain distance measure introduced in Eqn. 10 and
11, a modified scheme is proposed which reflects the
biased consideration toward the consequent variable:

d =

√√√√(
M

∑
k=1

wAk)×dB
2 +

M

∑
k=1, k 6=l

(wAk dAk
2) (18)

When used purely for the choice of closest rules, the
square root stated in the original distance measure
becomes unnecessary, as only the ordering information
is recognised. Further more, for general backward
interpolation without sufficient knowledge on the ac-
tual level of importance of different antecedents, all
antecedents should be treated equal, that is:

wA1 = wA2 = · · ·= wAM = 1 (19)

wB =
M

∑
k=1

wAk = M (20)

The above formula can therefore be simplified into:

d̂ = M×dB
2 +

M

∑
k=1, k 6=l

dAk
2 (21)

For better illustration of the later interpolation
procedures, the two adjacent rules Ri and R j, and the
observation O are represented as follows:

Ri: IF x1 is Ai
1, · · · , xk is Ai

k, · · · , xM is Ai
M ,

THEN y is Bi

R j: IF x1 is A j
1, · · · , xk is A j

k, · · · , xM is A j
M ,

THEN y is B j

O: A∗1, · · · , A∗l−1, A∗l+1, · · · , A∗M , B∗

where Ai
k and A j

k denote the kth terms of rules Ri and
R j respectively. The missing antecedent value in the
observation is denoted by A∗l .

2) Construct the Intermediate Fuzzy Terms The first step
of the actual interpolation process is to compute the
intermediate fuzzy terms for each antecedent and the
consequent variable, including A

′
l for the missing lth

antecedent. For this, λAl is needed to be calculated.
Recall Eqn. 12 where λl was part of the ∑

M
k=1 λAk on the

right hand side. Now that B∗ is already known, λB can
be easily calculated from Eqn. 22. It is then possible
to deduce λAl according to Eqn. 23, where each λAk
for the other known antecedents Ak is calculated using
the generalised version of Eqn. 3, shown in Eqn. 24.
The intermediate fuzzy terms A

′
k, k = 1,2, · · · ,M and

B
′

can now be computed according to Eqn. 4.
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λB =
d(Rep(Bi),Rep(B∗)
d(Rep(Bi),Rep(B j))

(22)

λAl = M×λB−
M

∑
k=1, k 6=l

λAk (23)

λAk =
d(Ai

k,A
∗
k)

d(Ai
k,A

j
k)

=
d(Rep(Ai

k),Rep(A∗k)

d(Rep(Ai
k),Rep(A j

k))
(24)

3) Scale and Move Transformation Having the intermedi-
ate fuzzy terms, the essential parameters sAl and mAl
involved in the transformation process can be derived.
Following the same reasoning and steps as that of
λAl , by reversing the forward transformation procedure
introduced in Eqn. 14 and 15, the required values can
be found as shown below according to Eqn. 25 and
26, where sB and mB are immediately obtainable by
evoking Eqn. 6 and 7. The generalised formulae for
sAk and mAk can be derived similarly to Eqn. 24, such
that:

sAl = M× sB−
M

∑
k=1, k 6=l

sAk (25)

mAl = M×mB−
M

∑
k=1, k 6=l

mAk (26)

4) Finally with all parameters acquired, the scale and
move transformation on A

′
l can be performed as shown

in Eqn. 27, resulting in the (backward) interpolated
value A∗l , that was originally missing.

T (A
′
l ,A
∗
l ) = {sAl ,mAl} (27)

Example 3.2: This example illustrates backward interpo-
lation of multiple antecedent variables with triangular mem-
bership functions. The two adjacent rules are given in Table II
and Fig. 4, with the observation being

A∗1 = (4,5,6),A∗2 = (5,6,7),B∗ = (10.23,11.80,13.73)

TABLE II
TWO CLOSEST RULES FOR OBSERVATION

Rule Antecedents Consequence
Rule 1 A1

1 = (1,2,3), A1
2 = (2,3,4),

A1
3 = (2,4,5)

B1 = (5,7,9)

Rule 2 A2
1 = (7,9,10), A2

2 = (8,9,10),
A2

3 = (9,10,11)
B2 = (15,17,19)

1) Construct Intermediate Fuzzy Terms:
The λB for the consequent dimension is 0.492 ac-
cording to Eqn. 22. The parameter for the missing
observation can then be calculated using Eqn. 23:
λA3 = 3× 0.492− (0.450+ 0.5) = 0.526, and the in-
termediate fuzzy set A

′
3 = (5.684,7.158,8.158) can be

obtained according to Eqn. 4.
2) Scale and Move A

′
3 to A∗3:

A2
1

X3

X2

0  1   2   3   4    5   6   7   8   9  10  11 12 13  14  15 

0  1   2   3   4    5   6   7   8   9  10  11 12 13  14  15 

1X

A1
1 A1

2

A2
2

  

A1
*

A3
1 A3

* A3
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*

µ

µ
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µ
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Y
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*

Fig. 4. Example of B-FRI with multiple antecedents

TABLE III
EXAMPLE RULES FOR EXPLOSION LIKELIHOOD

Crowdedness Warning Explosion Likelihood
C1 Very Low Moderate Very Low
C2 Moderate Moderate Low
C3 Moderate High Low
C4 High Moderate Moderate

The individual scale and move parameters can be
calculated according to Eqn. 6 and 7, resulting in
sB = 0.875, mB = 0.103. From Eqn. 25 and 26 it is
possible to obtain sA3 = 0.809 and mA3 = 0.153. The
second intermediate fuzzy term A

′′
3 can be computed to

be (5.934,7.126,7.934). Finally, according to Eqn. 27,
the transformed A∗3 = (5.995,7.004,7.995) can be ob-
tained.

Again the result can be validated by performing the
conventional T-FIR using the obtained A∗3, resulting in the
conclusion being (10.2301,11.8001,13.7298), which is con-
sistent with the given observed conclusion.

IV. EXPERIMENTATION AND DISCUSSION

A. Experimental Scenario

Consider a practical scenario that involves the possible
detection of terrorist bombing events. The likelihood of an
explosion can be directly affected by the number of people
in the area, a crowded place is usually more likely to attract
terrorists’ attention. The number of public warning signs
displayed in the area may also affect the potential outcome.
With many eye-catching warning signs, people may raise
their awareness of the surroundings, and may promptly report
suspicious individuals or items, giving less opportunities for
the terrorists to attack. Given such concepts regarding the
antecedent variables Crowdedness, Warning level, and the
consequent variable Explosion Likelihood, a rule base can
be established with example rules listed in Table III.
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TABLE IV
EXAMPLE RULES FOR CROWDEDNESS

Popularity Travel Warning Crowdedness
C1 Very Low Very Low Very High Very Low
C2 Very Low Very High Very Low Low
C3 Very Low High High Low
C4 Moderate Moderate High Low
C5 Moderate High Low Moderate
C6 High Very Low High Very Low
C7 High High Moderate Moderate
C8 High High Very Low High

TABLE V
FUZZY RULE BASE FOR EXPLOSION LIKELIHOOD

Crowdedness Warning Explosion Likelihood
E1 (0.0,1.0,2.0) (0.0,0.8,1.8) (0.0,0.9,1.9)
E2 (0.0,1.0,2.0) (3.4,4.4,5.4) (0.0,0.7,1.7)
E3 (0.1,1.1,2.1) (7.4,8.4,9.4) (0.0,0.6,1.6)
E4 (3.5,4.5,5.5) (0.0,0.5,1.5) (3.2,4.2,5.2)
E5 (3.7,4.7,5.7) (3.1,4.1,5.1) (2.3,3.3,4.3)
E6 (4.2,5.2,6.2) (6.9,7.9,8.9) (1.9,2.9,3.9)
E7 (7.6,8.6,9.6) (0.0,0.3,1.3) (7.2,8.2,9.2)
E8 (7.0,8.0,9.0) (3.5,4.5,5.5) (4.5,5.5,6.5)
E9 (7.7,8.7,9.7) (7.6,8.6,9.6) (3.7,4.7,5.7)

Additionally, there may exist another rule base that focuses
on the prediction of crowdedness. The number of people in
an area is directly related to the Popularity of the place, but
it can also be affected by the level of Travel Convenience. A
well known place that is hard to get to by usual means, may
not have more people than an attraction that is less famous,
but very easy to reach. Moreover, considering the current
scenario, the crowdedness may also change in relation to
the Warning level. The less brave individuals may shy
away from places that are considered dangerous, judged by
the amount of explosion alerts in the surrounding areas.
Summarising the above information, the second rule base
may be derived. Table IV displays a subset of such rules.

It is easy to identify that both rule bases involved are fuzzy
and sparse. Fuzziness is naturally introduced by the presence
of linguistic terms used to describe the domain variables.
From the linguistic terms it can be deduced that the rule bases
contain substantial gaps amongst the underlying domains of
the variables concerned. The terms Low, Moderate, and High
although provide reasonable coverage of the entire domain,
but intermediate values such as Moderate Low, Moderate
High are not represented. By converting the linguistic terms
into fuzzy sets, the following two rule bases presented in
Table V and VI may be produced. These are used for later
experiments for illustrative purposes.

For traditional forward interpolative reasoning, in order to
interpolate Explosion Likelihood, the observed value for the
level of Crowdedness and Warning level are both required.
The antecedent variable Warning level is particularly im-
portant for it is required by both rule bases. Without it, no
matter what other information is there available, even with
the Crowdedness known, as illustrated in Table VII, forward
interpolation would still fail.

In order to interpolate Explosion Likelihood, it is essential

TABLE VI
FUZZY RULE BASE FOR CROWDEDNESS

Popularity Travel Warning Crowdedness
C1 (0.0,0.4,1.4) (0.0,0.5,1.5) (0.0,0.9,1.9) (0.0,0.8,1.8)
C2 (0.1,1.1,2.1) (0.0,0.6,1.6) (3.1,4.1,5.1) (0.0,0.8,1.8)
C3 (0.2,1.2,2.2) (0.0,1.0,2.0) (7.3,8.3,9.3) (0.0,0.7,1.7)
C4 (0.0,0.4,1.4) (3.0,4.0,5.0) (0.0,0.9,1.9) (0.8,1.8,2.8)
C5 (0.0,0.6,1.6) (3.6,4.6,5.6) (3.2,4.2,5.2) (0.5,1.5,2.5)
C6 (0.0,1.0,2.0) (3.8,4.8,5.8) (7.1,8.1,9.1) (0.4,1.4,2.4)
C7 (0.0,0.7,1.7) (7.6,8.6,9.6) (0.0,1.0,2.0) (1.8,2.8,3.8)
C8 (0.1,1.1,2.1) (7.1,8.1,9.1) (3.7,4.7,5.7) (1.3,2.3,3.3)
C9 (0.0,0.8,1.8) (7.1,8.1,9.1) (6.9,7.9,8.9) (0.7,1.7,2.7)
C10 (3.2,4.2,5.2) (0.0,1.0,2.0) (0.0,1.0,2.0) (1.1,2.1,3.1)
C11 (3.4,4.4,5.4) (0.0,0.8,1.8) (3.9,4.9,5.9) (0.5,1.5,2.5)
C12 (3.5,4.5,5.5) (0.0,0.9,1.9) (7.3,8.3,9.3) (0.3,1.3,2.3)
C13 (3.2,4.2,5.2) (3.7,4.7,5.7) (0.0,1.0,2.0) (3.2,4.2,5.2)
C14 (3.4,4.4,5.4) (3.2,4.2,5.2) (3.9,4.9,5.9) (2.0,3.0,4.0)
C15 (3.7,4.7,5.7) (4.0,5.0,6.0) (7.2,8.2,9.2) (1.7,2.7,3.7)
C16 (3.1,4.1,5.1) (7.4,8.4,9.4) (0.0,0.9,1.9) (4.5,5.5,6.5)
C17 (3.2,4.2,5.2) (7.5,8.5,9.5) (3.9,4.9,5.9) (3.1,4.1,5.1)
C18 (3.2,4.2,5.2) (7.7,8.7,9.7) (6.8,7.8,8.8) (2.5,3.5,4.5)
C19 (7.6,8.6,9.6) (0.2,1.2,2.2) (0.0,0.5,1.5) (2.3,3.3,4.3)
C20 (7.4,8.4,9.4) (0.1,1.1,2.1) (3.0,4.0,5.0) (1.4,2.4,3.4)
C21 (6.8,7.8,8.8) (0.0,0.5,1.5) (7.4,8.4,9.4) (0.5,1.5,2.5)
C22 (7.1,8.1,9.1) (3.9,4.9,5.9) (0.0,0.5,1.5) (5.0,6.0,7.0)
C23 (7.2,8.2,9.2) (3.4,4.4,5.4) (3.6,4.6,5.6) (3.2,4.2,5.2)
C24 (7.4,8.4,9.4) (3.3,4.3,5.3) (6.8,7.8,8.8) (2.5,3.5,4.5)
C25 (7.3,8.3,9.3) (7.2,8.2,9.2) (0.0,0.6,1.6) (6.7,7.7,8.7)
C26 (7.4,8.4,9.4) (6.8,7.8,8.8) (3.4,4.4,5.4) (4.7,5.7,6.7)
C27 (7.6,8.6,9.6) (7.0,8.0,9.0) (7.1,8.1,9.1) (3.6,4.6,5.6)

TABLE VII
OBSERVATION

Popularity Travel Warning Crowdedness
(6.3,6.8,7.4) (5.6,7.4,8.1) N/A (4.3, 5.3, 6.2)

Moderate High Moderate High N/A Moderate

to determine the value of Warning using B-FRI. Following
the steps detailed in section III-B, the two closest rules are
first selected using the consequence-biased distance measure
stated in Eqn. 21, as shown in Table VIII. The intermediate
fuzzy term A

′
warning = (2.6,3.6,4.6) can be derived from

the two neighbouring terms Ai
warning = (3.4,4.4,5.4) and

A j
warning = (0.0,1.0,2.0), by using the relative displacement

factor λwarning calculated from Eqn. 23. It is then scaled and
moved using swarning, mwarning from Eqn. 25 and 26, produc-
ing the backward interpolated value A∗warning = (2.7,3.5,4.6).
Now with both antecedents A∗crowdedness = (4.3,5.3,6.2) and
A∗warning = (2.7,3.5,4.6) present, the second rule base can
therefore be evoked to produce the final interpolation result,
B∗explosion = (3.1,4.0,5.0), this time using the standard T-FIR.

If the normal distance measure in Eqn. 11 is used, the
rules will no longer be selected with biased focus on the
consequence, instead treating everything with equal weight.
The rules shown in Table IX will then be selected. Following
the backward interpolation process again, a different outcome

TABLE VIII
TWO CLOSEST RULES USING BIASED DISTANCE MEASURE

Popularity Travel Warning Crowdedness
(7.4,8.4,9.4) (6.8,7.8,8.8) (3.4,4.4,5.4) (4.7,5.7,6.7)
(3.2,4.2,5.2) (3.7,4.7,5.7) (0.0,1.0,2.0) (3.2,4.2,5.2)
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TABLE IX
TWO CLOSEST RULES USING PLAIN DISTANCE MEASURE

Popularity Travel Warning Crowdedness
(7.1,8.1,9.1) (3.9,4.9,5.9) (0.0,0.5,1.5) (5.0,6.0,7.0)
(3.2,4.2,5.2) (7.5,8.5,9.5) (3.9,4.9,5.9) (3.1,4.1,5.1)

of A∗warning = (1.0,1.5,2.5) will be derived, followed by
B∗explosion =(3.6,4.5,5.5) interpolated using T-FIR on the sec-
ond rule base. Looking back at the original observation, given
the two known antecedent values A∗popularity = (6.3,6.8,7.4)
and A∗travel =(5.6,7.4,8.1), the intuitive deduction of Crowd-
edness should be quite high, as the place is both moderately
high in popularity and is moderately convenient to reach.
The only reason that the observed Crowdedness is having a
moderate value of (4.3,5.3,6.2) may well have been caused
by a reasonable level of Warning. Intuitively the outcome
A∗warning = (2.7,3.5,4.6) from the biased distance measure
is therefore more agreeable than A∗warning = (1.0,1.5,2.5)
from the plain distance measure. Further experiments show
that, by using A∗warning = (1.0,1.5,2.5) and the two known
antecedent values, T-FIR method interpolates Crowdedness
as (5.39,6.34,7.18), which is much further than the original
observation.

V. CONCLUSION

This paper has presented a backward fuzzy rule inter-
polative reasoning approach implemented using the scale
and move transformation-based fuzzy interpolation method.
It offers a means to broaden the application of fuzzy rule
interpolation and fuzzy inference. The proposed technique
allows flexible interpolation when certain antecedents are
missing from the observation, where traditional approach
fails. Two numerical examples are provided to illustrate
the operation of this approach. A practical application is
also included to demonstrate the feasibility of the proposed
approach in potentially addressing real-world problems.

Currently, the work is only applicable when using tri-
angular membership functions and two adjacent rules. It
does not cover the issue of extrapolation either. Extensions
which enables this approach to cover these important FRI
aspects remain as active research. Further more, it would
be useful to have a generalised approach that can be imple-
mented using other type of interpolation method (e.g. IMUL
[15], FIVE [11], or GM [1]), with results compared. The
proposed method may also be further generalised [13] and
combined with the adaptive fuzzy interpolation technique
which ensures inference consistency [16]. Finally, it is very
interesting to investigate how the proposed work may be used
to form a theoretical basis upon which a hierarchical fuzzy
interpolation mechanism could be developed, which would
allow more effective and efficient use of rule bases involving
fuzzy rules of different length or variables.
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Abstract— Challenges on the Internet Infrastructure such as 

Distributed Denial of Service (DDoS) attacks are becoming 

more and more elaborate nowadays. DDoS attack has emerged 

as a growing threat not only to business and organizations but 

also to national security and public safety. Incidents such as the 

collapse of the Estonian network infrastructure in 2007 and the 

Wikileaks related DDoS attacks against so called anti free-

speech organizations, have suggested that DDoS attacks are 

now being used as a new political weapon. DDoS attacks have 

become more dynamic and intelligent than before, prompting 

for equally advanced response in dealing with the attacks. In 

this position paper, we aim to improve our “D2R2+DR” 

Resilience Strategy by adopting some learning and evolving 

components within it. We propose two schemes for our case 

studies. The first is focusing on classification and feature 

extraction, while the latter aims to capitalise on evolving 

intelligent techniques to control policy parameters. Both of 

these schemes are investigated using a clean pipe (tunnelled) 

approach to emulate an attack scenario in a real ISP network. 

The novelty of our proposal lies in the application of a new, 

evolving intelligent technique which is computationally light, 

economical and sustainable, to our Resilience Strategy. 

I. INTRODUCTION 

The D
2
R

2
+DR Resilience Strategy illustrated in Fig. 1 is a 

framework of interrelated monitoring and control activities 

that are used to protect networks and their services against 

challenges of all sorts [5].  

 
Fig. 1.  D2R2+DR Resilience Strategy 

  

Our resilience strategy comprises of two loops. The inner 

loop, which consists of the Defend, Detect, Remediate and 

Recovery (D
2
R

2
) actions, is a set of routine procedures that 

are autonomous and are expected to execute in real time. 

Driven by the performance result of the inner loop‟s 

components, the Diagnose and Refine (DR) components 

determine new policies and rules to be communicated to the 

inner loop. Policies, rules, and control parameter 

 
 

configurations applied during the DR stage are not time 

critical, hence can be done offline with direct interaction by 

the human operator. To diagnose and improve the 

performance of the strategy, Resilience Metrics, Quality of 

Service benchmarks or risk assessment can be used to 

support the decision making process. The policies set within 

the outer loop components are abstract and need to be further 

encoded or refined to the lower level specification language, 

understandable by the components in the inner loop. 

II. MOTIVATION 

A case study was conducted on Telekom Malaysia [4] to 

identify gaps and issues in managing the network against 

network challenges such as Distributed Denial of Service 

(DDoS) attacks. We presented some detail discussion in our 

previous paper [4], to justify the need for autonomous 

network management for an Internet Service Provider (ISP). 

As an ISP, Telekom Malaysia is continuously coping with 

the emerging attack on its network infrastructure. Current 

detection tools offer no concrete solution to prevent new 

breeds of attack. As the result, legacy techniques such as 

ratelimiting and sinkholes are still predominantly used to 

handle DDoS attacks. Commercial tools such as Peakflow 

from ArborNetworks are widely deployed throughout the 

network to assist with anomaly detection at the network 

perimeter. This solution, although quite reliable in detecting 

the presence of DDoS attacks entering the network, is still 

relying heavily on human intervention. The solution helps in 

making detecting and assisting configuration changes across 

the network easier, but it still lack autonomous and self 

learning ability which is crucial in improving the speed of 

recovery. The systems need to be regularly maintained and 

upgraded from time to time to cope with new challenges on 

the network. Another challenge for this ISP is to maintain a 

highly skilled security analyst team to help the day to day 

operation. 

Based on a case study on policy based approach for DDoS 

Remediation [4], we have identified, among the reasons to 

have an intelligent security system, the failure of current 

solutions to cope with the dynamicity and scale of DDoS 

attack. Some of the solutions that were used to deal with the 

attack were ineffective because of many factors including 

technical and non technical limitations. Thus, despite much 

research on DDoS mitigation in the past, only a little has 

been deployed in the real world as practicality remains the 
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major hurdle for implementation. Other than the 

technological factors, human and environmental factors such 

as lack of expertise, high cost of deployment, lack of 

understanding and support from the management, 

misconfiguration, human error, poor policy enforcement, 

lack of process and  procedure definition  are among current 

limitation that need to be addressed by the operator. In 

another word human factor is also key in achieving a 

successful security strategy. 

Based on current trend on security infrastructure [1], one 

of the key points discussed in the survey report is the need to 

have an intelligent system. (This study was based on a survey 

conducted by Arbor Networks towards 132 self classified 

Tier1 Tier2, Tier 3 and other IP network operators from 

North America, South America, Europe, Africa and Asia. 

Arbor is one of the leading solution providers for DDoS 

prevention system with many ISP clients all over the world 

including Telekom Malaysia). 

The report outlines several factors suggesting why 

intelligent DDoS mitigation system is imminent. The factors 

include: 

1) Failure of Current Perimeter Defense: Among factor of 

failure to cope with DDoS are device vulnerability to DDoS 

attack due to hardware limitation, complicated to use (need 

skilled security experts, analysts), limited software capability 

and wrong deployment strategy 

2) Non Technical Factors: Non technical factors such as 

lack of skilled resources, lack internal/external 

communication, lack of clearly defined operational 

responsibilities, lack of clearly defined policies and lack of 

management understanding and commitment to security 

initiative.  

3) Current Mitigation Mechanism for ISP:  The survey 

indicates that Access Control List, Sinkhole and Ratelimiter 

are still the favourite mechanism but growth of Intelligent 

devices deployment are growing from 4% to 18% from year 

before 

4) Time to Mitigate: Majority of respondents are still 

struggling to handle attack within acceptable time. 

5) DDoS Mitigation as Service : Some ISPs have already 

planning on leveraging the cost of handling DDoS to the 

customers by introducing new security services such as 

scrubbing (or clean pipe services) to customers. 

In conclusion, a new approach to improve resilience 

strategy should not only address the technological limitation 

but also the human and environmental aspects of the 

problem. Through an adaptive, self-calibrating and evolving 

solution, we believe that not only a more practical and 

economical solution can be achieved, but human error can 

also be minimized. This is because, learning and evolving 

systems will allow expertise to be retained within the systems 

and can be deployed with minimum effort, cost and time. 

Rather than a problem, the solution can also be an 

opportunity to provide new security services (such as clean 

pipe service) to the client. 

III. MACHINE LEARNING TECHNIQUES FOR RESILIENCE 

We conducted a review to identify potential Machine 

Learning techniques that can be adapted into our Resilience 

Strategy. Our main focus is to identify potential approach to 

address the classic problem of Classification and Control 

which are discussed in detail in the next section.  From the 

range of techniques in Machine Learning surveyed, the 

following shortlisted approaches offer several interesting 

features that could be considered in our case study. 

 

Potential Learning Techniques for the Inner Loop (D
2
R

2
) 

 
TABLE I 

POTENTIAL TECHNIQUES FOR THE INNER LOOP (D
2
R

2) 

Approach Description Output 

Reinforcement 

Learning (RL) 

Semi-supervised, 

Stochastic, use 

feedback as reward 

from environment, 

Online/Real time 

application.  

„Critics‟ on whether 

the output is correct or 

wrong 

Self Organizing 

Maps (SOM) 

A type of ANN, 

unsupervised, 

suitable for real time 

application 

Discretized 

representation of the 

input space ( Map) , 

multiple group or data 

clusters)   

Support Vector 

Machine (SVM) 

Supervised, 

Classifier, assign 

input into 2 classes. 

Feature classification, 

prediction, pattern 

recognition, minimize 

overfitting problems. 

Fuzzy Rule 

Based (FRB) 

systems(Evolving 

Takagi Sugeno-

eTS+ ) 

Can be supervised or 

semi-supervised, 

Real time 

application, human 

readable rules/form 

 

Rules, adaptive 

parameters (control) 

(IF <fuzzy 

parameters> THEN 

<fuzzy consequence>) 

 

The applicability of these techniques will depend upon the 

type of actions to be performed by the D
2
R

2
 components. 

Based on the description in Table I, most of the techniques 

listed can be potentially deployed online. All of the 

approaches can be used to solve classification problem 

however among all, only Reinforcement Learning (RL) and 

Fuzzy Rule Based (FRB) approach have been widely used 

for optimization or control problem.  

 RL differs from the rest of the techniques as it is semi-

supervised using the feedback from the environment. The 

drawback of using this approach in our case is probably 

because, the convergence of RL itself is not proven when 

learning from indefinite environment (the output is based on 

reward rather than labels). Effective learning is also 

dependent upon expensive data exploration through 

interaction with environment. In addition to that, RL can 

only produce a discrete output which is suitable for discrete 

range of actions such as controlling the movement of a 

robotic arm. On the contrary, in FRB systems based on 

evolving Takagi Sugeno (eTS+) approach [2], regular 

training and remodeling can be performed by using a 

streamed of data online. eTS+ is able to offer a proven local 

Proceedings of UKCI 2011

202



 

 

 

convergence because its learning is based on RLS and its 

structure is piece-wise linear. eTS+ can also work in multiple 

input and multiple output mode [13] (MIMO type), which is 

an advantage for a systems that need multiple outputs. 

In conclusion, the FRB techniques employing evolving 

Takagi Sugeno (eTS+) approach satisfies our requirement 

for a fast, economical and lightweight approach to be 

adapted into our Resilience Strategy. The key advantage of 

this approach is that it works with multiple inputs and 

outputs and at the same time use a human readable form of 

rule representation (IF-THEN). eTS+ systems can avoid the 

need for offline remodeling and at the same time offer fast 

local convergence. One unique feature that eTS+ can offer is 

evolving mechanism that helps to keep size of rules at the 

optimum level. This is done by dynamically adding and 

removing rules from the knowledge base, avoiding the need 

for a long list of unused rules (ie outdated rules) which will 

be costly for online application. The range of powerful eTS+ 

algorithm such as eClass0 [14], eClustering+ [15], and 

Recursive Density Estimator (RDE) [12] will allow us to 

explore several different applications to our Resilience 

Strategy. Their potential area of application include control, 

classification (a supervised learning using eClass algorithm) 

and clustering (unsupervised learning using eClustering 

algorithm which is useful for feature extraction of finding a 

new cluster or anomaly). eTS+ is known to have been 

successfully applied and commercialized in other problem 

domains.  

 

Potential Learning Techniques for the Outer Loop (DR) 

 
TABLE II 

POTENTIAL TECHNIQUES FOR THE OUTER LOOP (DR) 

Approach Description Output 
Evolutionary 

Learning  

Offline, Supervised or 

Unsupervised 

Optimization, 

Decision Tree Deterministic, Offline, 

Supervised 

Decision  

Data Mining  Supervised, Offline, 

Regression type  

Rules from data  

Expert Systems Supervised, Require Experts 

and Heuristics to devise 

rules. 

Optimized 

policy (use 

weights) 

 

Based on Tables II above we can conclude that all of these 

techniques can potentially be applied to the outer loop or 

Diagnosis-Recovery (DR) strategy.  The learning within this 

loop, is not time critical, therefore the selection criteria will 

be based on the cost of deployment such as complexity and 

time of convergence. Learning techniques such as 

Evolutionary Learning for example, offer both supervised 

and unsupervised learning mode but at the expense of higher 

complexity and cost. The rest of the techniques, on the other 

hand, offer certain advantages and disadvantages depending 

on how they are designed to suit our requirement. Accuracy 

would also be an important factor as the outcome will be 

used to validate or be compared with the decision made at 

the inner loop. Hence, for the outer loop, it would be worth 

to explore multiple approaches which can be part of our 

study towards adaptive Resilience Strategy D
2
R

2
+DR. 

IV. PROPOSED SCHEMES 

The application of learning techniques to our Resilience 

Strategy will help to provide solutions for several problems 

in DDoS handling. Among them are attack classification, 

anomaly detection, feature extraction, bandwidth and 

resource optimization and so on. Based on the techniques 

discussed earlier and their potential application, we are 

proposing these two schemes for our case study: 

1) Attack Classification and Feature Extraction 

2) Adaptive Policy Parameters 

For both of the schemes, multi-input-multi-output (MIMO) 

type eFRB [13] will be used. In general, our Evolving fuzzy 

systems can be described as follows: 

Rulei : 

 

 IF (xi is close to x
i*

1 ) AND ... AND (xn is close to x
n*

1 ) 

 THEN                   

)AND () AND ... ( xaayxaay j

n

j

i

jm

i

m

i

mj

n

j

i

j

ii





1

0
1

1011

 

 Rulei is one of several (i=1,2..R) fuzzy rules in the 

rule base; 

 xj:j=1,2,...,n are input variables. In our first scheme, 

this will be the features and in the second scheme 

this will be the policy parameter; 

 y
i 
denotes output of the 

i
-th fuzzy rule (note that in 

the first scheme this is the attack label and in the 

second scheme this will be the action parameter); 

 xijdenotes the j-th prototype (focal point) of the i-th 

fuzzy rule; 

 aij 
denotes the 

j
-th parameter of the 

i
-th fuzzy rule. 

A. Scheme 1: Attack Classification and Feature Extraction 

In this scheme, once detected, malicious packets will be 

tunnelled into a clean pipe facility for filtering purpose. In 

this facility, an Evolving Classifier Engine (shown in Fig. 2) 

will be actively capturing a stream of data channelled into its 

ingress interface. 

 
Fig. 2: Clean Pipe Service with Evolving Classifier 

 

Proceedings of UKCI 2011

203

http://www.scholarpedia.org/article/Maps_with_Vanishing_Denominators


 

 

 

Using the real time traffic, network parameters such as delay, 

packet loss, response time and others will be measured using 

variety of probes such as flow collector, Simple Network 

Management Protocol (SNMP) collector, latency checker 

etc. All these reading or dataset, known as features (F1...Fn) 

will be pre-processed and prepared for training.  Pre-

processing is needed to prepare the dataset for a standardized 

form and format understandable by the systems. Pre-

processed dataset will be organized as shown in Fig. 3. 

 
Fig. 3: Pre-processed dataset will be organized into table of Feature (F) and 

Labels (L). Some part of dataset will be selected for training and testing 

features in identifying attacks 

 

Traffic measurement can be classified into these two 

categories:  

1) Payload Pattern: This type of identification is based on 

the content of the packet such as size of byte, string, protocol 

state (HTTP GET), source-destination IP, source-destination 

port, session type, special characters, sequence  or specific 

pattern in the payload that is use to identify an application. 

2) Flow/Packet Statistic: Identification is based on statistical 

analysis or the traffic such as flow rate, packet arriving 

interval, latency, bandwidth, source-destination IP 

distribution, source-destination port distribution, application 

behaviour etc. 

Classification of DDoS Attacks 

In classification problem, all the features defined earlier will 

be associated with their respective class or labels. In a fuzzy 

rule based structure, these labels represent the consequence 

(or THEN) part of the rules. The class of attack or labels 

(L1…Ln) will be assigned using a priori information defined 

by a set of supervisory rules which will be installed during 

initialization. Alternatively learning can be performed „from 

scratch‟. Stream of traffic will be classified and labeled 

accordingly. Available marking scheme such as Type of 

Service (ToS) or DSCP can be used for labeling.  

 

Class of attack can also be defined in two ways: 

1) Categorical: This classification is based on attributes of 

event such as attack behaviour, attack type, protocol 

cluster, application cluster, remediation cluster. 

2) Degree of event: This classification is based on the degree 

of event that can be determined using any kind of 

measurement or metric such as Resilience Metric, 

severity level, priority level and so on. 

 

When the system is initialized, supervisory rules will be 

applied to train the first batch of input stream.  eClass 

algorithm will be used for the learning process, generating a 

set new rules at the end of this training session. These new 

set of rules is used as model for the attack classifier and 

remain valid until the next cycle of training depending on the 

interval set by the administrator. 

Action and Remediation 

The role of the classifier is to classify or label the packet 

according to the rules or current model of attack 

classification. Marking scheme such as Type of Service and 

DSCP can be used for packet labeling. Although, not 

discussed thoroughly in this paper, the action will be selected 

based on the labels associated with the packet. As the result, 

only a cleaned traffic will be tunnelled back to the original 

destination while other traffic (probably malicious one) will 

be dropped or suppressed (using rate limiter) before it is sent 

back to the network. 

New Class of Attack and Feature Extraction 

It is interesting to note that, since this classifier (eClass 

algorithm) works in supervised learning mode, supervisory 

rules (set of predefined association of features and labels) 

need to be defined. Another algorithm from the eTS+ family 

such as eClass0 [14] and eClustering+ [15] can be used to 

perform clustering without having to define the class of 

attack. With clustering approach, the system will be able to 

detect anomalies, outliers, and new breed of attack. Although 

the main objective of our proposed scheme is to develop an 

evolving classifier, it can be extended to detect anomaly and 

new emergence of attack when the priory information or 

initial rules of classification is not available. Apart from that, 

eClustering+ can also be used to extract new features as 

eClustering+ algorithm runs in a fully unsupervised learning 

mode. This would be the future work to consider as an 

extension for the first scheme we are proposing in this paper. 

Implementation 

The implementation uses an ISP topology as a case study [3]. 

Common network management component such as netflow 

collector will be used to collect the stream of traffic which is 

tunnelled into the Evolving Classifier. Network simulator 

OMNET++ will be used to model the attack on our 

simulated ISP network. For the modeling and learning, 

algorithms such as RDE, eClass and eClustering+ algorithm 

are available in the Matlab Fuzzy Toolbox. 

B. Scheme 2: Adaptive Policy Using eTS+ 

As mentioned earlier, the communication between the outer 

and inner loop will be capitalising on abstract language such 

as policy. In our previous paper [3], we have demonstrated 

how policy, with the help from policy tools, ponder2 can be 

used in autonomous network environment (we use 

Ratelimiter as case study). This scheme is proposed as an 

extension to our previous work on autonomous network 

management. We identified that, after capitalising on 

Policies, Resilience Strategy can be further improved by 

adding a policy learning ability. This includes the ability to 

optimize policy parameters to adapt to condition. 
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The Need for Evolving Policy 

Consider the algorithm for Ratelimiter as shown in Fig. 4. 

Each of the actions and decisions is actually guided by a 

local policy rules that specifies condition and actions (IF-

THEN rules). 

 

 

Fig.  4: Algorithm for Ratelimiter showing the process of ratelimiting and 

other dependent components [taken from reference [3]] 

 

Fig. 5 shows a sample of remediation policy that is 

configured in the local manager. It specifies actions or 

responses to an event where a link is congested.  

 
Configure manager for handling high risk alert 

on highRisk (link) 

if (LinkMonitorMO getUtilisation() < 50%)  

 do RatelimiterMO limit(link, 80%); 

on highRisk (link) 

if (LinkMonitorMO getUtilisation() >= 50% ) 

 do  

 { RatelimiterMO limit(link, 60%); 

                    ClassifierMO = new KNearestNeighbors(5); 

                    ClassifierMO enable(link)); } 

 

Fig.5 : A sample pseudo code for policy [taken from reference [3]] 

 

Based on Fig. 5 above, it is obvious that the current 

limitation of this policy lies on the fixed parameter values 

that occasionally need to be changed by the operator. 

Adaptive policy parameter therefore is a useful enhancement 

to be considered to address this problem. Hence, we are 

proposing the second scheme which is a study toward 

adaptive policy parameters. 

 

Applying Evolving Fuzzy Rule Based Systems to the Policy 

 

Evolving Fuzzy Rules Based (eFRB) systems, represented 

using set of IF-THEN rules can be applied to our current 

policy-based Resilience Strategy with some modification and 

integration. The conceptual framework in figure 6 below 

shows how eTS+ can be used to control the policy 

parameters for our Ratelimiter object. In this scheme, 

multiple input parameters such as latency, flowrate, 

bandwidth etc will be fed into the evolving policy engine. 

Learning will be supervised by threshold and input from the 

actual environment. The output, in the form of QoS value or 

latency is compared to the desired Resilience Target to 

produce an error feedback mechanism for the system.  

 

For example: 

IF (Ɵ-threshold is 0) THEN (QoS) is Good) 

 

 
 Fig. 6 : Adaptive policy parameter using eTS+ 

 

 
Fig. 7: Pre-processed data for training and testing 

 

A continuous reading or measurement of parameters will be 

sent to eTS+ engine that will use these parameters for 

training and modeling. The learning scheme is similar to the 

first scheme but in addition, threshold is used for controlling 

purpose (As shown in Fig. 7). As the result, the rule base of 

this system will continue to evolve and policy parameters 

will be adjusted from time to time. 

V.  RELATED WORK 

Although there are many new classification techniques that 

capitalise on algorithms such as SVM [9], K-Means [7], rule 

mining [10] and combinations of decision tree and GA [11], 

many of these approaches are emphasizing learning accuracy 

and speed but lack discussion on how it can be sustained and 

evolve. We have selected eTS+ because, apart from the 

learning ability, eTS+ contain some mechanisms that allow 

the knowledge base to evolve (shrinking and expanding of 

rules based on age and utilities of the rules). This is the key 

advantage that contributes to systems sustainability, apart 

from being fully recursive, computationally light, robust, 

flexible and autonomous [2]. Our aim is not to only to apply 

adaptive ability to the systems but we are also aiming 

towards building potentially autonomic and evolving systems 

which is part of undergoing experimentation on Resilience 

Strategy D
2
R

2
+DR [6]. In a recent comparative study 

conducted against five popular classification techniques, 

Singh et., al [8]  shows that Rule Base System (RBS) 

accuracy is above average when trained using a full feature 

dataset (although, it was also significantly ranked among the 

highest training time). RBS algorithm we use, however is 

different from the algorithm studied, as we propose the use 
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of evolving Takagi Sugeno (eTS+) which an enhanced RBS 

technique that has been tested on streaming and real data [2]. 

Furthermore, while many other research in traffic 

classification emphasize on the accuracy of their systems, it 

is not always the case for online application where a balance 

between cost, speed and accuracy is the more important. 

Even so, eTS+ accuracy is actually above average when 

tested against other machine learning techniques. 

VI. FUTURE WORK 

The concept discussed in this paper is our preliminary effort 

to enhance our Resilience Strategy with some adaptive 

capability. Our future work targets to design the 

experimental framework as an implementation phase for the 

two schemes proposed in this paper.  For the first scheme, 

detail definition of attack features and classes need to be 

prepared. Data preprocessing framework that define the 

mechanism, standards and formats need to be developed 

before the experimentation can begin. Apart from that, 

feature extraction using eClustering+ algorithm is an 

interesting area to explore as it could be an upgrade to the 

first scheme which is currently running in supervised mode. 

Unsupervised learning would be interesting because the 

strategy need to be able to adjust to a new breed of attack 

which will always emerge in the future. Apart from that, 

several offline learning approach need to be explored and 

applied to the outer loop of D
2
R

2
+DR. Finally, an evaluation 

strategy will need to be devised to evaluate the applicability 

of our approach in a real scenario. 

VII. CONCLUSION 

Our study aims to investigate how an adaptive Resilience 

Strategy can be used to handle Distributed Denial of Service 

(DDoS) attacks. In this paper, we proposed two schemes in 

which evolving Takagi Sugeno or eTS+ (A Fuzzy Rule 

Based (FRB) learning technique) can be applied to our 

Resilience Strategy D
2
R

2
+DR. This technique was chosen 

because of its robustness, lightweight computation, full 

recursiveness (suitable for online application), and its 

flexible and autonomous behaviour. The technique is also 

distinguished from other learning techniques because of its 

ability not only to learn, but also to evolve (both shrinking 

and growing its knowledge base). This position paper also 

sets the scene for our future experimentation plans targeted 

towards an adaptive Resilience Strategy. 
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Abstract—This paper presents a study on the optimisation 

control of a reactive polymer composite moulding process using 

ant colony optimisation and bootstrap aggregated neural 

networks. In order to overcome the difficulties in developing 

mechanistic models, neural network models are developed from 

process operation data. Bootstrap aggregated neural networks 

are used to enhance model prediction accuracy and reliability. 

Ant colony optimisation is able to cope with optimisation 

problems with multiple local optima and is able to find the 

global optimum. Ant colony optimisation is used in this study to 

find the optimal curing temperature profile. Model prediction 

confidence is incorporated in the optimisation objective function 

to enhance the reliability of the optimisation control policy. The 

proposed method is tested on a simulated reactive polymer 

composite moulding process.  

I. INTRODUCTION 

Polymer composite materials have achieved widespread 

use in industry, including automobile, aviation and 

construction. Their manufacture involves thermoset curing 

which is dominated by complex dynamics and trial and error 

has been the only practical optimisation method to improve 

process operation [1]. This presents the opportunity for 

additional bottom-line economic benefit by application of 

computer based optimisation control methods, which require 

accurate process models. 

The development of detailed mechanistic models for 

reactive polymer composite moulding processes is generally 

time consuming and effort demanding. Thus, developing 

detailed mechanistic models would not be suitable for agile 

manufacturing processes where products and raw materials 

often change in response to market condition and customer 

demands. Data based models should therefore be utilised. 

Neural networks have been shown to be able to approximate 

any nonlinear functions [2] and have been applied to 

nonlinear process modelling [3-4].  

A limitation of conventional neural networks is that they 

can lack generalisation capability. That is they can give very 

good performance on the training data but not so good, or 

even poor, performance on unseen data. There are several 

approaches for enhancing neural network generalisation 

capability, such as training with regularisation [5], early 
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stopping [6], Bayesian learning [7], and combining multiple 

neural networks [8-10]. Among these approaches, combining 

multiple neural networks is the most effective one. One 

approach to combining multiple neural networks is through 

developing multiple neural networks on bootstrap re-

sampling replications of the original training data [11]. 

Bootstrap aggregated neural networks (BAGNET) are shown 

to give more reliable and accurate prediction performance on 

unseen data than single neural networks [12]. Furthermore, 

model prediction confidence bounds can be calculated from 

the multiple neural network predictions [12].  

Conventional gradient based optimisation methods can be 

trapped in local minima, especially when highly nonlinear 

optimisation objective functions are involved. To overcome 

this problem, population based optimisation methods such as 

genetic algorithms [13], particle swarm optimisation [14], 

and ant colony optimisation (ACO) [15] can be used.  

This paper presents a study on using ACO and BAGNET 

for the optimisation control of a reactive polymer composite 

moulding process. The paper is organised as follows. Section 

II presents a simulated reactive polymer composite moulding 

process and its control objective. Section III presents ACO 

for optimisation. Modelling of a reactive polymer composite 

moulding process using BAGNET is presented in Section 

IV. A reliable optimisation control method based on ACO 

and BAGNET is presented in Section V together with 

application results. The last section concludes this paper.  

II. A SIMULATED REACTIVE POLYMER COMPOSITE 

MOULDING PROCESS 

The optimisation control strategy is tested on simulation 

using the mechanistic model given [1]. The basic kinetic 

model is a combination of autocatalytic and nth order 

reaction terms with Arrhenius dependence of the rate 

constants: 
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where a is the degree of cure, T is the curing temperature,  R 

is the perfect gas content, P1 and P2 are the activation 

energies, P3 and P4 are the rates constants, and P5 to P7 are 

the reaction orders. Two improved models incorporating 
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glass transition temperature and a diffusion term are given in 

[1]. The improved model is used in this study and the model 

parameters can be found in [1]. 

The control objective is to maximise the degree of cure at 

the end of the batch. Only when the degree of cure is close to 

1 the mould can be opened, otherwise the product could 

deform leading to defective products. The control policy 

consists of a temperature setpoint profile, U, throughout the 

batch cycle at control time steps: 0
th

, 1
st
, … , f

 th
, where f is 

the number of control intervals (CIs) in each batch. At the 

N
th

 step, 

 

U(N) = [ U(0), U(1), … , U(N) ]
T
        (2)

 

where U(j) is the temperature setpoint at the jth control time 

step. 

 

III. ANT COLONY OPTIMISATION 

The ACO meta-heuristic, based on the metaphor of 

foraging ants, was proposed by Dorigo and colleagues in the 

early 1990s [15]. It is a type of swarm intelligence, in which 

simple agents interact among themselves with no central 

control system. These and other stochastic optimisation 

techniques, such as evolutionary algorithms, are renowned 

for their ability to find global optima. This is in contrast to 

their traditional gradient-based counterparts, which tend to 

get trapped in local optima.   

ACO is inspired by the behaviour of ants which are able to 

find the shortest path between the nest and food source. The 

ants are almost blind and therefore initially move about 

randomly. Each ant deposits pheromone while it moves, 

producing a trail. If another ant comes close, it can smell the 

pheromone and correspondingly follow the trail, depositing 

its own pheromone. Therefore the greater the pheromone, the 

more likely a close ant is to pursue the trail. Fig. 1 illustrates 

the selection a shorter route. When the ants approach (Fig. 1 

A), the upper and lower paths are selected with equal 

probability (Fig. 1 B), as there are no pheromone deposits, 

shown as dashed lines. Assuming the ants move at the same 

speed, a shorter route has more pheromone at its end (Fig. 1 

C), and is therefore more likely to be tracked by returning 

ants which approach it (Fig. 1 D). The ants quickly converge 

on the shortest path via this positive feedback mechanism, 

also termed “autocatalysis”. This behaviour is practised by 

the artificial ants of ACO in finding optima. 

When the food source exhausts, the ants no longer deposit 

pheromone on the path. The pheromone evaporates 

gradually, reducing the probability of successive ants 

following it, and hence encourages random search for new 

sources. This analogy is utilised in ACO for artificial ants 

ruling out local optima and searching for the global one. 

 

 

Fig. 1. How real ants select shorter path  

 

Not many ant-inspired algorithms have been proposed for 

continuous problems. The first was by Bilchev and Parmee 

[16, 17] for local search. It was extended to global search 

and coined, Continuous ACO (CACO), by Woodrich and 

Bilchev [18]. CACO was found to be the best performing 

algorithm in terms of least function evaluations and was used 

in this study. 

In this study CACO was first tested on some benchmark 

optimisation problems before being used for optimisation 

control of a reactive polymer composite moulding process. 

The following benchmark optimisation problems were 

considered [19].  
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Table I shows the results of CACO runs using the 

benchmark functions. There were 30 runs per function and 

the percentage success is the percentage of runs in which the 

global optimum was correctly found to desired accuracy. In 

Table I, nmax is the maximum number of iterations.  The high 

success rate shows that the CACO algorithm is functional. 

For the purpose of comparison, the benchmark functions 

were also optimised with a gradient-based sequential 

quadratic programming (SQP) method. The optimisation was 

run 30 times on each function, each time with random initial 

values. The reliability was then determined in terms of 

success rate – see Table II. From Tables I and II, it can be 

seen that CACO gives more reliable results on the 

benchmark optimisation problems than SQP.  

TABLE I. CACO PERFORMANCE ON BENCHMARK FUNCTIONS 

Function nmax 

Average no. 

of function  

evaluations 

%  

success 

GP 40 3600 100 

MG 80 800 100 

R2 160 7800 100 

Gr 2500 36000 97 

 

TABLE II. GRADIENT-BASED OPTIMISATION SUCCESS RATES FOR 

BENCHMARK FUNCTIONS 

Function 
%  

success 

GP  83 

MG 100 

R2 100 

Gr    3 

 

IV. MODELLING USING BOOTSTRAP AGGREGATED NEURAL 

NETWORKS 

A. Bootstrap Aggregated Neural Networks 

A diagram of bootstrap aggregated neural networks is 

shown in Fig. 2, where several neural network models are 

developed to model the same relationship. Instead of 

selecting a “best” single neural network model, these 

individual neural networks are combined together to improve 

model accuracy and robustness. The overall output of the 

aggregated neural network is a weighted combination of the 

individual neural network outputs. This can be represented 

by the following equation. 

  f X w f X
i i

i

n

( ) ( )



1

            (3) 

where f(X) is the aggregated neural network predictor, fi(X) is 

the ith neural network output, wi is the aggregating weight 

for combining the ith neural network, n is the number of 

neural networks, and X is a vector of neural network inputs. 

Proper determination of the stacking weights is essential for 

good modelling performance. A popular choice of stacking 

weights is simple averaging, i.e. the stacked neural network 

output is an average of the individual network outputs. Since 

the individual neural networks are highly correlated, 

appropriate stacking weights could be obtained through 

principal component regression (PCR) [10]. Instead of using 

constant stacking weights, the stacking weights can also 

dynamically change with the model inputs [20, 21].  

X Y

 

Fig. 2. A bootstrap aggregated neural network 

Another advantage of bootstrap aggregated neural network 

is that model prediction confidence bounds can be calculated 

from individual network predictions [12]. The standard error 

of the ith predicted value is estimated as 

2/12
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               (4) 

where y(xi; .) =  

n

b

b

i nWxy
1

/);(  and n is the number of 

neural networks in an aggregated neural network. Assuming 

that the individual network prediction errors are normally 

distributed, the 95% prediction confidence bounds can be 

calculated as y(xi; .)  1.96e. A narrower confidence bound, 

i.e. smaller e, indicates that the associated model prediction 

is more reliable. 
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B. Modelling of the Degree of Cure Using Bootstrap 

Aggregated Neural Networks 

Developing data based models from limited process data 

is of vital importance in agile manufacturing processes. It 

was assumed here that valid historical data was limited – 

therefore 9 batches were simulated and are shown in Fig. 3. 

Of these, batches 1, 3, 6, 8 and 9 were selected for NN 

model construction, while batches 2, 4, 5, and 7 were 

selected as “unseen” data for evaluating the model. Notice 

that the model evaluation batches were chosen to interleave 

the model construction batches. The model was therefore 

built from a wider range of data, and validated throughout 

this range. Each batch comprised 8 control time steps.  

 

 
 

Fig. 3. Simulated process data 

 

In order to show the advantages of BAGNET, a single 

neural network model was also developed. All the individual 

network networks are feed forward neural networks with a 

single hidden layer. The models represented by the neural 

networks are of the following form: 

  y(t) = f[y(t-1), u(t-1)]            (5) 

where y is the degree of cure, u is the applied temperature, t 

is discrete time, f() is a nonlinear function represented by the 

neural network.  

The number of hidden neurons used is determined though 

cross validation. The data for building neural network 

models are further partitioned into training and validation 

sets. A number of neural networks were developed and tested 

on the validation data. The network that gives the lowest sum 

of squared errors (SSE) on the validation data is considered 

to have the appropriate number of hidden neurons. Fig. 4 

shows that 6 hidden neurons give the best performance. 

The least long-range prediction SSE of the validation 

subset was produced by a BAGNET with 25 NNs, as shown 

in Fig. 5. However, SSE for low number of neural networks 

were highly variable because the NNs were trained just once, 

producing possible sub-optimal performance. In fact, later 

runs produced significantly different SSEs for such low 

number of neural networks. As the number of neural 

networks increases, the variability averages out, and the SSE 

therefore decreases gradually. This pattern was more 

consistent in later runs. Therefore, for reliable and accurate 

predictions, large number of neural networks should be used. 

Beyond 20 NNs, there is little change in SSE, while 

computational processing requirements are significantly 

increased. In this regard, a value at or just above 21 is 

appropriate. 

A sensible value of 30 was chosen. This is based on the 

statistical rule of thumb that for reliable estimates of standard 

deviations of an unknown population, at least 30 samples 

should be used.  

 

 

 
 

Fig. 4. SSE on the validation data 

 

 

 
 

Fig. 5. SSE for various numbers of constituent NNs  

 

In a BAGNET, the individual networks can be combined 

through averaging PCR. Table III compares the two options 

and it shows that PCR weighted combination resulted in the 

lesser SSE, 1.01×10
-2

, compared to the averaging 

combination. This is expected because of the high 

correlation of the constituent NNs‟ outputs. The variation in 
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the latter is well described via PCA, and with linear 

regression, the prediction is closely related to the actual 

output. PCR was therefore the selected combination method. 

TABLE III. SSE FOR AVERAGING AND PCR COMBINATION METHODS  

Combination method 
SSE  

(×10-2) 

MSE  

(×10-3) 

Averaging 2.08 1.3 

PCR 1.01 0.63 

 

The mean squared errors (MSE) of long-range predictions 

on the unseen testing data are also calculated and shown in 

Table IV. It can be seen from Table IV that BAGNET gives 

much better performance than a single neural network. 

TABLE IV. PERFORMANCE OF BAGNET AND SINGLE NN  

Model MSE (training)  MSE (validation)  

BAGNET 0.56×10-3 1.1×10-3 

Single NN 2.5×10-3 2.4×10-3 

 

V. RELIABLE OPTIMISATION CONTROL 

Using a neural network dynamic model, the optimal control 

profile (i.e. heating profile) is calculated off-line by solving 

the following optimisation problem. 

)()]([min 321
,,1

feffd
tuu

twtwtwJ
fN

 


     

s.t. product quality and operation constraints 

where d is the desired degree of cure, tf is the batch time, σe 

is the standard error of neural network predictions, w1, w2 

and w3 are weighting factors, and u1,…, uN form the control 

profile. Earlier studies [22, 23] show that penalising wide 

model prediction confidence bounds (i.e. large σe) leads to 

reliable optimal control policies. 

The CACO was applied to this polymer moulding process 

by using the final developed BAGNET in the objective 

function. In order to prove the CACO‟s functionality, a 

consistency check, involving 30 runs, was performed. The 

performance of CACO is compared with that of SQP. For 

SQP implementations, random initial values were employed 

in each run. Note that in evaluating an optimiser‟s 

achievement of desired accuracy, and hence success, the 

„reference‟ solution was taken to be the best of 100 runs on 

the gradient-based optimiser, with random initial values for 

each run. 

From Table V, the CACO was 100% reliable in 

optimising. In contrast, the gradient-based optimiser had 

success rates less than 100%. Therefore the CACO was 

proven to be more reliable in optimising the NN model. 

However, based on the average number of function 

evaluations, the CACO was less efficient in finding the 

solution. This is due to the method of constraints handling 

and to the algorithm itself, which was found by others such 

as Socha and Dorigo [24], to be less efficient than later 

continuous ACO versions. Such faster algorithms, if as 

reliable as the CACO on the NN model, will be more 

appealing for implementation on the real process. 

 

TABLE V. COMPARISON OF CACO AND SQP 

Cases 

of 

f = 7, 

w3 

SQP CACO 

% 

success 

Ave. no. of 

function 

evaluations 

% 

success 

Ave. no. of 

function 

evaluations 

0 97 500 100 80,700 

0.1 90 700 100 77,800 

0.5 90 1300 100 85,200 

1 70 700 100 101,100 

 

The effect of incorporating model prediction confidence in 

the optimisation objective function is shown in Table VI. In 

Table VI, a is the actual degree of cure under the optimal 

control policy, ap is the neural network model predicted 

degree of cure under the optimal control policy, and σe is the 

standard error of model predictions. When the model 

prediction confidence is not considered, i.e. w3=0, the actual 

degree of cure is 9931.661×10
-4

. When the model prediction 

confidence is considered, the actual degree of cure is 

improved. Of the cases considered in Table VI, w3=0.5 gives 

the highest degree of cure on the actual process.  The optimal 

curing temperature profile for this case is: 

U=[20.0, 70.0, 120.0, 159.3, 159.3, 160.0, 160.0, 160.0] 

TABLE VI. CACO SOLUTIONS USING VARIOUS WEIGHTS w3 

Cases of 

f = 7, 

w3 

a 

/ ×10-4 

ap 

/ ×10-4 

σe 

/ ×10-3 

0 9931.661 9871.196 4.115 

0.1 9932.344 9871.195 4.114 

0.5 9933.642 9871.190 4.112 

1 9931.854 9871.091 4.099 

 

VI. CONCLUSIONS 

Optimisation control of a reactive polymer composite 

moulding process using ant colony optimisation and 

bootstrap aggregated neural networks is studied. Bootstrap 

aggregated neural networks are shown to give better and 

more reliable prediction accuracy than single neural 

networks. Ant colony optimisation is shown to be able to 
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find global optimum. Incorporating model prediction 

confidence bound in the optimisation can improve the 

reliability of the calculated optimal control policy. 

Application results on a simulated reactive polymer 

composite moulding process demonstrate that the proposed 

method is effective. The method is also applicable to the 

optimisation control of other batch processes. 
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Abstract— Currently there does not appear to be a 

coordinated framework for analyzing and mining spectral data 

using wavelets; as a consequence, we present preliminary work 

towards such a framework. The framework separates data-

specific issues from pattern-specific ones. 

Given signal (MALDI-TOF) data, an adaptive data mining 

framework can utilise wavelets for data-specific issues and 

Support Vector Machines (SVMs) for pattern-specific issues. 

Wavelets play an important role in localizing features of data 

and extracting them for further analysis among other benefits; 

SVMs are popular classifiers that learn by examples and assign 

labels to objects. 

The paper addresses pattern-specific issues through a case 

study of SVM classification of MALDI-TOF mass spectra of 

bacteria data. MALDI-TOF data presents analysis challenges 

due to its complexity and inherent data uncertainties. In 

addition, there are usually large mass ranges within which to 

identify the spectra and this may pose problems in 

classification.  

I. INTRODUCTION 

Data mining enables extraction of novel and useful 

patterns from previously unknown data [28]. Various 

specialized data mining techniques deal with data of certain 

types and forms - including classification, association rule 

mining and clustering [28]. In Bioinformatics, analysis of 

proteins sequences, genomic sequences, bacteria species, 

nano data etc have presented various yet similar challenges – 

noise (uncertainty), missing data, dimensionality, 

representation (or form) etc. For example, signal data 

produced in many domains including bacteria [1][2][4], 

images, sound etc often exhibit such characteristics. Signal 

data can be analysed by various techniques including Fourier 

transforms and wavelets. The work in [3] suggests that 

wavelets are clearly favourable in situations where signal 

data is non-stationery and local feature learning is desirable 

at high and low frequencies, a characteristic called compact 

support. Wavelets divide the data or functions into different 

frequency groups of varying resolutions matched to their 

scale and analysed separately. Other properties include 

vanishing moments (distinguishing essential information 
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from non-essential information), hierarchical representation, 

feature selection, efficiency (linear time and space 

complexity of transformations) etc. Such properties make 

wavelets useful in the mining of large, highly dimensional, 

noisy and uncertain signal data. Recently, data mining has 

been applied to bacteria signal data e.g. MALDI-TOF MS 

(Matrix-Assisted Laser Desorption Ionisation (MALDI) 

Time Of Flight (TOF) Mass Spectra) using machine learning 

[4] and magnetic resonance using wavelets [5]. MALDI-TOF 

screening has been shown to be a simple and useful 

technique for rapidly identifying microorganisms and 

classifying them into specific subtypes of pathogens. The 

usual approach in most applications is to set up a large 

database of profile spectra to identify isolates using some 

specialised software e.g. Biotyper 2.0 [6]. However, pattern 

matching software relies on an extensive database that may 

be difficult to search and find exact or similar matches and is 

not readily available for public use. Machine learning 

approaches, though complex to build in the first instance, are 

a suitable alternative as they can learn new examples and 

give better results. 

A prototype wavelet-based framework for data mining 

reported in [3] follows the knowledge discovery in databases 

(KDD) framework: data management, data pre-processing, 

data mining algorithms and post-processing with basics of 

wavelet properties. We observe that the KDD framework is 

not an exact fit for all data mining approaches because data 

management (data access, data storage, data manipulation 

etc) is not always followed by data pre-processing (data 

noise removal, data integration, data reduction, data 

transformation etc) and in any case, database data is mined 

differently to, for example, raw and unprocessed signal data 

even if the same algorithms may be used. In general, pattern 

mining (classification, association rule mining, clustering 

etc) is followed by pattern evaluation (refine, 

evaluate/interpret interestingness etc).  

Currently, there does not appear to be a coordinated 

framework for analyzing and mining spectral data using 

wavelets. Hence, this paper presents preliminary work 

towards an adaptive and novel framework for mining of 

spectral features, divided into data-specific and pattern-

specific issues. Data-specific issues involve all data pre-

processing, feature selection, parameter selection etc before 

mining. Pattern-specific issues involve pattern mining-choice 

of algorithms, kernels, models, setting mining objectives 

(parameters, thresholds etc) and pattern evaluation 

(visualization, interpretation) etc. Our framework for mining 

large spectral bacteria data is adaptive and based on the work 
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in [3]. The adaptive framework thus presents a mining 

objective as follows: 

• Data-specific issues: 

o Pre-process :Spectral data acquisition  

o De-noise the signal data 

o Parameter setting, data formatting 

o Feature selection (alternative de-noising): Choose 

certain relevant features to reduce dimensions 

without information loss 

o Scaling or binning data in ranges, or alternatively 

fuzzification (alternative feature selection): fuzzify 

the signal data to deal with uncertainties in 

granulation of signals by forming fuzzy sets e.g. 

fuzzy set of most relevant features. Alternatively, 

numerical data can be scaled so that attributes with 

greater numerical ranges do not dominate those with 

smaller ranges.  

• Pattern-specific issues: 

o Apply the data mining algorithm as appropriate to 

the task e.g. classification, clustering etc 

o Evaluate the patterns 

� Measure output by some threshold, e.g. error 

rate, accuracy, interestingness criteria etc 

� Interpret the meaning of patterns, e.g. by some 

belief system or other subjective measure 

Given signal (MALDI-TOF) data, an adaptive data mining 

framework may utilise wavelets for data-specific issues and 

SVMs for pattern-specific issues.  In the context of pattern-

specific issues, we present a case study of SVM classification of 

MALDI-TOF spectra of bacteria data.  

The rest of the paper is organised as follows: Section II 

presents data-specific issues that include data preparation, 

with wavelets as important feature selection tools; in Section 

III pattern-specific issues are considered; the case study is 

detailed in Section IV; and Section V concludes. 

II. DATA-SPECIFIC ISSUES  

A. Wavelets 

Wavelets [8][10] have been used in many areas of science, 

including engineering, biomedicine, mathematics and 

computer science. A wavelet transform is a tool used to 

analyse both data and functions, and to divide them into 

different frequency components such that these components 

are better represented to their scale. A mother wavelet is a 

function )(xψ such that },),2({ Zkjkxj
∈−ψ is an 

orthonorrnal basis of function space )(2 RL , where wavelets 

are oscillatory “small waves” represented by the basis 

functions. By dilation and translation of the mother wavelet, 

we obtain wavelets compactly supported in their regions 

[9][10]. Wavelets exhibit other useful properties in addition 

to dilation and localization, such as smoothness, 

distinguishing most essential information, feature selection 

etc and their efficiency makes them candidates for data 

mining. Several types of wavelets exist including Haar 

(discontinuous) and Daubechies (continuous). Wavelets are 

designed to give excellent time resolution at high frequencies 

(i.e. for short durations of time at these high frequencies) and 

poor frequency resolution, and good frequency resolution at 

low frequencies and poor time resolution. Particularly, at 

high frequencies, as is typical of signal data e.g. MALDI-

TOF MS data [1], we want to study features of the data if we 

have good resolution. Concerning data-specific issues, as 

mentioned above real-world data is not directly suitable for 

mining. Wavelets provide mechanisms to preprocess the 

data. For example, two desirable properties include noise 

removal and dimensionality reduction (through feature 

selection). 

B. Denoising and feature selection of spectral data 

There is much current interest in the analysis of spectral 

data using matrix-assisted laser desorption-ionization 

MALDI-TOF MS bacteria data [1][2][4]. Various research 

has used MALDI-TOF MS in analysis of useful specimen 

samples, including urine, proteins [13][20], fungi, bacteria 

[1], cancer cells, viruses etc. Some analysis involves 

assignment of isolates to their types, for example strains of 

bacteria, and uses distance-level groupings in order to obtain 

complete concordance of desired results. Mass spectra data 

contains noise because of contaminants and matrix material, 

causing varying baselines [19]. That is, to start preprocessing 

the data, a baseline correction is needed to remove low-

frequency noise. MALDI-TOF MS spectra is recorded in 

signal form as (mass-to-charge ratio, millivolt signal), the 

second value shows the strength of the signal. The signal 

exhibits elongated (or outstanding) features above the 

baseline noise level and is usually unevenly distributed. 

Feature selection (or removing noise level data) mostly 

focuses on selecting peaks [18] that are higher than a 

predetermined signal noise threshold to facilitate biomarker 

identification [11][12][17][20]. Biomarkers are measures 

that indicate normal biological processes, pathogenic (or 

organism) processes or other pharmacological responses to 

some therapy. Wavelets are well adapted to removing 

irrelevant noise level data features, sometimes termed 

smoothing. De-noising a raw signal ,RX ∈ noise n with 

zero mean is expressed as 

 ),0(~,,..,1,
2

σηnNinsx iii =+=         (1) 

 

When the timescale at which this noise occurs is considered, 

a discrete orthogonal wavelet transformation that is time-

invariant can be used to analyse the multi-scale nature of the 

signal. In summary, wavelet de-noising [14] changes the 

original basis into a wavelet basis by removing small (noisy) 

coefficients while retaining the large ones. Other recent work 

uses discrete stationery wavelet transform to remove noise at 

high frequencies by adaptively estimating time-varying 

thresholds in each frequency [16]. 
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Generally, most MALDI-TOF approaches aim to extract 

and quantify graph peak features accurately as these are 

considered to be the most interesting [7]. Other approaches 

use ant colony optimization to help efficiently select a set of 

interacting variables (features) by use of heuristic functions 

[18]. In addition, there are automated techniques for rapidly 

differentiating similarity between strains of bacteria and, in 

particular, their taxonomic characterisation [2].  Feature 

selection is mainly concerned with obtaining useful features 

without loss of information by transforming an m-

dimensional domain to a k-dimensional mk << . Two 

approaches are common:  

(1) Keep the largest k-coefficients, approximate rest to  

      zero 

(2) Keep the first k-coefficients, approximate rest to zero 

 

Despite these two approaches, there is no guarantee that 

the most important features will be obtained because there 

may be issues with information granulation (keep some, 

ignore the rest). In [5] fuzzy wavelet packets are introduced 

to deal with granulation of signal data into fuzzy relations (or 

clusters and not fuzzy sets) and reduce feature 

dimensionality by a fuzzy c-means approach. Information 

granulation by fuzzy means was presented in [17] and other 

fuzzy wavelet packet based feature extractions are reported 

in [21].  

III. PATTERN-SPECIFIC ISSUES 

A. Data Mining algorithms and pattern evaluation  

In this section, we consider pattern-specific issues and 

provide an example from classification. Mining signal data is 

not new and various analytics work exist [3]. Recently, 

machine learning approaches have been applied to learning 

MALDI-TOF data, for example use of SVMs and other 

techniques [4][17].  

 A major problem in classifying features from signal data is 

handling the dimensionality problem: mapping the reduced 

data into a space and then classifying the result. In [5] 

wavelet packets are used to extract features (data/feature 

issues), classify and rank them (pattern evaluation) using a 

linear discriminant function (LDF) and others [15]. The 

approach is then, for a c-class problem with N labeled signal 

classes },..,2,1),,{( NkxX kk == ω , 
n

kx ℜ∈ and 

}.,2,1{, cCCk =∈ω , a feature extraction function i.e. a 

mapping ': XXf → where nm <<  and 
m

X ℜ⊆' is 

the reduced feature space. To classify the feature space, we 

find a classifier to map the feature space into the known class 

labels CXg →': . To retain features that are a more 

accurate representation of the space for classification, the use 

of fuzzy clusters becomes necessary because of uncertainties 

in data granulation of the signal data.  

To measure pattern extraction, classification metrics such 

as classification accuracy (rate) is applied to a number of 

features (or principal components) under varying 

discriminatory thresholds, r , for example in the fuzzy case 

where 10 << r [5][21]. 

IV. CASE STUDY 

In the context of the outlined framework, we provide a case 

study investigating the use of an SVM classifier on high 

dimensional MALDI-TOF spectral bacteria data provided by 

the Medical Microbiology department, Manchester 

Metropolitan University (Figure 1). 

A. Data-specific issues 

The MALDI-TOF data consisted of 14461 features with 2 

columns: the first column being mass/charge ratio and the 

second column being a millivolt signal also known as 

strength of signal. We removed missing values by 

eliminating classes containing them. There were 14 classes 

of different strains of S.Aureus bacteria.   

There are many available SVM libraries for research 

purposes such as SVMTorch, SVMlight and LIBSVM. We 

chose the LIBSVM Matlab based toolbox as it is the most 

widely used [23]. Firstly, to use LIBSVM we transformed 

the data to the LIBSVM format, divided the data into two 

files, one for training the SVM and the other for testing the 

trained model.  

We have also conducted simple scaling on the data. The 

main reason to do scaling is to ensure attributes with greater 

numeric ranges do not dominate attributes in smaller numeric 

ranges. In addition, scaling also helps to avoid numerical 

difficulties during calculation [24]. We removed some 

baseline noisy signals (3500 signal point onwards) but have 

not removed all other baseline signals (less than 3500 signal 

point) using normal wavelet denoising schemes to test the 

robustness of the SVM model..  

B. Pattern-specific issues  

 SVMs are popular classifiers that learn by examples and 

assign labels to objects [25]. They can be used for 

classification and regression as well as other learning tasks. 

SVM classifies linearly separate data by separating two 

 
Fig. 1. MALDI-TOF spectral data. 
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clusters of data with the optimal hyperplane. However, real 

world data is often non-linearly separable. Kernel functions 

provide a solution by projecting data into a higher 

dimensional feature space to separate by hyperplane. SVMs 

have been successfully applied to an increasingly wide 

variety of biomedical applications. An example is automatic 

classification of microarray gene expression profiles where 

an SVM is used for prediction or diagnosis based on the 

gene expression profile derived from a tumor sample [26]. 

SVMs are powerful tools for classification; however, the 

user needs to look for the best kernel parameters until the 

best cross validation is obtained. 

 

A total of 4 kernels will be used to test our data in 

LIBSVM, such as  

• Linear: j

T

iji xxxxK =),(   

• RBF: 0,),(
)||||(

2

>=
−−

γ
γ ji xx

ji exxK   

• Sigmoid: )tanh(),( rxxxxK j

T

iji += γ  

• Polynomial: 
α

γ )(),( rxxxxK j

T

iji +=  

 

The penalty parameter C, kernel parameters γ, d and r are not 

known, therefore, we need to perform some model selection 

(parameter search). Our goal was to identify the best 

parameters to enable a classifier to accurately predict 

unknown testing data. We used grid search to find the best 

parameter for C and γ then plugged the value into our Matlab 

program with nested loops to further optimize the remaining 

parameters. In addition to the above mentioned parameters, 

this experiment used 5-fold cross validation, meaning that 

the training dataset was divided into 5 subsets of equal size 

then iteratively each subset was tested with the classifier 

trained on the remaining 4 subsets. Table 1 shows the cross 

validation result for all kernels. A final classifier is generated 

once all the best parameters have been obtained. After 

training with all the best parameters, we then train the test 

dataset that was separated earlier (the result is shown in 

Table 2). From the result, we noted that all kernels have the 

same predictive accuracy and number of Support Vectors 

(nSV) as well as a similar elapsed time of about 0.2 seconds. 

Partly this is due to the small data sets used, in addition the 

RBF kernel has the best cross-validation percentage, 

providing some evidence for its  superiority in validating 

spectral data. 

V. CONCLUSIONS 

 

The paper has presented a case study involving an SVM 

classification of MALDI-TOF spectra of bacteria data. This 

case study represents preliminary work in the development 

of a framework that will provide adaptive wavelet-based data 

mining of signal data. To this point, various issues related to 

the framework have been highlighted, both data- and pattern-

specific, and a larger KDD framework has been introduced. 

The case study has also tested the data with four kernels 

using various parameters so that a more suitable one will be 

applied in the framework.    

Further work is planned to explore peak feature selection 

and identification of bacteria types in those peaks. Particular 

known denoising wavelet methods will also be used to check 

the cross-validation results and overall classification 

accuracy. In addition, we will explore utilization of fuzzy 

sets, including type-II and use of second order wavelets 

(lifting scheme). Fuzzy type-II [27] sets may provide clues to 

further granulation of regions of uncertainty within the 

spectra that normal thresholding techniques might otherwise 

discard. Further, wavelet lifting schemes [22] are more 

efficient implementations of first generation wavelets and are 

not necessarily translates and dilates of one function, and 

thus do not rely on polynomial factorizations, as do Fourier 

transforms. 
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